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The eigenvalue of the transfer matrix is obtained for the extended Essler—Korepin—Schoutens model with open

boundary conditions. The energy of the system and the Bethe equations of the model are given also.
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I. INTRODUCTION

Strongly correlated electronic systems are cur-
rently intensively studied in relation to high-T, super-
conductivity. Apart from the two well-studied models,
the Hubbard model™] and the t-J model,[?! there are
other solvable models, such as the Essler-Korepin—
Schoutens model (EKS model).[] This model com-
bines and extends some of the interesting features of
the Hubbard and t—J models. In a sense, it can be
viewed as a modified Hubbard model with additional
nearest-neighbour interactions similar to those in the
t—J model. On one dimension, this model was solved
by the algebraic Bethe ansatz method under periodic

boundary conditions.!?!

Recently, much attention has been paid to
the study of models with open or impurity
boundaries.[*~22 The extended EKS model with an
impurity boundary has been solved in Ref.[22]. In
Ref.[22], the non-c-number boundary K-matrices are
highly non-trivial so that it cannot be factorized into
the product of a c-number boundary K-matrix and
the corresponding local L-matrices. It may be inter-
esting to solve the model with the c-number boundary
K-matrix, from which one can construct the impurity
model with the c-number boundary K-matrix dressed
by the corresponding local L-matrices.

In this paper, we solve the open extended
EKS model with non-trivial c-number boundary K-
matrices. The eigenvalue of the transfer matrix for
the model is obtained. The energy for the Hamilto-
nian and the corresponding Bethe ansatz equations

are also derived. This paper is organized as follows.

In section II, the model and integrable K-matrices are
introduced. The final results are presented in section
III. In section IV, a summary and some discussions

are included.
II. THE OPEN EXTENDED EKS MODEL

The graded non-zero vertex weights R(u) for the
extended EKS model are defined as[??]

Raa(u) =(=1)% sin(n + (—=1)"u),
R%(u) = sin(u),
Ria(u) =(—1)% sin(n)exp(iusign(a — b)),
1<a#b<d4, (1)
where 7 is an anisotropic parameter, €, = 0 when
a € [1,2], while a € [3,4], ¢, = 1. The R-matrix de-
fined by Eq.(1) satisfies the graded Yang—Baxter equa-

tion

R(u _ v)ahazR(u)bhasR(v)bz,ba (_1)(€b1+€c1)€b2

b1,b2 c1,b3 c2,c3
R RO0U S R — o)l 2 (<1) e e (2

Additionally, the R-matrix also fulfils the follow-
ing properties (a) unitarity, Ris(u)Ra1(—u) = p(u),
(b) crossing symmetry, R5% (u)MR? (—u)M; ' =
p(u) with p(u), p(u) being some scalar functions. Here
the superscript “st” means the super-transposition,
M = diag(1, exp(i2n), exp(i2n), 1).

The transfer matrix of the EKS model with open

boundary conditions is constructed as follows:
t(u) = strK ™ (u)U(u)
=D (~1)* K (u)Uaa(u), (3)
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with U(u) = T(u)K~(u)T"'(~u) and T(u) = . exp(iu)sin(é —u)M,, 1<a<B,
Ly(u)---Li(u). The component expression of T'(u) K/ (u,€) = .

is exp(—iu) sin(§ + u)M,, B < a < 3,

{T ()Y Yab = R(w)ed R(W) )

en—1bn_1

N i—1
R(u)c2a1 (_1)Zj:2(5aj +eb;) Zi:l €a; (4)

bby
The reflecting matrices K+ (u) must satisfy the follow-

[24]

ing reflection equations'“* respectively:

Riz(u — v) K] (u)Ra1(u + v) Ky (v)
=K, (v)Ri2(u + v) K, (u)Ra1(u — v), (5)
Rio(—u+ v)K; (u) M ' Roy (—u — v) K (v) M !
=K (v)M;'Ria(—u — v)
K (W) My Roy (—u + v). (6)
Solving Egs.(5) and (6), we have the following non-

trivial diagonal solution:(2?!

exp(—iu) sin(€ + u) 1<a<A,
Koo (u,€) =
A<a<3;

(7)

exp(iu) sin(§ — u)

(8)

with £ and é both being free parameters.

One can prove that U(u) also satisfies Eq.(5).
With the help of Eq.(6) and the properties of the R-
matrix, we can show [t(u),t(v)] = 0. So the trans-
fer matrix constitutes an one-parameter commutative
family which ensures the integrability of the model.
The Hamiltonian of the quantum chain with nearest-
neighbour interaction and boundary terms can be ob-

tained from the transfer matrix

H =sin(n)(t(w)|/j_o — strK " (0)[1_,)/(4strK " (w)]},—o)

u=0
N-1
= Z Hji1; + H, + Hy, + constant. (9)
j=1

The detailed calculation gives

Hiji15 =cos(n)(cfrcipin(l—njpny —njy) + ¢y ein(l—njyn — )

+ + + ot
+ Cj,LCj-s-Li(l — Myt —nyp) + cj+1,¢cj,¢(1 = Njp1,t— Nyg) + Ci+1,4C5+1,065,4C4,1

1
+ i 1C,16 16| G G — S peie] €in) + 5 (Mg = D(ny — 1)

1 1 1 1
= 5 (Mg =i ) (g = ny0) + (s = D)y = 5) + (g = 5) (g — 5)

