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Based on the second-order coherence function, we have studied a phase-conjugate ultrafast modulation spectroscopy
due to the interference between the fifth- and fifth-order optical polarizations in cascade three-level Doppler-broadened

system. It is found that the temporal behaviour of the beat signal depends on the stochastic properties of the lasers

and the transverse relaxation rate of the transition. The beat signal depends on the second-order coherence function,
which is determined by the laser line shape. Since different stochastic models of the laser field only affect higher

than second-order coherence functions, they have little influence on the general temporal modulation behaviour of the
beat signal. The cases that pump beams have either narrow band or broadband linewidth are considered and it has

been found that for both cases the overall accuracy for the energy-level difference measurement is determined by the

homogeneous linewidths of the optical transitions. Finally, the spatial modulation behaviour of the beat signal has also

been discussed.
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I. INTRODUCTION

For many years, nonlinear optical spectroscopies
have been a standard tool in the investigation of mate-
rial dynamics. Currently, time-resolved nonlinear op-
tical techniques, which employ ultrashort light pulses,
are ubiquitous in many areas of physical, chemical,
biological and medical research. While the richness
of information generally increases with increasing or-
der in the perturbing electric fields, so does the diffi-
culty of performing and interpreting the experiment.
Higher-order time-resolved nonlinear optical processes
can often be obscured by sequential lower order pro-
cesses that compete with the direct event, and give
similar time domain behaviour, though they probe dif-
ferent dynamics. Hence, for isotropic media, the vast
majority of such nonlinear spectroscopies are third-
order in the electric field. Polarization beat is a phe-
nomenon that results from the interference between
the macroscopic polarizations excited in a nonlinear
material. The radiation beams generated by these
polarizations interfere with each other, producing a
modulation of the signal intensity emitted by the sam-
ple. This effect is qualitatively different from quan-

tum beats, which originate from interference between
wavefunction amplitudes. Polarization beats have at-
tracted considerable attention recently. DeBeer et
al.l!l performed the first ultrafast modulation spec-
troscopy (UMS) experiment in sodium vapour. The
beating signal exhibits 1.9ps modulation correspond-
ing to the sodium D-line splitting when the time de-
lay between two double-frequency pump beams in-
creases. It is worth mentioning that the UMS pro-
posed by DeBeer et al. is not Doppler-free for narrow-
band laser excitation when beams 1 and 2 are over-
lapped temporally. In this case, the modulation fre-
quency equals ws — wp, and the four-wave mixing
(FWM) with self-diffraction geometry cannot provide
a Doppler-free spectrum. Fu et al.l?] then analysed the
UMS with phase-conjugate geometry in a Doppler-
broadened system. They found that a Doppler-free
precision in the measurement of the energy-level split-
ting could be achieved. In this case, when pulse laser
beams 1 and 2 are separated temporally, then before
the application of beam 2, the polarization exhibits
free evolution. As a result, the modulation frequency
is directly related to the energy level of the system, no
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matter whether the pump beams have a narrow-band
or a broadband linewidth. The UMS technique has
also been applied to a cascade three-level system.!?]
This phenomenon was explained as the third-order po-
larization interference between two different channels.
Later, Ma et al.[*! developed a polarization beat inter-
ferometry to measure the phase of the third-order sus-
ceptibilities of the Cd(S,Se)-doped glasses. They also
observed interference between the third- and the fifth-
order polarization in semiconductor doped glasses.!!
The atomic response to Markovian stochastic op-
tical fields is now largely well understood. Meth-
ods exist to calculate the first-order moments of the
atomic density matrix elements for a wide variety
of field statistics, including phase-diffusing fields,!5:"]
phase-diffusing fields with coloured noise, chaotic
fields,®:8—12] real Gaussian fields!'3-'4 and phase jump
fields.
strengths and bandwidths, and could properly account

