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By using Brown-York quasilocal energy theory we calculate the quasilocal energy of a stationary axisymmetic

EMDA black hole and explore the universality of Martinez’s conjecture in string theory. We show that the energy is
positive and monotonically decreases to the ADM mass at spatial infinity, and the Martinez’s conjecture, the Brown—

York quasilocal energy at the outer horizon reduces to twice its irreducible mass, is still valid for stationary axisymmetric

EMDA black hole. From the result we also find that the Kerr—Sen spacetime keeps up with Martinez’s conjecture. This
is different from the Bose—Naing result that the quasilocal energy of the Kerr—Sen spacetime does not approach the

Martinez’s conjecture.
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I. INTRODUCTION

General relativity accepts several alternative ‘def-
initions’ of quasilocal energy (QLE). Despite consider-
able effort being made in attempting to define QLE in
general relativity, there has not been a general definite
expression up to now. In fact, different proposals pro-
vided satisfied the definition for energy only for some
special cases. Brown and York[!] proposed an interest-
ing definition for QLE. One of the appealing features
of the definition is that QLE can be obtained from the
gravitational action and Hamiltonian in a bounded re-
gion. Consider a spacetime M foliated by a spacelike
super surface ¥; defined by the constant ¢, as well
as a timelike boundary B. A two-dimensional (2D)
surface 2B is noted by the intersection of ¥; with B.
Assuming that ¥; is orthogonal to B, one can then
obtain a stress-energy-momentum defined locally on
the three-boundary B, with respect to the boundary
metric. Proper energy surface density is defined by
the projection of the stress-tensor on a 2D surface 2B,
and the total QLE is defined by the integration over
the 2D surface 2B:

EZE—EOZ%LBdZHI\/E(k—ko), (1)

where o is the determinant of the metric o;; on 2B, k
is the trace of the extrinsic curvature of 2B as embed-
ded in ¥, and kg is the value of & in a flat spacetime.
€o is a reference term proposed in Ref.[3] for the nor-
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malization of the energy with respect to a reference
spacetime. We choose the reference spacetime to be
flat since the stationary axisymmetric spacetime that
we will study is asymptotically flat. The units are
chosen so that G = C = h = 1 and ¥ = 8. This
expression for the energy also appears in the study of
self-gravitating systems in thermal equilibrium, where
it plays the role of the thermodynamical energy con-
jugate to inverse temperature.l*—5! For a detailed dis-
cussion of QLE proposals see Refs.[1,6] and references
cited therein.

The definition (1) was first used to calculate static
spacetimes in Refs.[1,7], where the negative contribu-
tions to the energy arising from gravitational bound-
ary have been studied. Later, it was extended to
analysis the stationary axisymmetric spacetime by
Martinez.[!] He considered the boundary surface for
Kerr slice as embedded in both the Kerr slice and flat
three-dimensional space (required as a normalization
of energy), and obtained the following conclusion: the
energy is a positive, monotonically decreasing func-
tion of boundary surface radius and approaches the
Arnowitt—-Deser—-Misner (ADM) mass at spatial infin-
ity and reduces to (twice) the irreducible mass (or
\/AJ4m, where A is its area) at the horizon of the Kerr
black hole. Recently, Bose and Naing!® studied the
QLE of the Kerr—Newman black hole and the Kerr—
Sen black hole. They showed that the Kerr—Newman
black hole keeps up with Martinez’s conjecture, but
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the Kerr-Sen black hole does not.[%

It is known that the mechanical laws of black
holes in general relativity can be extended to the
string-inspired four-dimensional low-energy effective
theoryl10——14],

identities related to black hole mechanics in general

Then, the question whether other

relativity continue to hold for the black hole in string
theory is still open. The main purpose of this pa-
per is to investigate the QLE for a stationary ax-
isymmetric Einstein-Maxwell dilaton—axion (EMDA)
black hole by using the Brown-York proposal,l!! and
to see whether Martinez’s conjecture is applicable for

black hole arisen in string theory.

