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The dynamical symmetries and adjoint symmetries of nonlinear nonholonomic constrained mechanical systems are

analysed in two kinds of geometrical frameworks whose evolution equations are Routh’s equations and generalized Chap-

lygin’s equations, respectively. The Lagrangian inverse problem and the interrelation between Noether’s symmetries

and dynamical symmetries are briefly concerned with. Finally an illustrative example is analysed.
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I.INTRODUCTION

Classically, two kinds of mathematical models
exist for nonholonomic constrained Lagrangian sys-

tems. One is based on the d’Alembert-Lagrange

(1=8] The other is dependent on a certain

principle.
natural generalization of Hamilton’s principle of sta-
tionary action, called vakonomic dynamics.[*1% The
former case is accepted in physics and the dynamical
equations of the systems can be represented by gen-
eralized Chaplygin’s equations or Routh’s equations,
according to the different methods of imposing con-
straint functions into the systems. So the symmetries
of systems can be analysed with respect to this kind

of differential equation.

Recently, Sarlet, Contrijn and Saunder!®” pre-
sented a geometrical framework for a mixed system of
coupled first- and second-order equations treated on
the same footing. The dynamical symmetries and ad-
joint symmetries are discussed as an application of the
calculus along a specific projection. In fact, this work
is an approach to differential geometry of nonholo-
nomic Lagrangian systems in a broader perspective,
which corresponds to generalized Chaplygin’s equa-
tions. Alternatively, the symmetries of systems can
also be viewed in another geometrical framework re-
lated to Routh’s equations with Lagrangian multipli-

ers, which is considered as a standard method for in-

corporating constraint functions into equations of mo-
tion. In this paper, we do not involve all aspects on
symmetries as usual, e.g., dynamical covariant deriva-
tive and Jacobi endomorphism, etc. But we only pay
attention to some aspects easily confused in the liter-
ature. In section II, we analyse the dynamical sym-
metries and adjoint symmetries in the framework of
decomposition of two-jet bundles into an affine bun-
dle and a vector bundle. Then the symmetries must
satisfy particular conditions. In section III, a con-
straint sub-manifold is constructed and the invariant
one-forms of dynamical vector field are proved to be
taken as adjoint symmetries of the systems. The re-
lations between Noether’s symmetries and dynamical
symmetries of the systems are given in section IV. Fi-
nally, we give an illustrative example to verify most of

the results given in this paper.

Throughout the paper, Einstein’s summation con-
vention is used. The Latin indices i,j,s run from
1 to n and the Greek indices p,v,0 run from 1 to

€ =mn—g;a, [ run from 1 to g.

I. SYMMETRIES OF ROUTH’S EQUA-
TIONS

The framework for studying time-dependent me-
chanical systems is a configuration bundle 7 : M — R
with an n-dimensional typical fibre @, the configura-

tion space, and the real line R as the base manifold.
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M is a manifold of dimension n + 1 with local coor-
dinates {t,¢°}(s = 1,2,---,n). Let JJM C TM and
V M denote the one-jet bundle and the vertical sub-
space of T'M with respect to m, respectively. Suppose
that the mechanical system is subject to admissible

nonholonomic constraints of the type
Fu(t,¢',4") = 0. (1)
The dynamical vector field Z on J, M:
Z=0/0t+q'0/0¢' + [ (t.¢,¢)0/0F"  (2)

is compatible with the above constraints, i.e.,
Z(Fa) = 0. Then the two-jet bundle JoM — J M
can be decomposed into an affine bundle jo M — J; M
of dynamical vector fields Z and a vector bundle
R— JJM B e,

JoM = ]QM Dy, m R. (3)

JIM —
Furthermore, if
the map g: JJM — V*M ® V*M is restricted to
be positive-definite, the dynamical vector field 7 is

If the constraints are ideal, the sections r :

R are constraint reaction forces.

uniquely determined. Such a dynamical vector field
can be taken as a representation of Routh’s equations

of motion:

d 8.L _ oL _ e BEQ (4)
dt 9¢*  0q® 9q*
for the dynamical function L of the system.
Similar to the case of unconstrained systems, the
dynamical symmetry X € x (J1M) of the constrained
system can also be defined by {Z, X] = )\Z. How-

ever, 7 is compatible with the admissible, ideal con-
straints, i.e., the constraints confine the motion to an
affine subbundle joM — Ji M of the two-jet bundle
JoM — Jy M. It is easy to verify that the compatibil-
ity of 7 with constraints makes the dynamical sym-
metry X satisfy Z (X (F,)) = 0.