These methods are valid for arbitrary field

for all orders of electric-field correlations. It is gener-
ally straightforward to extend these methods to in-
clude products of density elements, useful for calcu-
lating observables, such as the variance of fluorescence
intensity or the intensity of FWM signals.['] In these
works, coloured noise models, which incorporate a
memory into the process and are non-Markovian, can
be reduced to Markovian processes by an extension
of the number of dimensions in the problem. In this
paper, we assume that the laser sources are chaotic
fields.
multimode laser source, is characterized by the fluc-

A chaotic field, which is used to describe a

tuation of both the amplitude and the phase of the
field. Another commonly used stochastic model is
the phase-diffusion model, which is used to describe
an amplitude-stabilized laser source. This model as-
sumes that the amplitude of the laser field is constant,
while its phase fluctuates as a random process caused
by spontaneous emission. We present a second-order
coherence function theory to elucidate the physics of
the basic features of the nonlinear effect of fifth-order
on polarization beats in a cascade three-level system.
The beat signal depends on the second-order coher-
ence function, which is determined by the laser line
shape. Since different stochastic models for the laser
field only affect higher than second-order coherence
functions, 1911 they have little influence on the gen-
eral temporal modulation behaviour of the beat signal.

In this paper, we report on the fifth-order fem-
tosecond polarization beats induced by the fifth-
order susceptibility in a cascade three-level Doppler-

broadened system. The cases in which the pump
beams have either a narrow-band or a broadband
linewidth are considered, and it is found that the beat
signal oscillates not only temporally but also spatially.
If the fifth-order polarization beat is employed for the
energy-level difference measurement, there are advan-
tages that the energy-level difference between states
can be separated widely, and a Doppler-free preci-
sion in the measurement can be achieved. We have
also investigated the relationship between the fifth-
order polarization beats and other Doppler-free tech-
niques in frequency and in time domains. It is found
that the fifth-order polarization beat is closely related
to the Doppler-free saturated absorption spectroscopy
(or two-photon absorption spectroscopy with a reso-
nant intermediate state) and the three-pulse stimu-
lated photon echo (or sum-frequency trilevel photon-
echo) when the pump beams are of narrow-band and
broadband linewidths,?l respectively. However, it
possesses the main advantages of these techniques in
the frequency and in the time domains.

I. BASIC THEORY
Fifth-order polarization beats in a cascade three-

level system (FPBCTS) is a polarization beat phe-
nomenon originating from the interference between
the one-photon six-wave mixing and the two-photon
six-wave mixing processes. Let us consider a cascade
three-level atomic system (Fig.1) with a ground state
|0), an intermediate state |1) and an excited state
|2). The states between |0) and |1) and between |1)
and |2) are coupled by dipolar transition with reso-
nant frequencies (2 and (%, respectively, while the
states between |0) and |2) are dipolar forbidden. We
consider, in this cascade three-level system, double-
frequency time-delay four-wave mixing and six-wave
mixing (SWM) polarization beats in which beams 1
and 2 consist of two-frequency components w; and
wz, while beam 3 has a frequency ws (Fig.2). All the
incident beams are linearly polarized in the same di-
rection. The beat signal has the same polarization as
the incident beam, propagating along a direction al-
most opposite to that of beam 2. It could be detected
by a photodiode. We assume that wy & (24 (w3 =~ (2)
and wy & (2, hence w; and we will drive the tran-
sitions from |0) to |1) and from |1) to |2), respec-
tively. In third-order polarization beats, there are
two processes involved in this double-frequency time-
delay FWM. Firstly, the w; frequency component of
beams 1 and 2 induces population gratings of states
|0) and |1), which are probed by beam 3 frequency
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ws3. This is a one-photon resonant degenerate FWM
and the signal (beam 4) has a frequency ws. Secondly,
beam 3 and the wy frequency component of beam 1 in-
duce the coherence between |0) and |2) by two-photon
transition, which is then probed by the ws frequency
component of beam 2. This is a two-photon nondegen-
erate FWM with a resonant intermediate state, and
the frequency of the signal (beam 4) equals w3. We are
interested in the dependence of the beat signal inten-
sity on the relative time delay between beams 1 and
2. One-photon and two-photon FWM signals (beam
4) with frequency ws will be emitted along the direc-
tions ky; — ki + k3 and ko — ki) + k3, respectively.
In the fifth-order polarization beats, one-photon de-
generate SWM signals (beam 5) with frequency ws
will be emitted along the direction 2k; — 2k} + ks,
while two-photon nondegenerate SWM signals (beam
5) with frequency ws will be emitted along the direc-
tions 2ky — 2k:, + k3 and k3 + k; — k) + k2 — k5. In
the phase-conjugation geometry, beams 4 and 5 have
a small angle between them.

