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THERMAL CONDUCTIVITY OF METALLIC WIRES
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The effect of radial thickness on the thermal conductivity of a free standing wire is investigated. The thermal

conductivity is evaluated using the Boltzmann equation. A simple expression for the reduction in conductivity due to
the increase of boundary scattering is presented. A comparison is made between the experimental results of indium
wires and the theoretical calculations. It is shown that this decrease of conductivity in wires is smaller than that in film

where heat flux is perpendicular to the surface.
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I. INTRODUCTION

Although many studies have been carried out on
the thermal conductivity of thin films,[! 3! less inves-
tigation has been done on the conductivity of metallic
thin wires. In this paper, the effect of radial thick-
ness on thermal conductivity is investigated by con-
sidering free electron transport using the Boltzmann
equation. The imposed temperature gradient is along
the wire, as is the direction of the heat flow. We can
neglect the boundary scattering of radial thickness for
thick wire or bulk samples. However, the scattering
becomes increasingly dominant as the radial thickness
For the radial thickness of the order of
mean free path (MFP), boundary scattering of car-

decreases.

riers is expected to play a significant role. We exam-
ine the reduction in the thermal conductivity of thin
metallic wire where the primary heat carriers are free
electrons. Metallic wire plays an important role in ap-
plications, such as ultra-large scale integration (ULSI)
and microelectromechanical system (MEMS) technol-
ogy. Metallic wires are used as interconnects for mi-
croelectronics. For example, Advanced Micro Devices
Incorporated (AMD) and Intel Incorporated have be-
gun to use 0.18 ym interconnects technology in their
CPU fabrication. Size effects on thermal conductivity
play a vital role there.

I. THERMAL CONDUCTIVITY OF THE
WIRES OF CIRCULAR CROSS SECTION

The dependence of the thermal conductivity of
wire on its diameter primarily arises from their elec-

trical conductivity, because the thermal conductivity
of a pure bulk sample is proportional to its electrical
conductivity according to the Wiedemann-Franz law.
It is well known that electrons in metal serve as both
electrical and thermal carriers. The phonon contribu-
tion to the thermal conductivity in metal is negligible.
This law is expressed as

Kk mk?

oT _ 3¢z

where k¥ and ¢ are the thermal and electrical conduc-

L=245x 10 °WQ/K?, (1)

tivities, L is the Lorenz number, k is the Boltzmann
constant, e is the electron charge and T is the tempera-
ture. Equation (1) is theoretically and experimentally
satisfied for bulk metal, but has not been proved for
thin films and wires. Recently, Starz!*! and Stewart!®]
have proved that Eq.(1) is also valid for thin films and
wires. By using the formula, Nath!®! calculated the ef-
fective size effects for the thermal conductivity. Using
the electrical-thermal transport analogy, the thermal
conductivity of the metallic wire can be written as

Kwire 2a _ g
a—lp(T;G)—w()\:f); (2)

where Kyire is the thermal conductivity of the wire,
Kbulk 1S the conductivity of the bulk, A is the MFP of
electrons for thermal conductivity, a and d are the ra-
dius and diameter of the wire respectively, € is a spec-
ularity parameter. The function ¢ was obtained by
Sondheimer.l”l However, the thermal conductivity is
determined by heat flow resulting from a temperature
gradient in the condition that there is no electronic
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current. The thermal conductivity of the metallic wire
is calculated using the simplified form of the steady-
state Boltzmann equation. We consider a cylindrical
wire of radius a, and take a temperature gradient,

oT
VT = —, to be along the wire axis, which is defined
as the z (firection, as shown in Fig.1. The linear Boltz-
mann equation in the relaxation time approximation
is
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Fig.1. Schematic diagram of the system under con-
sideration.
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where v,, vy and v, are the components of v, f is

the number of electrons per unit volume of ordinary

space. Here E, is the electric field set up in the z di-

rection, m is the electron mass, and 7 is the effective
relaxation time.