This paper is organized as follows. The metric
of stationary axisymmetric EMDA black hole is in-
troduced in section II. In section III, we calculate the
QLE for stationary axisymmetric EMDA black hole
and discuss the contributions due to the gravitational
binding, as well as the universality of Martinez’s con-
jecture. We summarize our conclusion in section IV.
Finally, in the appendix, we deduce the general ex-
pressions for the integrals involved in the QLE for ar-
bitrary stationary axisymmetric spaces.

I. STATIONARY AXISYMMETRIC EMDA
BLACK HOLE

The four-dimensional low-energy Lagrangian ob-

tained from string theory isf?!

1
S=— /d‘*m\/—g R—29" 7, v, ¢
167
_ %e4¢gpv Vp, Ka v” Ka

- e_2¢gu/\g”pF,uuF)\p - KanVFuy)a (2)

with F,, = —/=9€usasF*? /2, where R is the scalar
Riemann curvature, g#” is the metric four-dimensional
tensor, & is the massless dilaton field, F),, is the elec-
tromagnetic antisymmetric tensor field, and K, is the
axion field due to the three-index antisymmetric ten-
sor field H = —exp(49) - dK, /4.

The stationary axisymmetric EMDA black hole
solution (we take the solution b = 0 in Eq.(14) in
Ref.[2]; the reason we use this solution is that the so-
lution b # 0 cannot be interpreted properly as a black

hole) is given[?l by

Y —a?sin? 0

ds® = — A dt?
A, , sin’f
+ EdT + Ado* + A
-[(* + a® — 2Dr)?* — Ta?sin® 4] d¢*
. 9
- W [(r* + a® — 2Dr) — ] dtd¢, (3)
with
Y =72 —2mr + d?,
A =7r? —2Dr + a* cos® 6, (4)
and
o2 — % = %(T‘2+a200s29)7 w=et,  (3)
2aD cos @
K, =Ko+ w0 ©)

1
Ay = Z(QT —gacosf), A.=A3=0,
1
Ap = R

The mass M, angular momentum J, electric charge

—Qra®sin’® 6 + g(r? + a®)acosh). (7)

@, and magnetic charge P of the black hole are given
by

M=m-D, J=a(m- D),
Q =+2wD(D —m), P=g. €)

The above results show that the stationary axisym-
metric EMDA black hole differs considerably from
the Kerr—Newman black hole.
tionary axisymmetric EMDA black hole shows sev-

As a result the sta-

eral different properties as compared to the Kerr—
Newman black hole: (a) the two horizons of the
Kerr—-Newman black hole are given by r. = M +
VM2 — Q2 — a2, whereas in the case of the station-
ary axisymmetric EMDA black hole we have ry =
(M —(Q?/2M)) /(M — (Q%[20M))” — @ (b) the
Kerr-Newman metric has singularities at 72 +cos? § =

0, whereas the stationary axisymmetric EMDA black
hole has singularities at 72> — 2Dr + cos?6 = 0. On
the other hand, by setting in the above expressions
D = —msinh®*(a/2) and w = 1, Eq.(8) reduces to the
parameters characterizing the Sen solution

2M = m(1 + cosha), 2J = ma(l + cosha),
V2Q =msinha, V2 =masinha, 9)
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(see Eqgs.(16) and (17) of Ref.[5]) and the metric struc-
ture (3) can be considered as a generalized Sen solu-
tion for the EMDA field equations in the string grav-

ity.

. QLE FOR THE STATIONARY AXISYM-
METRIC EMDA BLACK HOLE
We first evaluate the energy within the surface
2B embedded in X;, defined by » = rg =const. We
assume that rp > r4, where r; represents the outer
horizon of stationary axisymmetric EMDA black hole.
So the line element on this surface in the slow-rotation

E = —

"B 1——+—/ dfsin @ !
2\/ \/ 2D  a?