The direct fifth-order polarization beat processes
can often be obscured by cascaded or sequential lower-
order processes that compete with the direct event,
and they give similar time-domain behaviour though
they probe different dynamics.'®! The one-order
diffraction signal (beam 4) is contributed primarily
by the third-order nonlinear polarization, whereas the
second-order diffraction signal (beam 5) may include
contributions from the fifth-order nonlinear polariza-
tion and the cascade processes due to the third-order
nonlinear polarization. Let us assume here that the
cascade contribution is negligible as compared to that
of direct fifth-order nonlinearity. If the FWM signals
(beam 4) are blocked, the SWM signals can be de-
tected along the direction of beam 5.

—— [2)
Wy
% 1)
wy wq
0}

Fig.1. Cascade three-level configuration to be treated
by FPBCTS.

w1 ,w?2 w3

Fig.2. Schematic diagram of the geometry of FP-
BCTS.

The complex electric fields of beam 1, E,;, and
beam 2, E», can be written as

pl —Al(

=61U1( )exp[i(k -r — wlt)]

t)exp(—iwit) + As(r, t)exp(—iwat)

+ eun(t)explilks -7 — wat)],

IJ2 —A(

=ejuy(t — 7)exp[i(k’ - 7 — wit + w1 T)]

t)exp(—iwyt) + A (r, t)exp(—iwat)

+ ehua(t — T)expli(ky - P — wat + waT)].

Here, ¢;, ki(c}, k) are the constant field amplitude
and the wave vector of the w; component in beam 1
(beam 2), respectively; u;(t) is a dimensionless statis-
tical factor that contains phase and amplitude fluc-
tuations. We assume that the w; (ws) component of
E, and Epy comes from a single laser source and 7
is the time delay of beam 2 with respect to beam 1.
On the other hand, beam 3 is assumed to be a quasi-
monochromatic light. The complex electric fields of
beam 3 can be written as

Ep3 = Az(r, t)exp(—iwst) = esexpli(ks - 7 — wst)].

Here, ws,e3, and k3 are the frequency, the field am-
plitude and the wave vector of the field, respectively.
We employ perturbation theory to calculate the
density matrix elements. The third-order off-diagonal
density matrix element pg?, which has wave vectors
ki — kY + k3 and ks — ki + k3 responsible for the
FWM signal in the cascade three-level system, can be
calculated by following the perturbation channels(®!:

d) iy — (pie)"

A Ao (A3)”
e) pho — plg — Pl — plys

Chains (a)—(d) correspond to the one-photon reso-

—>P1 — Pio >

Ay (AD* A
(a) plo — ply — p(? — g
(A )* As
) b = ()7 = ol > o8,
Al (A )" A
(©) <o> AU o2 25 8,
( <o> (A A @) A (3)
(

nant degenerate FWM processes, while chain (e) cor-
responds to the two-photon resonant nondegenerate
FWM processes.