The equilibrium function fy is a function of ki-

netic energy ¢ and is given by Fermi—Dirac statistics

3
f0=2(%) 90,90 = ei,u
exp ( T ) +1

1 2
JE=§m|v| )

where p is the Fermi level.
The electric current density j.(r) and its average
j-(r) are given by

j.(r) = —e/vzf(v,r) dv,
2 e
/0 g (r)rdr.

a2

3=(r) ()

The heat flux g¢,(r) and average heat flux g¢,(r) are
given by

q.(r) = /svzf(v,r) dV,q.(r) = ;2 /Oa q.(r)r dr.(6)

where dV = dzdydz. For a reasonable small field,
[ — fo will be small. Putting f — fo = f1 and neglect-
ing the product E, f;, Eq.(3) becomes

_eB:0fy, ORdT | Of 0K __fi o
m v, 0T dz “o0x Yoy T
The solution of Eq.(7) is
h= eET 0fo —v 7_%d_T
T m ov, 19T dz
1 ro,
. [1 — f(rve,v2 + v3)exp (—;U% e ]
eET dfo dfo dT —
[ m Ov, TAT Az ( e)jgo
, : 2i 41 2 _ 2
-eJexp{—TSIH¢+(J+, ?\/a r cos¢}‘|’ (8)
T)siné
with 0 < 0 < 7 and 0 < ¢ < 2w. The element of
volume in velocity space is v? sin dvdfde. After inte-
gration over the angles, an integral over r is given to
yield the average current and heat fluxes. The current
is given by
- CAeb d /pNdT
J=(r) = {eE +T4r (f) E} Ips
14T
——1
+ T dz V22 (9)

where A = E—Gﬁwe@

3 7
and C is a constant that is related to the properties

O is the Debye temperature
of the material. I, is defined by
> 0

I, = —/0 E”%ds. (10)

When we set the current to zero, we get

CAB Iy Iy, — I,

Rwire = T2 Ips 3 (11)
_CAOLL - I3
Kbulk = T2 Is - (12)
I, is defined by
* dg0
I, =-— "B, (e) =2d 13
== eHEOTRE 0
12 >
b=l 21y et
j=1
1
: / Vi—2Su(ya)de,  (14)
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with

_[2 L u 2 im—3
Sn(u)—/0 exp( sine) cos” fsin® > 0df. (15)

where v = d/X is the thickness ratio. When we set
dT /dz to zero, we get

CAe?0
Owire — TIpm (16)
2
Obulk = CA; 913, (17)
then
Kwire _ 1 IPS Ip5 - ‘[34 (18)
Owirel €212 2. ’

It is shown that the Lorenz number is not a constant
and it is related to the integral I,, . Now let us discuss
a simple case: for bulk sample

Kpuk _ 1 LI — I3
O'bulkT 62T2 132
1 2k2 4k4 2T2
~ T TEEZ L (19)
e2 | 3B 15B

where B = 1+ 7%(kT/u)?. Because kT < p at room
temperature, we have B & 1 in this situation. Equa-
tion (19) yields

21,2
Kbulk _ Tk
UbulkT 362 ’

(20)

This is the same as the well-known Wiedemann-Franz
law. We have shown that this law is valid for a bulk
sample. Now we use asymptotic expansion®! to eval-
uate the ratio of thermal conductivity of the wire to
that of the bulk,

Kwi 12 =
MLV —(1—6)223'63_1

Kbulk ™ =

1
/0 V1= 228, (jyz) da, (21)

with wink?TT

Kbulk & 5=, (22)
where n is the density of the carriers. This is the same
result as the thermal conductivity under the free elec-
tron approximation. The results about the ratios the
conductivity of metallic wires to that of bulk material
are the same as the expression obtained by Dinglel*]
for the electrical conductivity ratio. This indicates
that the ratio of the thermal conductivity of metallic
thin wire to that of the bulk material is identical with

that for electrical conductivity of thin wire.

II. THERMAL CONDUCTIVITY WITH BO-
UNDARY SCATTERING

Now we discuss the thermal conductivity with
boundary scattering. Figure 2 shows the curves of the
thermal conductivity ratio versus thickness ratio «y for
different values of the specularity scattering fraction
€ in Eq.(21). If all the electrons are scattered (e=1),
then the wire conductivity equals the bulk conductiv-
ity. Figure 3 shows the wire conductivity ratio ver-
sus the specularity scattering fraction e and thickness
ratio yv. We can find that the thermal conductivity
increases monotonically with increasing e or «; € is
a parameter related to the amount of the specularity
scattering electrons. So the more the specularity scat-
tering electrons, the greater the heat conduction, and
the larger the thermal conductivity. When v becomes
large, the carriers have the chance to go farther be-
fore they are diffused. This leads to larger thermal
conductivity. Equation (21) is difficult to evaluate di-
rectly, so we derive the following approximations by
expanding the root in Eq.(21)