D 2 2
(1——) (1—@+ ) @ (1—%>sm29
g Tg TB 2rB Tg

approximation (i.e. a < rp) becomes

2D 2 . 2D
ds? =r% (1 -—+ a—2c0s20> dé? +rf3{ (1 — —)

B B rp
2 2(m — D A
+% 14 2m=D) 2 }dqu. (10)
B

(%)

Terms of order O(a*/r%) and higher have been ne-
glected.

Using Eq.(A6) of the appendix, the integral e for
the surface r = rg can be written explicitly as

1—— + —cos?d
Ty Th

2D\?  o? AD | (2m  a? .
\/<1——) +a—2[1+c0520——+<—m+—>5in26]
TB % Tg Ty  Th

Obviously, the integral cannot be expressed in sim-
ple functions. But when we consider the conditions of
slow rotation defined by a/rgz < 1, the above integral
approximately becomes

1__
1/ / d051n0{
TB

TB

2D D m—D
) (1——) (1——)cos20+
_ a rp rB rB

sin? 6

2’!‘?3 ) Q 5/2
B

o)}

where only leading terms in the expansion around the

(12)

small parameter a/rp are considered. Then, the in-
tegration can be performed in a straight way, so we

get
1 D
[ 2m  a® T rp a?
=_ 1=, "™ _ =
€ B rB +7“2B{ 1 2D 6r2B
B
1 4 2m — D
( 2D)3/2 ( 2D>5/2
1—-— rg|1l——
TB B

which is the QLE without a reference term for the sta-
tionary axisymmetric EMDA black hole. We should
note that no approximation is made in the square root.

2
In the limit D = Q - 0, Eq.(13) reduces to
2m  a?
e=—rpy/l——+
rep B

This is the unreferenced QLE of the neutral Kerr black
hole in Ref.[8].
€ -+ M — rp, which is divergent.

As rgp — o0, from Eq.(13) we have
Therefore, it re-
quires a subtraction term to renormalize the energy.
In order to get the reference term in expression
(1), we find a two-dimensional surface isometric to
Eq.(10), which is embedded in a flat three-dimensional
slice (see Refs.[8,9] for a detailed discussion) with the
line element
ds* = dR? + R?’d©? + R?sin? ©d &2, (15)
where R, © and & are the spherical polar coordinates.
Let the two-dimensional surface embedded in the flat
slice denoted by R = f(©), where f is a function of the
azimuthal angle © and the parameters (M, a,Q,rR).
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We assume that ® = ©(0) and & = ¢. So on the
two-dimensional surface 2B, R is also a function of 4.
Thus the line element on 2B becomes

ds® = (R* + R?6%)d6® + R?sin” Od¢?,  (16)

where the overdot denotes derivative with respect to
0.

The requirement of the above line element to be
isometric to Eq.(10) indicates that the following equa-
tions should be satisfied

2D 2
ry (1 - =+ aT cos® 0) , (17
B B

R%sin® @ =r% sin® 0{ (1 — Q)
B

R*+R*0* =

2 2(m — D)sin% 6
+:7 4 2m = D)sin 6 )ZS; H (18)
L a(-2)
rB

Assuming that R? ~ O (a*/r%) (which will be justi-
fied below) and combining the two equations, one can
get the first-order ordinary differential equation

de  df { B a? sin® 6
sin @ sinf o2 (1 3 Q)
TB

. [1 + _r:((?_— 212)] } (19)

The solution of the above equation is

2 cos? 2(m — D
sin@=singd14 20 |y, 2Am—D)
2D 2D
02 (1- 22 1- =
B B
(20)
Putting the solution back into Eq.(19), we get
2D 2sin” ©
£(6) =ry| 12D, @S’
rB 2 2D
22, [1- ==
B

. D
a?cos26 (m/rB — —)
] 3l

3/2
B

+750 (f;) : (21)

B

where we substitute for 6 in terms of @ in order to

differ from Eq.(10). The expression implies that the

two-surface R = f(©) describes a distorted sphere,
and it can also be used to prove that the above as-
suming k2 ~ O(a*/r}).