No. 3

Interference effects in different fifth-order ... 209

On the other hand, the fifth-order off-diagonal
density matrix element p%), which has wave vectors
2k1 — 2k} +ks3, 2ko—2ky+k3 and k3 +k1 — k| +k2—kj
responsible for the SWM signal in the cascade three-
level system, can be calculated by the following per-

turbation channels:

A 4D oy AL (5 ADT (4 As
(D) po—id —plo —pty — phg 013

Aq (AD* Ay (Ap* Az
(1) plo)—ple) — pD —5p8) 5ol ) 2015,

A A" (o) An (5D (4 Ag
(M) pfo—pte — iy —pk1 — i1 —phy

0) As (1) A2 (9y(A2)" (gy Ao y(42)" (4
(IV) P((Jo) —>P§0) —>Pg0) —>P§0) —>p§o) —>Pg0);

0) 4s (1) 42 2(A,1)* 3(A12)* ) 41 (5
(V) poo —p10 —p50 —= P —piy) —p1s

(VD) 22548 )

In perturbation chains (I), (II), (III), we note that
the role of complex amplitudes A; and (A})*, com-
plex amplitudes A2 and (A})* can be interchangeable
here, respectively. The total perturbation chains of
the SWM signal are 15. Chains (I), (II) correspond
to the one-photon resonant degenerate SWM, while
(III)—(VI) correspond to the two-photon resonant non-
degenerate SWM. We are only interested in the beat
signal with modulation frequency ws — w1, so there are
two beating approaches (I), (II), (III), (V), (VI) and
(II1), (IV), (V), (VI).

The SWM signal is related to the fifth-order off-
diagonal density matrix element p%). It can be calcu-
lated by the perturbation chains (I)-(VI).

The nonlinear polarization P®) responsible for
the phase-conjugate SWM signal is given by averaging
over the velocity distribution function w(v). Thus

+oo
PG — Nul/

—0o0

dvw(v)pfy) (v).

Here, v is the atomic velocity, NV the density of atoms.
For a Doppler-broadened atomic system, we have

w(v) = —expl—(v/)’]

The SWM signal is proportional to the average
of the absolute square of P over the random vari-
able of the stochastic process < |P®)|? >, which
involves eighth-order coherence function of wu;(t) in
phase-conjugation geometry. While the SWM signal
intensity in DeBeer’s self-diffraction geometry is re-
lated to the tenth-order coherence function of the in-
cident fields. We assume that beam 1 (beam 2) is

a multimode thermal source, which can be described

as a chaotic model. In this case, u;(t) has Gaussian
statistics characteristics.[']

In this paper we are only interested in the 7-
dependent part of the signal. The SWM signal inten-
sity can be well approximated by the absolute square
of the stochastic average of the polarization | < P®) >
|2, which involves a second-order function of wu;(t).
Here we develop a second-order function theory to
study the effect of laser coherence. This theory is valid
when we are only interested in the 7-dependent part of
the beating signal. Furthermore, assuming that beam
1 (beam 2) has a Lorentzian line shape, then we have
< wi(t)uf(t2)) = exp(—a;lts — t2]), (@ = 1,2), here
o = %&ui with dw; being the linewidth of the laser
with frequency w;.

We first consider the case that beams 1 and 2 are
narrow band, so that a3 < I'tg and ay K I'. For
simplicity, here we neglect the Doppler effect. Per-
forming the tedious integration in the first beating
approach, the beat signal intensity then becomes

I(r) oc | By [*exp(—4au )
+ 1Bz *exp[—2(a1 + az)|7]]
+ expl=(3ar + a)l7]]
- {nBf Baexp[—iAk - r — i(wy — w1)T]
+n*B1ByexpliAk - r +i(wy —wi)7]}. (1)

In the second beating approach, the beat signal inten-
sity then becomes

I(7) o¢ | Bs|*exp[~2(a1 + a)|7]]
+ |nBs|?exp(—4az|T])
+ exp[—(a1 + 3az)|7]
- {nBj Bsexp[—iAk - r — i(ws — w1)T]
+ n*ByBiexpl[iAk - r +i(ws —w1)7]}. (2)

Here B;, B> and B3 depending on the laser linewidths,
frequency detuning and relaxation rate of the transi-
2 1\*
H3 [52 (e3) ]
pi Lei(e) ]’
where p11 (pu3) is the dipole-moment matrix element be-

tween |0) and |1) (|1) and |2)); I'o (I'1) is the popula-
tion relaxation rate of state [0) (|1)); 21 and I'1o(I20)
are the transverse relaxation rates of the coherence be-
tween states |1) and |2) and between |0) and |1)(]2)),
respectively; A1 = 2 — w1, 4o = 5 — wy, A3 =

tion are 7-independent constants; =

25 — ws.

