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Using the algebraic Bethe ansatz method, we obtain the eigenvalues of the transfer matrix of the supersymmetric

model with Ug[osp(1|2)] symmetry under periodic boundary and twisted boundary conditions.
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Integrable models with (quantum) superalgebra
symmetries have been the focus of recent studies!!—®!
in the context of strongly correlated fermion systems.
The integrable models have been solved by the Bethe
ansatz method only for gl(m|n) (U,[gl(m|n)]),t=4
osp(m|n)PPl and (U,[osp(2|2)?]).18) In this paper, we
will study the integrable model with quantum super-
algebra Uq[osp(l\Z)]m by the algebraic Bethe ansatz
method.

We start by considering the three-dimensional
representation V' of Uglosp(1|2)], which has basis
{vi}i=1,2,3 with the Zy-grading [v1] = [vs] = 0 and
[v2] = 1. Associated with this representation, there is
a solution R(z) € End(V ® V) of the graded Yang-

Baxter equation

Rlz(z)ng (Z’w)Rzg(w)
=Ry3(w)R13(zw) Ri2(2). (1)

The multiplication rule for the tensor product is Zs-

graded, namely
(@a@b)(@ @¥) = (-1 ad' @ bb),  (2)

for homogeneous elements a, b, a’, b’ of U,losp(12)],
which extends to inhomogeneous elements through lin-

earity.

It can be shown that the R(z/w) with U,[osp(1]2)]

symmetry has the following form:["!
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The standard row-to-row monodromy matrix for
an N tensor space V® V ---® V is defined by
—_———
N

Lo(Z) = ROl(Z)Rgg(Z) R RON(Z). (5)
It also satisfies the graded Yang—Baxter relation

Roo (z/w)Lo(z) Lo (w) = Lo (w)Lo(2)Roor (2/w).
(6)
This can be proved by repeatedly using the Yang—
Baxter equation (1). Usually, the space V; in Eq.(5)
is called the auxiliary space, and the space Vi@V5---®
Vi is called the quantum space. The transfer matrix
T'(z) for the periodic boundary condition is defined as

the supertrace of the row-to-row monodromy

T(z) = str(L(2)) = ZLg(,l)[w]
= L1(2) — L3(2) + Li(2)- (7)

The supersymmetric model with U,[osp(1|2)] symme-
try is described by the following Hamiltonian!”)
H=23(T(2)) | (s)
dz
By using the graded Yang-Baxter relation (6),
one can prove that the transfer matrix with differ-
ent spectral parameters commute with each other,
namely, [T(z),T(w)] = 0. This ensures the integra-
bility of the model defined by the Hamiltonian (8).
In the following part of this paper, we will construct
the eigenvectors and the corresponding eigenvalues of
the transfer matrix 7'(z) by the algebraic Bethe ansatz
method.
As usual, we write the standard row-to-row mon-

odromy matrix L(z) as

Li(2) L3(2) L3(2)
L(z) = | Li(z) L3(z) L3(2)
Li(z) L3(z) L3(2)
A(z)  Bi(z) Ba(z)
= | Ci(z) Di(z) Bs(2) (9)
CQ(Z) Cg(Z) DQ(Z)
Define the “bare” vacuum as
N 1
o =J]e| o | (10)
I=1 0

Recalling the definition of the row-to-row monodromy

matrix, one has

A(2)[0 >= o),
Di(2)[0) = a (2)0),
Da(2)[0) = & (2)]0),

Ci(2)|0) =0, Bi(2)|0)£0 i=1,2,3. (11)

Then one can find that the “bare” vacuum |0) (10)
is the eigenvector of the transfer matrix T'(z) and the

corresponding eigenvalue 7(°) (u) becomes

FO()[0) = T(:)0)
={A(z) — D1(z) + D2(2)}|0)
= (1-a™(2) +d"(2)) |0). (12)

The one-particle excitation state |w) over the “bare”

vacuum can be defined as
|w) = B1(w)|0), (13)

and the corresponding eigenvalue of the transfer ma-
trix on it is given in Eq.(17). In order to calculate the
eigenvalue of the transfer matrix, we should find the
commutation relations which come from the Yang—

Baxter relation (6),

_ (elz/w)  c(z/w)g(z/w)
Dl(z)Bl(w) = <a(z/w) a(z/’w)d(z/w)>

By (w)C4(2)
_ f(z/w)g(z/w) NC: (w
a(z/w)d(z/w)B2( )Ci(w),
Dy(2) By (w) ZEZZ;Bl(w)Dz(Z)
b(z/w)
d(z/w) BQ(M)Cy,(Z)
_ s(z/w) Nl
d(z/w) 2(2)Cs(w)
_ g(z/w) 3( )Dl(w)
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From the above equations on the “bare” vacuum, we

find

1
WB1(W)A(Z)|O>

b(w/z)
M B@AWI0, (1)