From the previous analysis, in the slow-rotation
approximation we get the intrinsic metric on 2B, as
embedded in a flat space

2
ds? ~r?, [(1 —2D/rg) + :—2

B
: 2(m — D)
. (sm2 e — m COSQ@) ‘|
- (d6? + sin” Od $?). (22)

The extrinsic curvature kg and its proper integral can
be calculated by using Eqs.(A5) and (A6). A tedious
computation gives the reference term in Eq.(1)

1
__/ ko/odOd®
K J2B
{ 1 2D+ a?
~—rg -
"B 3ry 1—Q
B
m— D a?
Sl — O — . (23
[JFTB(l—QD/TB)]jL (ﬁ“g)} 2)

By substituting Egs.(23) and (13) into Eq.(1), we have

F =
"B TB / 2D V
TB

+ 24 2m-D)
GTB\/I—QD/TB rg(1—2D/rg)
N 1 4 2m — D 2m N a?
2D 2D\ 2 TB T%
1—— r 1- 22
B B B
+rp0(a*/ry), (24)

which is the QLE for the stationary axisymmetric
EMDA black hole with the three-dimensional super
surface ¥; bounded by a two-dimensional surface of
constant radial ry.

It is worthwhile to note several features of the
above expression. In the asymptotic limit r5 — oo,

E—m-D=M, (25)

which is the ADM mass M of the stationary ax-
isymmetric EMDA black hole. For all values of rg >
ry, the QLE (24
face is positive, and can be expressed in a monotoni-

) within the constant radius sur-

cally decreasing function of rz. For vanishing rotation
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(a =0), Eq.(24) reduces to

el

which is the QLE of the static charged black hole in
the string theory. When the electric charge vanishes,

1- D/T‘B

i.e. D =0, the energy reduces to

2 2 2
E:TBll_ I
B g 6rp
2m 2m 2m  a?®
2+—+(1+—> 1-—+—
B B B TB
+rp0(a*/rp), (27)

which is the QLE of the Kerr black hole.[®! By setting
w=1and D = —msinh®(a/2) into Eq.(23), we get
the QLE for the Kerr—Sen black hole

. 2 2
Eerﬁll_rB+ms1nh (a/2) 1_2_m_i_a_2]
rBA rs T
4 a’ 9t 2m cosh? (a/2)
6TB\/X T‘B)\
N [1+m(1+cosh2(a/2)] 1_2_m+a_2}
rBA rg Th

(28)

where A = 1 + 2msinh®(a/2)/rp. We note that the
expression differs from that in Ref.[13]. Near the outer
horizon rg = r4, the energy (24) becomes

E(rg =ry)

) 2D + 1 a® +0 (a4)
=r - —t — .
* ry  2/1=2D/r, % i

(29)

Noting the area of the outer event horizon

A= / V/90994540d¢ = 4m(rl +a® —2Dry), (30)
from Eqs.(29) and (30), we arrive at the result
FREE
E(rp=ry)~ [—] .

a7 (31)

The relation was first found by Martinez for the Kerr
black hole,['?] and is valid for the Kerr—-Newman black
hole but not for the Kerr—Sen black hole in Ref.[13].
However, putting rg = ry into Eq.(28), we get

Axs ]

EKS(TB —T+) [ 47T

=7y cosh% [14— 2—2 +O(a 4/ri) ,(32)

m,/l - 2m/rB> ,(26)

for Kerr—Sen. Expression (32) shows that Martinez’s
conjecture is held for the Kerr—Sen black hole too.
The conclusion differs from Bose-Naing’s.['3! In order
to illustrate the contributions of different parameters
in the energy at the boundary (which is also useful in
the study of black hole stable configurations in a grav-
itational microcanonical ensemble,!'®'7] by inverting
the energy equation (24) we obtain