Equations (1) and (2) indicate that the signal in-
tensity oscillates not only temporally with a period
wa — wy, but also spatially with a period 27/Ak along
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the direction Ak = (k; — k}) — (k2 — k), which is
almost perpendicular to the propagation direction of
the beat signal. Here Ak = 27|\; — A2|0/A2A1,6 is
the angle between beams 1 and 2. Physically, the
polarization-beat model assumes that both the pump
beams are plane waves. Therefore, one-photon SWM
signals, which propagate along ks, = 2k, — 2k} + k3,
are plane waves also. Two-photon SWM signals,
which propagate along k,, = ks +k; — k| + ko — k5 or
ks, = 2k — 2k, + k3, are plane waves also. Since one-
and two-photon SWM signals (i.e., ks, and k,, be-
long to the first beating approach) or two two-photon
SWM signals (i.e., ks, and ks, belong to the second
beating approach) propagate along a slightly differ-
ent direction, the interference between them leads to
Equations (1) and (2) also
indicate that beat signal modulates with a damping

the spatial oscillation.

rate 3a; + a2 and a7 + 3as respectively, as 7 is var-
ied. As a result, the theoretical limit of the mod-
ulation frequency measurement is determined by the
laser linewidth. In this case, the precision of using FP-
BCTS to measure {2 — 2 is determined by how well
wy and ws can be tuned to the resonant frequencies
of the transitions from |0) to |1) and from |1) to |2},
respectively. In other words, we can obtain beating
between the resonant frequencies of a cascade three-
level system. The overall accuracy for the energy-level
difference measurement is determined by the homo-
geneous linewidths of the optical transitions. Then a
Doppler-free precision can be achieved in the measure-
ment of 2 — 2. Equations (1) and (2) are different
from the third-order beat signal intensity from chan-
nels (a)—(e).[%4!

We then consider the case that beams 1 and 2
are broadband so that a; > I'ig and as > I3. In
this case, the beat signal rises to its maximum quickly
and then decays with a time constant mainly deter-
mined by the transverse relaxation times of the sys-
tem. Although the beat signal modulation is compli-
cated in general, at the tail of the signal (i.e., 7 > a; *,
7> ay ') the beat signal intensity is: In the first beat-
ing approach, the beat signal intensity then becomes

I(7) x |B{|2exp[—4]"10|7|]
+ [nBy[*exp[~2(Iio + Ian)|7]]
+ exp[—(3I0 + Ia1)|7]]
-{B*nBexp[—iAk - v —i(2y — 2)7]
+ B By explidk -1 +i(2 — 2)7]}. ()

In the second beating approach, the beat signal inten-

sity then becomes:
(i) for 7 > 0,
I(7) oc | By|*exp[=2(I'o + I')|7]]

+ [nBs|*exp[ 4T 7(]

+ exp[—(Fm + F21 + 2F20)|7'|]

- {Bé*nBéexp[—lAk -r - 1(.(22 — .Ql)’l' — ZiAlT]

+ Byn* B'exp[iAk - v + (% — )71 + 2iA 7]}

(4)

(ii) for

7 < 0,1(1) o |By|?exp[—2(To + Ia1)|7]]- (5)
Here Bj,B) and B} are 7-independent constants.
Equations (3) and (4) indicate that the modulation
frequency of the beat signal equals 2, — (2} when
A; = 0. Therefore, the modulation frequency, which
corresponds directly to the beating between the reso-
nant frequencies of a cascade three-level system, can
be measured with accuracy given by 7 (3¢ + I51) or
m(Io+1I'21+2150) approximately. In other words, the
overall accuracy of using FPBCTS with broadband
light to measure the energy-level difference between
two states is limited by the homogeneous linewidths.
On the other hand, Eqs.(3) and (4) are also different

from the third-order beat signal intensity from chan-
nels (a)—(e).[2?