(13 a-9+-2q —e)2§:a‘*1/f
4~ 8v3 =
. (y>1),
wire
¢ 1+e 3re2 +4e+1
. _2 In(1 1
Kbulk 1= 8[ 1—e? {In(1/~) + 1}
©0 .
—(1=? Y i)y (<),
\ Jj=1
(23)
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Fig.2. The thermal conductivity ratio of the wire to
the bulk material, as a function of thickness ratio vy for
different values of the specularity scattering fraction e.
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Fig.3. The thermal conductivity ratio of the wire to
the bulk material versus v and the specularity scatter-
ing fraction e.
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Fig.4. The approximate and the accurate solutions of
Eq.(21).

For € = 0, Eq.(23) reduces to

Fire 1-3/(4y) (v>»1) 24)

3
Kbulk -3 In(1/7) (y<1)

The above expressions are compared with Eq.(21) for
€=0 in Fig.4. We can find that the approximate ex-
pressions are accurate for large v or small v. The
experimental data from Ref.[10] for indium wires are
shown in Fig.5. It shows the value of thermal conduc-
tivity ratio plotted against wire diameter ratio (ra-
tio of diameter to electron MFP). We note that these
thermal conductivity ratios can also be used to repre-
sent the electrical conductivity ratio of the material.

Now we use some models to fit the experimental
data of thermal conductivity ratio of indium wires.
At first we use the modified relaxation time model.
Batel'% thought that only lines drawn nearly paral-
lel to the axis will intersect a large number of grain

boundaries in the wire. If the grain boundary scat-
tering is considered to be modifier of the relaxation
time 7 in the wire, while the grain size will increase
with the thickness or diameter, we can get the thermal
conductivity ratios by Matthiessen’s rule

Kwi 1 12

wire 2 - j—1
=—  {1—"—(1-—¢ E e’

Kbulk l—f-D/’y{ 71'( ) P, 1'7

./01 V1 - 225, [m (H%) w] da:}, (25)

with

D= @, (26)
where d, is the average in-plane grain diameter. It is
considered to be proportional to the wire radial thick-
ness. D is the proportionality constant. The result of
Eq.(25) is plotted in Fig.5 along with the experimen-
tal data. When v+ D > 1, expanding the root in
Eq.(25) and integrating over x, we obtain
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Fig.5. The thermal conductivity ratio of the wire to
the bulk material for diffusive scattering surface with
grain boundaries.
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Another model is Qiu and Tien’s model.'] They com-

Kwire 1 _§ 1
Kbulk ~ 1+D/’}/ 4’y+D

.3
8

bined both the surface and grain boundary scattering
effects. However, they only evaluated the reduction in
thermal conductivity of thin films when heat flux is
parallel to the surface. Now we generalize it to thin
metallic wires and thin films when the heat flux is per-
pendicular to the surface. De Vries!'?! evaluated the
associated reduction in the thermal conductivity

K

3
=1-Za+3a®>-3a°In(1+1/a), (28)
Kbulk 2



No.3 Thermal conductivity of metallic wires 227
. m 3 [
with D R Fiml _ Ry _ 2 / dtH™2(t)
a==——"" (29) Kbulk  Kbulk 7Y J1
vy1—-R 1
“ sl —exp(=7H()1)]; (31)
1.0 ""ﬁh;(parallel'hux) K
— film(perpendicular flux) .* with
- - - wire(perpendicular ﬂux.) .
0.8 F . /2 : 2
sin 6 cos” 6
= 3Kbu d—————, 32
Kg = 3Kbulk /0 ) (32)
% 06f
£ where H(#) =1+ a/cosf and t = 1/ cosf. The result
E 0.4} ] of Eq.(30) is also plotted in Fig.5 along with the exper-
€ imental data. We use the relationship between d and
o2k dy. De Vries suggested D is about 5. Using Eq.(30)
. with R=0.16 to fit the data in Fig.5, it is shown that
0.0 L our approximation model agrees better with the data
'0.001 001 0.1 1 10 100 than Eq.(25). The results show that the thermal con-
¥ ductivity values of indium can be explained by our

Fig.6. The conductivity ratios of the film to the bulk
material, and of the wire to the bulk material, as a
function of y (€=0.5).

