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The form invariance of Appell equations of holonomic mechanical systems under the infinitesimal transformations

of groups is studied. The definition and the criterion of the form invariance of Appell equations are given. This form

invariance can lead to a conserved quantity under certain conditions.
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I. INTRODUCTION

Appell equations are very important in analyti-
cal mechanics.[! =9 However, to this day, the solution
of Appell equations is still not clear. In this paper,
studying a form invariance of Appell equations under
the infinitesimal transformations of groups and com-
paring the invariance with Noether symmetry, we will
seek the integral of the equations. First, we establish
the Appell equations and study their form invariance
under the infinitesimal transformations. Next, we
transform the Appell equations into Lagrange equa-
tions. Finally, we compare the form invariance with
Noether symmetry to seek the conserved quantity of

the Appell equations.
I. APPELL EQUATIONS

Let the position of a mechanical system be de-
termined by the n generalized coordinates gs(s =

1,---,n), its energy of acceleration be

5=5(t4q,9,9), (1)

and the generalized forces be

Qs = Qs (ta q, q) (2)

The Appell equations can be written in the form

=Qs, ('9:17""77’)' (3)

9qs

Introducing a function A as

A=5-Y"4.Qs, (4)

s=1

Equations (3) becomel*

o4 _
9Gs

(s =1,--,n). (5)

II. FORM INVARIANCE OF APPELL EQU-
ATIONS

Introducing the infinitesimal transformations of

time and coordinates as

t =t + At,

q;(t*)ZQS(t)"‘AQS (5:17"'7n)v (6)

or their expansion formulae

t"=t+ 650(t7 q):
Q; (t*) =ds (t) + &&s (ta q)a (7)

where ¢ is an infinitesimal parameter and &g,&, are

infinitesimal generators, we then have

dg;  dgs +edés
dt*  dt + edé

= (js + E(és - q.sé:O) + 0(52)7

=gs+ 5[(53 - 4550). - ‘.1.550] + 0(52)' (8)

d*q;
dt*2

Definition If the form of Appell equations (5)
keeps an invariance under the infinitesimal transfor-
mations (7), then the invariance is called the form
invariance of Appell equations.

By definition, the form invariance can be written
in the form

0A* 0A
94, i,
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where N
dg* d“q*
A=At q", —,— | . 10
(a5 ).
We have the following criterion.
Criterion For a given function A, if the in-

finitesimal generators &g, &, satisfy the following for-

mula
0 0A " 9A "L 0A . .
87(.]']@ {atfo + ;aiqsgs + ; 8(]5(63 - quo)} =0
(k=1,---,n), (11)

then Appell equations are form invariant.
Proof We have

A "\ 9A
A* = At 1, q — —&s
(7q7q7q)+5{ atfo*";a 56

n

IV.LAGRANGE REALIZATION OF APPELL
EQUATIONS

In order to compare the form invariance of Ap-
pell equations with Noether symmetry, it is necessary
that one transforms Appell equations into Lagrange
equations.

For a given function A, we have

ZAsk:tqq

k=1

d oL oL
dt 94, 8qs 8qs

(12)

where L = L(t,q,q) is the Lagrangian. A necessary
and sufficient condition for system (12) to be self-
adjoint is that all conditions (13) satisfied!®!

Agp = Aps,
0As,  0Apg
94, 045’

9B, 0By, [0 ~~. 9
an + (9(]5 _2<8t+ZqT3qT> Aska
0B, 0B, 1 0Bs 0By
—_ _2< qu )(aqk 6q~s>7
(s,

8Qk aqs
s, k,r = 1 ,n). (13)