m.FPBCTS IN A DOPPLER-BROADENED
SYSTEM

The beat signal can be calculated from a differ-
ent viewpoint. In the Doppler-broadened limit (i.e.,
ksu — 00), we first consider the case that beams 1 and
2 are narrow bands so that a1 < I'g and as K 9.
In the first beating approach, the beat signal intensity
then becomes
I(7) o |Ba|*exp(—4au|r])
+ |nBs|*exp[-2(a1 + az)|7|]
+ eXp[_ (Bay + O£2)|T|]
- {nBj Bsexp[—iAk - r — i(ws — w1)T]
+ n*BsBiexp[iAk - r + i(we —w1)7]}. (6)
In the second beating approach, the beat signal inten-
sity then becomes
I(7) o |Bs|*exp[~2(a1 + az)|7]]
+ InBo|exp(—das|r])
+ exp[—(a1 + 3az)|7]]
- {nBi Bgexp[—iAk - r — i(we — w1)T]
+ n"BsBiexpl[iAk - r + i(ws —w1)7]}. (7)
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Here B4,B; and Bg are 7-independent constants;
I'fo=Tio+ & 10, I'sy =T + &aTh0, sy =T20 + (&2 —
D)Io; & =ka/k1,& = ks/k1 > 1.

Equations (6) and (7) are consistent with Egs.(1) and
(2), respectively.

We then consider the case that beams 1 and 2
are broad bands so that a; > I'sg and as > I3. In
this case, the beat signal rises to its maximum quickly
and then decays with a time constant mainly deter-
mined by the transverse relaxation time of the system.
Although the beat signal modulation is complicated
in general, at the tail of the signal (i.e., 7 > a; ',
7> ay ') the beat signal intensity is:

(i) For 7 >0
In the first beating approach, the beat signal intensity
then becomes

I(r) o |q1 |*exp[—4T{y|]]
+ Ingal” x expl=2(I + I5,) 7]
+exp[—(31o + I'31)|7]]
A{gingaexp[—iAk - —i(f — )T
—i(& — &) AsT]
+ an*gGexplidk - r +i(2 — 1)
+i(&a — £1) A7)} (8)

In the second beating approach, the beat signal inten-
sity then becomes

I(7) o |gz*exp[~2(I'fy + I'5))I7]]

+ |ngs|? x exp[—4T3,|7]]

+ exp[—(Ify + 305,
A@ingsexp[—iAk - v —i(2 — )7

—1i(& — &) As7]

+ @n*qzexpidk - r +i(fk — )T

+i(& — &) AsT]}. )

Here ¢;,¢2 and ¢3 are 7-independent constants.
Equations (8) and (9) indicate that the modulation
frequency of the beat signal equals (2 — (2 when
Az = 0. Therefore the modulation frequency, which
corresponds directly to the beating between the reso-
nant frequencies of a cascade three-level system, can
be measured with accuracy given by w(3I'% + I'§;)
or w(I'fy + 3I'g,y) approximately. In other words, the
overall accuracy of using FPBCTS with broadband
light to measure the energy-level difference between
two states is limited by the homogeneous linewidths.
Physically, Egs.(8) and (9) are analogous to Eqs.(3)
and (4), respectively.

(if) For 7 < 0
In the first beating approach, the beat signal intensity
then becomes

I(7) o |C1*exp(—4eu|7])
+ [nCa[*exp[—2(a1 + az)|7(]
+ exp[—(3a; + a2)|7(]
-{nC7 Caexp[—iAk - 1 — i(ws — w1)7]
+ n*C1Ciexplidk - r + (w2 —w1)7]}. (10)
In the second beating approach, the beat signal inten-
sity then becomes
I(1) o |Ca|?exp[—2(a1 + a2)|T]]
+ [nC3|*exp(—4az)|7])
+ exp[—(a1 + 3a2)|7(]
-{nC5 Csexp[—iAk - r — i(wy — wq)T]
+ n*CaClexp[iAk - r +i(ws —w1)7]}. (11)
Here C1, Cs, and C3 T-independent constants. Equa-

tions (10) and (11) are consistent with Eqgs.(1) and
(2), respectively.