Here R is the reflection coefficient of the conduction
electrons striking the grain boundaries (0 < R < 1).
Then we combine the two scattering mechanisms to
get the thermal conductivity ratio for € = 0,

; 12 [ 1 1
M:K—g__/ dtH_2(t)—41/1——2
Kbulk  Kbulk 7Y J1 t t

1

combination model.

We have calculated the thermal conductivity of
metallic wires, the result of which is compared with
that of thin films, as shown in Fig.6. It shows kyire
and k of the film in which heat flux is either paral-
lel or perpendicular to the surface. They are scaled
by the bulk value Kpuk, for partly diffusive scatter-
ing (e=0.5) and for v ranging between 0 and 100. It
is shown that Kywire and kgfim increase below the bulk
value with increasing film and wire thickness. This is

/ ~vH (t)u u a consequence of the decrease of boundary scattering
- 11— exp| — — du|, . . .
0 . 1/v1—u2 that occurs as the film and wire thickness increases.
2 We can get the limiting form of the scaled thermal
(30)  conductivity for ¥y > 1 and v < 1
- 219 (y>1)
8 Y )
Kfilm|| ~ 1— (1 _ 6)2 Z jej_l (33)
Kbulk 3 j=1 5
. {1 - [1 —In(jy) —c+ gjv] } (r<1),
( 3
1—-—(1- 1
-9 (> 1),
- 3
2 = .
KimL ) 1—(1—¢) ZJeJ {1—237 (34)
Kbulk Jj=1
1. 1. .
+50%7" = gt [1256 - ln(ﬂ)]} (y <),

where c¢ is Euler’s constant used in the expansion of
the exponential integral function. We find the expres-
sion of kg, i similar to Kwire when v > 1. For thick
films and wires, they are like bulk materials, so that

they have same thermal conductivity. The cross sec-
tion of these is large, the upper and lower surfaces of
films dominate the bulk scattering process. For bulk
materials, it is difficult to observe size effect because
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the MFP of carriers are always much shorter than the
sample size at room temperature. However, for very
thin samples, the MFP of carriers are longer than the
size of sample even at room temperature. So it is easy
to observe size effect in thin samples.

1.0 v . r T
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€
Fig.7. The conductivity ratios of the film to the bulk
material, and of the wire to the bulk material, as a
function € (y=0.5).
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Figure 7 shows the thermal conductivity ratios as
functions of € for v=0.5. When ¢ —1, the thermal
conductivities of wires and films increase up to the
bulk value because the boundary scattering no longer
influences the conduction. Also from Fig.7, we find
that the thermal conductivity of wires at certain e
and <, is smaller than that of corresponding film in
which heat flux is parallel to the surface, but larger
than that of the corresponding film in which heat flux
is perpendicular to the surface. For the same volumes,
the surface area of wires is larger than that of films,
so boundary scattering is enhanced. Therefore, the
thermal conductivity of wires is smaller than that of

films. It is obvious that the intensity of boundary
scattering is determined by the scattering component
normal to the surface. When the heat flux is perpen-
dicular to the surface, boundary scattering enhances
so that the thermal conductivity reduces. This factor
even exceeds the influence of surface area. Though
the surface area of wires is larger than that of films of
the same volume, the boundary scattering of wires is
weaker than that of films in which heat flux is perpen-
dicular to the surface. This leads to a smaller thermal

conductivity of thin films.

IV. CONCLUSION

A solution of the Boltzmann transport equation is
presented for metallic free standing wires. The expres-
sions obtained predict the dramatic reduction in ther-
mal conductivity with decreasing size because of the
enhanced boundary scattering. At first grain bound-
ary scattering is considered by the modified relaxation
time model. Then we generalize Qiu and Tien’s model
to study wires and films in which heat flux is perpen-
dicular to the surface. The numerical results of these
models are compared with experimental data. We find
that the data of indium wires agree with our model
much better than the modified relaxation time model.
Finally we compare the thermal conductivities of films
and wires with different thicknesses. It is shown that
the thermal conductivity of wires is smaller than cor-
responding films in which heat flux is parallel to the
surface, but larger than that of the corresponding film
in which heat flux is perpendicular to the surface.
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