1

+isin(n)(2n;41,475,4 (My41,0 = 15,0) + G, NGt — N1

F M L T AT L — Ty = G L T L), (10)
where cza(cjﬂ) are fermonic creation and annihilation operators with spin ¢ =t,]. n;, = Zac;fo_, i =
ni+ +n; . H, and H;, are boundary terms,

exp(i¢) sin(n)/ sin(§)(n1,4m1,4 — 14 — nay), A=1,
Hy= 3 exp(i€)sin(n)/sin(€) 2y my —mg—niy),  A=2, (1)
exp(if) sin(n)/ sin(§)(n1 4n1,, — n1,}), A =3;
exp(in) sin(n)(nntnn,y — PNt — nN,L), B =1,
Hy = § exp(i2n)(2nynn, — nvt — nwv,y)/cot(n), B =2, (12)
exp(in) sin(n)(nynN,y — nN,y)- B=3;

. EXACT SOLUTION FOR THE MODEL

In order to find the eigenvalue of ¢t(u), we have to

construct the eigenstates. As usual, we can apply the

creating operators to the reference states and compute
the eigenvalue. Here, we omit the tedious calculation
and give the final results of the model. (For simplicity,
we take £ = 0 in Eq.(8).)
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A(u) =85, (u) —Sin(n — [ s /2 e
=5 Xl(u)(sin(n 11 1;[ u+77/2 —rw(l))
sin(2u) 195 (u)x, H sin(u + 3n/2 — rw(l)) > sin(u — rwj(.z))
sin(2u + 1) (sin(n + u> WL sin(ut /2 - vl G sin(u - rwg?)
sin(2u) 47253 (u)x3(u) sin( H 1—2[ sin(u rwj(z)) D5 sin(u + 3n/2 — rwg.?’))
sin(2u + 2n) (sin(n + U) sin(n — N ot sin(u 4+ —rwl?) = sin(u+ /2 - rwl®)
Sn(20) 71775 Sa(w)xa (w) sin()?N rp Ty sinlr(utn/2) —ruwi® + )
Sin2ut ) (sin(n+ u)sin( — w)N T:i}l a2 —ru®) (13)

where A(u) is the eigenvalue of t(u),
in(2
_eXp(l((k -2 =+ B/)n + (_l)eku)) Sin((_l)ekB/n + ’Ll,) : Sln( ’LL)

Sk(u) = sin(2u + k'n) (14)

(—1)*exp(i((k — 2)n — u)) sin(u) %

where k' = Zk_ (=1)% and B’ = ZB (=1)%.

71=1 =1
exp(—i(u + (k — 1)7/2)) siné + ) L<k<A,
Xi(u) = : (15)
exp(i(u+ (k—1)n/2))sin(€ — An — u) A< k;
exp(—(—1)*in/2) 1<k<A,
Y& = . (16)
exp(—(—1)*i3n/2) A<k
The Bethe ansatz equations take the form
H ﬁl sin(wl(k) - Tw§k_1) —-n/2) P sin(wl(k) - rwj(-k+1) —n/2)
21 o sin(w® — Y 4 5/2) 15 sin(w® — ol 4 9/2)
Py (K) (k)
s (w rw; "’ +
: ( CIm— m_ Oe(w™)  (1<k<3 k+#2) (17)
o121 sin(w,"’ — Tw; )
P, sin(u)l(2) T‘wj(l) _ 7]/2) ﬁ Sln(wl(z) _ + 77/2) ( (2)) (]_8)
(@) _ @ 9 (2) _ 9 237
r=+1j 1sm(wl w; +77/)_7 1 sin(w wy n/2)
where Ok(wl(k)) = (—1)€’C+1¢k(wl(k))exp( in) for 1 <k <2 and 03(wl ) —¢3 1 ( )exp(—in) with
(0 _ Te(wi” + Kn/2)x, (wf” + k'n/2) 0
oulw) = — ®) | MONY (19)
sin(2w; ™ 4+ k' 4 1) Sk (w4 K0/2)X 0 (w7 + K/2)y,
—exp(i((k" — 1+ B')np+u))sin(B'n + u)sin(2u) 1<k < B,
Ty, (u) = o . (20)
exp(i((k" — 1)n — u)) sin(u) sin(2u) B <kE.
In the above representation, w( ) =0 (j € [1,N]), Py = N, Py =0 are assumed.
The energy spectrum of the one-dimensional (1D) quantum system defined by Eq.(9) can be derived from

AW (u). Tt is
E_ = Si?(n)z
1 cos(2w§ )) — cos(n)
exp(—i€)sin(n)  exp(iB'n)sin(n)
4sin(§) 4sin(B'n) (1)

—cot(n)/2 + N cos(n)/2
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IV.SUMMARY

We obtain the Bethe ansatz equations and the
eigenvalue of the transfer matrix for the extended EKS
model with open boundary conditions. The corre-
sponding energy spectrum of the 1D quantum system
defined by Eq.(9) is derived. Using the Bethe ansatz
equations and energy spectrum, we can study the
boundary field contributions to the thermodynamic
quantities, such as magnetic susceptibility and specific

heat, etc.

In fact, £ in Eq.(8) can take a non-zero number.
Correspondingly, ¢ will appear in energy, Eq.(21), and
Bethe equations (17) and (18). However, the Hamil-
tonian (9) is independent of €. When we solve the
final energy by using the Bethe equations, EN should
disappear in the final result. It may be hard work for

us to prove this conclusion.
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