IV.PHOTON ECHO

It is interesting to understand the underlying
physics in FPBCTS with incoherent lights. Much
attention has been paid to the study of various ul-
trafast phenomena by using incoherent light sources
recently.'8=201 Under the phase matching condition
2k, — 2k} + k3, the three-pulse stimulated photon
echoes exist for the perturbation chains (I) and (II).
Under the phase matching conditions 2k, — 2k’ + k3
and k3 + ky — k| + ko — kb, the sum-frequency trilevel
echoes exist for the perturbation chains (ITT)—(V).[9]
In the Doppler-broadened limit (i.e., ksu — o), we
consider the case that beams 1 and 2 are broad-
band. Then < w;(t1)u}(t2) >= exp(—a;lt1 — t2]) =
o%é(tl — t2), i=1, 2. Photon echo does not exist for

the perturbation chains (VI).
(i) For 7 > 0, the fifth-order beat signal intensity
from channels (I), (IT), (IIT), (V) is
I(r) o | < P > | = |g [Pexp[ 4Ty |7]]
+ |1 |*exp[=2(I'fy + I3)|7]]
+ exp[— (317, + I31)|7]]
{a@r" ngzexp[—iAk - r
—i(2 — Q)T —i(& — &) AsT]
+ qin*gyexp[iAk - r +i(2 — )T
+i(&2 — &1) Az} (12)
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The fifth-order beat signal intensity from channels
(III)-(V) becomes

I(7) o |gy|*exp[—2(TTy + I'sy)|7]]
+ Ings|*exp[—4Ts|7]
+ exp[—(I'fo + I'5y + 21'5)|7]]
{gx"ngzexp[—iAk - v
—i(2 — )T —i(& — &) AsT]

1, % _I%x

+ gon" g3"exp[idk - 7
=+ 1(.92 - .Ql)T + 1(52 - 51)A37']}. (13)

Here ¢, ¢5 and ¢} are 7-independent constants. Equa-
tions (12) and (13) are consistent with Egs.(3) and (4),
respectively.

(i) For 7 < 0, photon echoes do not exist for the
perturbation chains (I)—(V). The requirement for the
existence of a 7-dependent beat signal for 7 < 0 is
that the phase-correlated subpulses in beams 1 and 2
are overlapped temporally. Since beams 1 and 2 are
mutually coherent, the temporal behaviour of the beat
signal should coincide with the case when the beams
1 and 2 are nearly monochromatic. Therefore, these
cases are also consistent with Eqgs.(1) and (2).

V. DISCUSSION AND CONCLUSION

FPBCTS can be considered as a technique which
possesses the main features of the high resolution
laser spectroscopies in the frequency and time do-
Firstly, FPBCTS is closely related to the
Doppler-free saturated absorption spectroscopy and

mains.

two-photon absorption spectroscopy in tuning w; and
we to the resonant frequencies when narrow-band
lights are used. However, unlike the techniques in
the frequency domain, here we are interested in the
temporal behaviour of the signal, and the frequen-
cies of the laser do not need to be calibrated. In this
sense FPBCTS is similar to the spectroscopies in the
time domain. FPBCTS is related intrinsically to the
optical coherent transient spectroscopy when broad-
band lights are used. In these cases, when pulse laser
beams 1 and 2 are separated temporally, then before
the application of beam 2, the polarization exhibits
free evolution. As a result, the modulation frequency
is directly related to the energy level of the system,
no matter whether the beams have a narrow-band or
broadband linewidth. The advantage of FPBCTS over
other time-domain techniques is that the temporal res-
olution is not limited by the laser pulse width.