E2 Q2 D2
M=F—-_— — 33
2rB + 27"Bw + 27‘37 ( )

where only the leading orders of 1/rg are considered.
In this case, the energy out rg consists of three con-
tributions: the negative Newton gravitational binding
energy —E?/(2r%) associated with building a spheri-
cal shell of radius rp and m by bringing the individual
particles together from infinity['8); the positively cou-
pled energy +Q?%/(2wrp), associated with charge @,
dilaton w(= e?>?°) and rp; and the third contribution
+D?/(2rp) comes from the dilaton charge D, which is
also responsible for a long-range, attractive force be-
tween black holes and has the analogous behaviour as
charge Q.["]

IV.CONCLUSION

We have calculated the quasilocal energy of a sta-
tionary axisymmetric EMDA black hole in the slow-
rotation regime, i.e. a/rg < 1. The result gives re-
lations of the quasilocal energy and the ‘hair’ of the
black hole. We also show that, at the outer horizon,
the QLE for such a black hole reduces to \/A/4m, so
does a Kerr—Sen black hole.
ent from that of Bose and Naing['?! that Martinez’s

The conclusion is differ-

conjecture dose not hold for the Kerr—Sen black hole
in string theory. Since the energy (1) depends on
the choice of a reference term, especially at the outer
horizon, it is only dependent of the reference term.
Whether the conjecture is applicable when the refer-
ence term is alternated will be discussed elsewhere.

APPENDIX

We deduce general expressions for the proper in-
tegrals involved in the quasilocal energy for arbitrary
stationary axisymmetric spacetime. These expres-
sions can be used to calculate € and ¢¢ in this paper.
The detailed process is given in Ref.[8], and only in

order to be complete we list the main result here.
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A three-dimensional axisymmetric spacelike hy-
persurface ¥, of a four-dimensional stationary axisym-
metric spacetime is described by

hijdz'da? = b2dr? + 2d6? + d>d¢?, (A1)
where z*(= r,0, ¢) denote arbitrary coordinates adap-
ted to the symmetry, and the metric functions b, ¢ and
d depend only on the ‘radial’ coordinate r and the ‘az-
imuthal’ coordinate #. An arbitrary two-dimensional
axisymmetric surface 2B (with the topology of a two-
sphere) embedded in the three-dimensional space ¥
is defined by the relation r = R(#), where R is a func-
tion of the azimuthal angle and the parameters of the
solution. Its two-dimensional line element is

oapdzda’ = (PR® + *)d6” + d°d¢®,  (A2)
where an overdot denotes derivative with respect to
the coordinate 6. The functions b, c and d in (A2) are
evaluated at r = R(0).

Let n’ denote the unit outward-pointing spacelike
normal to 2B as embedded in the hyper surface ¥. In
terms of metric functions, n¢ can be defined as

0 1

>"¢) =
V2 +b2R2

(¢/b,—bR/c,0). (A3)

(n",n

The extrinsic curvature of the two-surface 2B as em-
bedded in ¥; is denoted by k... Its trace k can be
written as

k = __a,u(nu\/ﬁ) )

Vh

where h denotes the determinant of the three-metric
Ry
normal (A3), the trace (A4) can be written as

(A4)

Using the coordinate components of the unit

k= (@), = v ) 0] by (A)

"~ bed
where a = 2d, 8 = b*dR,y = 2 +b?R?, and § = In .
Then, its proper surface integral becomes

1 / k\/ad0de
K J2B

1/ 1 a B
=— 1 ‘/0 dGE (a,r —Bo— Ed,r + 55,9) |T:R(9)‘
(A6)

This integral is evaluated at the surface r = R(4).
Both € and ¢ in Eq.(1) can be calculated by the above
expression in respect to different values for the func-
tions b, ¢ and d, as well as different coordinate defini-
tions.
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