_(elz/w)  e(z/w)g(z/w)
D1 (2) By (w) = (a(z/w) a(z/w)d(z/w)>
- By (w)Dy(z)|0)
f(z/w)
T az/w)
g(z/w)

d(z/w)

Dy (2)B;(w) :ZEZZ;BI(W)D2(Z)|O>

g(z/w)
— B D 0). 16
S B ). (1)
The first terms on the right-hand sides of Eqs.(14)—
(16) are the so-called “wanted” terms, which will be
dedicated to the eigenvalue of the transfer matrix; the
other terms in the right-hand sides of Eqgs.(14)—(16)

are “unwanted” terms, which should be cancelled by

A(z)Bi(w)]0) =

Bi(2)D1(w)]0)

Bs(2)A(w)[0),  (15)

the Bethe ansatz equations. Note that

b(z/w) _ f(w/z)

a(z/w) — a(w/z)

the eigenvalue of the transfer matrix on a one-particle
excited state Eq.(13), is

w(g® - 1)
q(z —w)

)

T(2)lw) = 71 (z|w) |w)

_ {qlz—qw (g2 —q w)(zqu)azv(z)
z—w (z —w)(zq — w)

2q3? — wq /2

d%)} w), a7)

2q1/2 —wq—1/2
provided that

-1 _ N
1 —a™w) =0, namely, {w} =1. (18)

1—w
Equation (18) is the so-called Bethe ansatz equation
for a one-particle excited state, and it ensures that
the “unwanted” terms vanish. The condition that the
eigenvalue should be an entire function also leads to
Eq.(18).
Noting that

c(z/w)d(z/w) — r(z/w)g(z/w)
e(z/w)d(z/w) — c(z/w)g(z/w)
_d'P( - Nw _ g(w/z)
(z = qu) d(w/z)’

and from the Yang—Baxter relation (6), we can find

By (2)B;(w) + ‘11/2(’124_1)2
(w—g2)

_c(z/w)g(z/w) = e(z/w)d(Z)
a(z)

: {Bl(w)Bl(z) +

By(2)A(w)

g [

¢"*(¢> — Dw
(2 = qu)

Bg(w)A(z)} .

So we can construct the ansatz of a two-particle state,
like that in Ref.[8] as

|wy, wa) =By (wy)Bi(ws)
LG =0 g ) A0}, 19)
(w2 — qu1)
which is symmetric for wy,ws up to a whole factor.
When the transfer matrix acts on the eigenvector (19),
one can find the eigenvalue and many “unwanted”
terms. From the condition that the eigenvalue is an
entire function, which can be seen from the defini-
tion of the transfer matrix, one can obtain the corre-
sponding Bethe ansatz equations. The demand that
the eigenvalue is an entire function is the so-called
functional Bethe ansatz.[?! Moreover, the above results
can be generalized for any m-particle excitation.®—10!
Thus the final results are as follows. The eigenvalue

of the transfer matrix is obtained as

N aN(Z)ille {_ (g2 — g~ wi) (2 — qui) }

(z — w;)(zq — w;)

m 3/2 _ . —3/2
2q w;q
s [{E 0 e

iy 2q"/? —wig~

where wy,wsg, -, w,, should satisfy the following

Bethe ansatz equations
m -1
N (¢~ wi — qu;)(qw; — w;) }
a (w;) = — . (21
() H{ (qwi — g~ w;)(wi — quj) @)

J#i

From now on, we will discuss the twisted bound-
ary conditions for the model (8). One can find that a

diagonal matrix g

o O

A0
g=1] 0 1
0 0 At
with A being an arbitrary parmeter, has the following

property:

(9®9)R12(2)(g ' ®g ") = Ria(2). (22
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The monodromy matrix for the twisted boundary con-
dition is defined as L'(z) = gL(z).
sponding transfer matrix becomes

Thus, the corre-

T'(2) = str(L'(2))

= AA(z) = Dy(2) + A 1Da(2).  (23)

It can easily be proved that L'(z) still satisfies the
graded Yang—Baxter relation (6) from the property
(22).

Using the results obtained in studying the peri-
odic boundary condition, one can easily find the eigen-
values of the transfer matrix with the twisted bound-
ary condition and the corresponding Bethe ansatz

equations.
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