Under these conditions, Appell equations can be ex-
pressed by Lagrange equations. The most general

structure of the Lagrangian L is

= K(t,q,4)+ Y _ Di(t,@)qx+C(t,q), (14)
k=1

L(t,q,q)

where the n+2 functions K, Dy ,C are a solution of
the linear, generally overdetermined system of partial

differential equations

0’°K
= A (t,q,q), 15
94,04 ks(t, 4, q) (15)
0D, 0Dp 1 <8BS 8Bk> n 0’°K
aqk 81]5 2 8qk 8qs a(Zsa%
0’K
- —— = Zu(t,q), 16
9500 k() (16)
oC _ 0D, 0K 0°K
dqs Ot ° 8 quat
- 9B, BB;C)} ,
+ - = Ws(t, q),
; [3%3% <3Qk ag, )| T (t.9)
(17)
and the solution is!®!
K(t,q,q ZZqu/
s=1k=1 Y0
{ |:/ dTAsk t anq):| qk} (taanlq)a
0
(18)
Z {/ dr7Z(t Tq)} Qk, (19)
k=1
C= Z {/ dr Wy (¢ Tq)} Qk- (20)
=1
For given S and @, we have
d oT oT
— (t
dt 94, oq, aqs kzl“sk 04
+ bs(t7Q7q) = 07 (21)

where T is the kinetic energy of the system. In a sim-

ilar manner, we can seek the function 7.

V.FORM INVARIANCE AND NOETHER
SYMMETRY



No. 3

Form invariance of appell equations 179

The Noether theory points out that for a system
determined by the Lagrangian L and the generalized

forces @, we have

i oL _ oL
dt 94, Ogs

:Qs (5217"'7n)7 (22)

if the infinitesimal generators £p,&; and the gauge
function G = G(t, q) satisfy the Noether identity

(jséo)

Léo + —50 + Z 55
+ Z Q CIsfo Ga (23)

then the system possesses the following conserved

quantity[7—14

I=L&+ ; S—L(fs —¢s&0) + G = const.  (24)

Proposition For the infinitesimal generators
&0, &5, under which Appell equations are form invari-
ant, if there exists a gauge function G = G(t, q) satis-
fying identity (23), then the form invariance will lead
up to the conserved quantity (24).

VI. ILLUSTRATIVE EXAMPLE

A system has
1., ..
A=5d +dg. (25)
Let us study its form invariance and the conserved
quantity.
First, we study the form invariance of Appell

equations. Formula (11) gives

a%{q(é )} =0,

Le.
€ — g =0. (26)
Equation (26) has the following solutions
=0, £=1, (27)
=1, £=0, (28)
o=t £=gq, (29)

Next, we transform Appell equations into La-

grange equations. By virtue of Eq.(25), we have

1.
S = _q27

S Q=i (30)

Formula (21) gives

T=1L=>¢ (31)

Finally, we investigate whether or not the form
invariances (27)—(29) are Noether symmetry. Substi-
tuting (31) into Eq.(23), we have

S+ i€ — i) -l —dg0) =G (32)

Substituting Egs.(27)—(29) into Eq.(32), we obtain re-
spectively

- q = 7G7 (33)
3 .

~¢* = -G, (34)
2

3 .5 . :

gi't—ai=—-G. (35)

By virtue of Eq.(33), we obtain
G=q. (36)

By Eq.(34) or Eq.(35), we cannot seek the function
G. Therefore, the generators (27) correspond to a
Noether symmetry. By Eq.(24), we obtain a conserved
quantity

I = ¢+ q = const.

In addition, the equation of motion of the system

can be written in the form

dOL 9L 94

dt 8¢ dq 9§
But, system (37) is not self-adjoint. Equation (37) is
rewritten as

(i +d) = 0. (38)

Then it is self-adjoint.

becomes

In this case, the function A
1.y ..
(5‘1 + QQ> .

el (G + d)éo + €' (€ — ko) =

A=¢
Formula (11) gives

ie.
é - q£0 =0,
it is identical with Eq.(26). In this case, by Eqs.(14)—

(20), we can seek the Lagrangian as

1
L= Eefq? (39)
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Substituting Eq.(39) into Eq.(23), we obtain

S+ 166 + 24— dl) = G (40)

Substituting Eq.(27) into Eq.(40), we obtain

G =0.

Therefore the form invariance (27) of Eqs.(37) is a

Noether symmetry, and the corresponding conserved

quantity is

I = e*¢ = const. (41)
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