Since the section Z:J; M — Jo M provides Routh’s
equations in an invariant form, we can assume that the
dynamical symmetry X belongs to the sections of the
bundle joM — Jy M. Therefore, we have

ixS (dF,) = 0, (5)

0/0¢" ® 6 is the vertical endomor-
Considering the basis {Z, 3/8qi,8/8(ji} of
vector fields on J; M and its dual basic one-forms

{dt,6" = d¢* — ¢'dt,w’ = d¢* — fidt},

where S =

phism.

X =1Z+£9/0q +n'0/8¢'. (6)

In local coordinates, we then have (3Fa/3(ji) & =0.

Considering the positive-definite fibre metric g :
JM — VM ® V*M and the isomorphism of
VJiM — JyM and VM — M, a vector can be de-
fined by

Ya=g(S(WE) = g 520008 (1)

The fundamental two-form 2 on J{ M is

2 =gy (W' + I}0%) A 69, (8)

) 1 .
where I} = —3 (Bf’/aqk) are determined by the dy-

namical vector field Z.

Proposition 1 Suppose {2 is of maximal rank,
then associated with a vector field X satisfying
ixS (dF,) = 0, there corresponds to a one-form
annihilated by the dynamical vector field A , which
satisfies iy 3 = 0.

Proof. Since {2 is of maximal rank, there exists
an equivalent class [3] of one-forms on J; M with the
property of iz3 = 0, defined by ix§2 = B. Suppose

B = 0,0 + mw’, then the above relation leads to
™= —gi;&, o5 =g (' + IiEY) — gikfffk- 9)
It is straightforward to verify that

oF,
¢’

iy, B = ¢'=—ixS(dF,)=0.  (10)

The relations ixS (dF,) = 0 and iy, = 0 are
dual to each other. This duality is the result of the
above decomposition of JoM into a direct sum. g is
an adjoint symmetry'"12] if Lz8 = 0. It is evident
that if # = dF, F is a first integral of Z and vice

versa.

. ADJOINT SYMMETRIES AS AN IN-
VARIANT ONE-FORM OF DYNAMICAL
VECTOR FIELD

We solve Eq.(1) to obtain g velocity coordinates
(denoted by ¢°#) in terms of the other velocity coor-
dinates € = n — g (denoted by ¢7), i.e.,

¢ = (t,¢°,47). (11)

This construction provides a canonical projection 7:
M — My, where My C M is a sub-manifold of di-
mension & + 1 with local coordinates {t,q”}.l% Let
V.M denote the vertical subspace of TM with re-
spect to the projection 7 : M — M, and J; M

a one-jet manifold with respect to my : My — R.
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T (JiMy) = M Xn, J1My is the pull-back bundle 1i.e., the curvature two-form R, = VPy = —dPy - Py
over M. represents the non-involution of horizontal distribu-

Let i : 7* (J1My) — J1 M be an embedding de- tions on the bundle p which also determines the non-

fined by the above constraints, then N = i (7* (J1 My))

is called constraint sub-manifold of J; M with local co-
ordinates {t, q°,4%, P } The dynamical vector field

of the mechanical system on N can be represented by

Z =0/0t+¢79/9q" + ¢” (t,¢*,¢") 9/9q" "
+ f7(t.q",4") 9/04°". (12)
Dual to this vector field are two one-forms on the man-
ifold N: 07 = dq? — ¢°dt and w? = — f2dt which
will be taken as basic one-forms on N.
If V,N denotes the vertical subspace of T'N
with respect to the projection p : N — J;yMy and
p* (T (J1My)) = N X g, m, T (J1 Mp) the pull-back bun-

dle over N, then the following exact sequence
0—V,N—=TN — p* (T (J1Mop)) =0 (13)

determines a horizontal distribution on the bundle
p: N — J My, which can be spanned, in local co-
ordinates, by