However, for highly nonlinear media such as semi-
conductor, polymers and some special glasses, high-
order nonlinearities may also contribute even at mod-
erate intensity levels. In principle, the interference
effect may be observed in a large variety of materi-
als, and the exploitation of this phenomenon to de-
velop a new technique for nonlinear spectroscopy is
also discussed.[!! The signal modulation depth is de-
pendent on the ratio x®)/x(® and can be adjusted

[5.16] where

by changing the laser relative intensities,
x®) and x® are the third- and fifth-order suscepti-
bilities, respectively. Based on Eq.(1), we have cal-
culated the FPBCTS in sodium vapour, where the
ground state 3S; /o, the intermediate state 3P/, and
the excited state 4D3/5 5/ formed a cascade three-
level system. Figure 3 presents the temporal be-
haviour of the normalized beat signal intensity versus
relative time delay. Parameters used are a;; =2.7ps ™!,
a3=2.9ps~ !, \;=589.0nm, \y=568.8nm, Ak = 0 and
n=B;=B;=1. It shows that as 7 varies, the beat sig-
nal intensity modulates sinusoidally with period 55fs.
Figure 4 shows the Fourier spectrum of the data, in
which 7 is varied over a range of 2.0 ps. Then we ob-

tain the modulation frequency 114 ps~!

, correspond-
ing to the beating between the resonant frequencies of
the transitions from 3S; /, to 3P3/; and from 3P/ to

4D3/2 5/2- The modulation frequency can be obtained

fury
o
1

Normalized signal intensity
o
o

|/

0.0 . \//\/\/\/\ .
-0.50 -0.25 0.00 0.25 0.50
Time delay 7/ps

Fig.3. Normalized beat signal intensity versus
1

relative time delay. Parameters are a;=2.7ps™ ",
02=2.9ps~ 1, A\;=589.0nm, A\»=568.8nm, Ak = 0 and
n=B1=By=1.

more directly by making a Fourier transformation of
the FPBCTS data. Figure 5 presents the spatial be-
haviour of normalized polarization beat signal inten-
sity versus transverse distance r. Parameters used are
a1=2.Tps™ !, ay=2.9ps~ !, 7=1ps, § = 2.62 x 10%rad,
A1=589.0nm, A\;=568.8nm and n=B;=B,=1.
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Fig.4. Fourier spectrum of the FPBCTS data in

which 7 is varied over a range of 2.0 ps.
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Fig.5.
sus transverse distance r. Parameters are a;=2.7ps 1,
a3=2.9ps~ 1, 7=1ps, § = 2.62 x 10~ 2rad, A\;=589.0nm,
/\2:568.8 nm and n:Bl :BQ:I.

Normalized polarization beat signal intensity ver-

In conclusion, we have studied theoretically a
phase-conjugate ultrafast modulation spectroscopy

due to the interference between fifth- and fifth-order
optical polarizations in a cascade three-level Doppler-
broadened system. It is found that the temporal be-
haviour of the beat signal depends on the stochastic
properties of the lasers and the transverse relaxation
rate of the atomic energy-level system. The beat sig-
nal depends on the second-order coherence function,
which is determined by the laser lineshape. Since dif-
ferent stochastic models of the laser field only affect
higher than second-order coherence functions, they
have little influence on the general temporal modu-
lation behaviour of the beat signal. We have consid-
ered the cases that pump beams have either narrow-
band or broadband linewidth and found that for both
cases a Doppler-free precision in the measurement of
the energy-level difference between two states can be
achieved. The advantage of FPBCTS is that the
energy-level difference between states can be widely
separated. It is worth mentioning that the asymmet-
ric behaviour of the polarization beat signal, which is
due to the dispersion of the optical components in a
cascade three-level system, do not affect the overall ac-
curacy of using FPBCTS to measure the energy-level
difference.[?":?2] Furthermore, FPBCTS can tolerate
small perturbations of the optical path due to me-
chanical vibration and distortion of the optical com-
ponents, as long as these are small compared with
cf|wa — ws.
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