Ho=8/0t + I 1P0/0¢"P,
H, =0/0¢° + I'c*P9/0¢ ",
H, =0/0§" + I /9¢" 7, (14)

where the connection coefficients are determined by

I = ¢ — 706" jog,

IstP =098 /g7, IstP =o. (15)

ag

A natural tetrad basis of vector fields on the
bundle p: N — JIMOA and its dual basic one-forms
{2,}iﬂ 3/34”,3/3qa+ﬁ} and

respectively, where &7 =
Fos'wdt correspond to the quasi-

can be taken as
{dt, 07, w",fs"'ﬁ},
dqs+ﬂ _ Fj+ﬁdqa

coordinates or quasi-velocities in classical nonholo-
nomic mechanics, which will be exact one-forms if
the constraints are integrable in the Frobenius sense.
With the help of this kind of basic vector field and

basic one-form on N, the horizontal and vertical pro-

jections with respect to p can be obtained

Py=Z@dt+H,®60 +8/9§” @w,
v = a/aqs+ﬂ ® £€+ﬁ' (]_6)

The vertical projection Py : TN — V,N can be

taken as a connection one-form on the fibre bundle

p N — JiM,.

Its exterior covariant differential,

integrability of differential constraints in the Frobe-
nius sense. By means of the above tetrad basis and
its dual basic one-forms, the curvature two-form R,

can be represented by

Rf{ﬁW&AW+;WAﬁW)

— H, (L) 167 A6+
8Iw+5 - i
where T¢HF = ? (F(f*ﬂ) — H, ((pﬂ). Because of the

duality of the tetrad and the basic one-forms, we have
R(Z.69) =107, (18)

which could serve as a geometric interpretation of
mathematically unclear commutation relations con-
cerning the total derivative operator d and the
variational operator ¢ in classical nonholonomic

mechanics:[13:14

d
[5’5

It is evident that if T+

straints reduce to linear integrable constraints, and

TP =T P50 (19)

= 0, the nonlinear con-

vice versa.

A dynamical symmetry of the mechanical system
is a one-parameter invariance group on the manifold NV
which permutes the integral curves of dynamical vec-
tor field Z. It is gengrated locailly by a vector field X
with the property {Z, X] = hZ. For the constrained
mechanical systems adjoint symmetries can be re-
garded essentially as invariant one-forms 3 € Al (N),
satisfying zéﬁ =0 and [,2.,3 =0.

If an adjoint symmetry B of 7 is exact, i.e.,
,8 dF for some function F', then F i isa first 1ntegral
of Z Conversely, ﬂ dF' defines a Z basic one- form
if F'is a first integral. If the adjoint symmetries of Z
take the form

ﬁ:M’S@é(O—E@Mt (20)
for FF € C* (N), then E;B = 0 leads to

2, 8§(F) 8§(F) 8§(F)
7 _ =0, ———72=0. 21
( 9q° ) 0q° T Ogth (21)




184 Guo Yong-xin et al.

Vol. 10

Obviously, L = ?(F), if regular, can be taken as a
new Lagl:angian for the systems. pn the contrary,
if L = Z(F) is a Lagrangian of Z for some func-
tion F € C°(N), then it is easy to verify that
B=dF -8 (dé (F)) - E(F) dt is an adjoint symme-

try of Z. In this case there exists a pre-symplectic sub-
manifold R x T My of constraint manifold N, whose
pre-symplectic structure is determined by the dynam-
ical function L. The fundamental two-form 2 on
R x TM, Ais locallyA exact, i.e.,, 2 = —dfr where
o =S (dZ (F)) + Z(F)dt.

IV.NOETHER’S SYMMETRIES AND DY-
NAMICAL SYMMETRIES

Noether’s symmetries are essentially different
from the dynamical symmetries. The former is an
invariant variation problem of the dynamical systems
and the latter is a kind of Lie theory of differential
equations of the systems. However, they may be con-
sistent with each other for some Lagrangian systems.
Because of this, many researchers have confused the
concepts, when concerned with the first integrals.

Now we discuss Noether’s symmetries of the con-
strained mechanical systems. For this we need a fun-
damental two-form §2 on the manifold N, which is not
closed in general. In the same way as in Ref.[16] we
can construct it from a Lagrangian L and constraints
by 2 = df; + ¥ A dt such that zé.f) = 0, where
L' = i*L (i: N — JyM) is a Lagrangian embedded

constraint and

0, =S(dL) + L'dt,

U= i (Rp (Z dL)) —Py(dL).  (22)
Here RP is the vertical lift of R, to T'N. Usually,
the geometrical properties of Lagrangian systems are
described by the condition df?2 =0 or Céfl =0.

Let X, = A\°H, + v?9/9¢°*P be a vector field
)

along n : N — M. If its prolongation X,(,1 satisfies

ﬁxr(ll)GLf = —’L'X£I1) (¥ Adt)+df,for feC>®(N),

A (23)
then X\ = AN H, ++PH. 5+ Z (\°) 8/9¢° is called
a Noether’s symmetry which yields a conserved quan-
tity FF = f — iXT(,I)OL"

Proposition 2 A Noether’s symmetry X,gl)

ofa
constrained mechanical system is a dynamical symme-

try of the system if and only if the constrained systems

are locally Lagrangian. Conversely, a dynamical sym-
metry is also a Noether’s symmetry only if the system
is locally Lagrangian and the one-form 7 (1) {2 is exact.
n
Proof. By definition, the Noether’s symmetry
1 . . p . 2
X,(7 ) satisfies ng”Q =dF, so Llé 2X7(l1)() = 0. Thus

iz, o= —ixp £32 (24)

Considering Ker (2 :Span{mf\ﬂ € C*> (N)}, we ob-
tain that X,gl) is a dynamical symmetry if and only
if Uy (1) [,%.f) = 0. As the situation of mechanical sys-
n
tems without constraints, this condition is equivalent
to ﬁé.f) =0.
On the contrary, for the dynamical symmetry
(1) : O — ; ¢ (1) )
Xy, [’2‘ ZXT(Il)Q = z{(sl) [,5(2. If X, isa }\Ioether s
symmetry, i.e., i 2 =dF, then I [,é(f =0. So
the system is Lagrangian. Obviously, if ¢, o) §2 is exact
for the Lagrangian system, the dynamical symmetry

is Noether’s symmetry.
V. AN ILLUSTRATIVE EXAMPLE

Consider a unit mass moving in a uniform gravi-
tational field g. Let the local coordinates of the con-
figuration manifold M be 2 = ¢, vy = ¢%, z = ¢>.
The dynamical function is L = % (i:2 +2 + 22) —gz.
Suppose the particle is subject to a nonholonomic con-
straint

?—a®(a* +9%) =0.

The fibre metric on the bundle TM — M takes

gij = g = &;j. The vectors Y and Z are

Y =2[20/0% — a (4804 + y0/87)]
7 =i0/0z + 409y + 20/
agz .
- 0/0x
(14 a?) /a2 + 2 /
agy

a
; 0/07 - <——1>aa'.
Gran s o \ire )00

Obviously, the one-forms

y 1
f=—2di+ —dj,
T z
B = adx + ydy + 2dz + gdz

are adjoint symmetries of Z by definition and sat-
isfy iy 8 = iy = 0. Furthermore, the exact one-
forms 8 and B’ provide the following first integrals
F =y /i, F’:%(ab?—l—gf—i—éz)—l—gz.
Alternatively, the coordinates of constraint man-

ifold N take {z,y,%,9} and the dynamical function
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embedded the constraint is L' = (1+a?)(2? +9?)/2—
gz. Obviously, this system is not a Chaplygin’s one.
We can find out the dynamical vector field

7 =8)0x + 480y + a/3 + 52092
a9z /93

+
(1+a2) /a‘:2+y2

a9y 8/dy.

+
(1+a%) /i 1 37

At least two exact adjoint symmetries exist

B=dG/s), :

ﬂA':d (1+a2) (d:2—|—y2)—|—gz

So there exist two first integrals F = g/z, F' =
1 .
3 (1 + a2) (w'z—i— y2) +gz. We see that the two frame-

works are equivalent for handling the symmetries of

constrained systems.
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