Vol 10 No 2, February 2001
1009-1963/2001/10(02),/0103-06

Chinese Physics

© 2001 Chin. Phys. Soc.
and IOP Publishing Ltd

SUPERSYMMETRIC SU (1|2) GAUDIN MODEL"

Cao Jun-PENG(E &5,

Hou Bo-Yu(f{H5%), and YUE Rul-HONG ({F%ij 7%)

Institute of Modern Physics, Northwest University, Xi’an 710069, China

(Received 2 July 2000; revised manuscript received 9 September 2000)

In this paper, we propose a supersymmetric SU(1|2) Gaudin model and have derived its eigenvalues. We also

present the well-defined eigenstates through the quasi-classical limit of the eigenstates in the supersymmetric t—J model.
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I. INTRODUCTION

The Gaudin model associated with the SU(2) Lie
algebra was first proposed by Gaudin in 1973.11—3
Babujian and Flumel¥ generalized it into the gen-
eral Lie algebra g case but did not list the solu-
Using the Waki-

moto construction, Feigin et al.!5] obtained its Bethe

tion and Bethe ansatz equations.

ansatz equation and solution. Noticing the R-matrix
structure of the SU(2) Gaudin model, Sklyanin pro-
posed in Ref.[6] that the spectrum and eigenfunc-

tions of the spin-— Gaudin models with rational and
trigonometric interaction could be derived from XXX
and XXZ chains.l"=% Then, in Refs.[10-12], Sklyanin
and Takebe obtained the arbitrary spin XYZ Gaudin
model as a quasi-classical limit of the inhomogeneous
higher spin generalization of the XYZ model.

The highly correlated electron models, such as the
t—J model, were the subject of numerous studies in the
context of high-T,. superconductivity. The Hamilto-
nian of the t—J model includes the nearest-neighbour
hopping (t) and antiferromagnetic exchange (J).[13:14

The one-dimensional (1D) t—J model describes a
quantum system, in which each site can be empty or
occupied by one electron with spin-up or spin-down.

The Hamiltonian can be written as

N
H=Y" { —tP Y (C},Cis10+ He)P
j=1

o=l

1
+J(S; - Sj1 - Znnnj+l)}v (1)
where P = Hj.vzl(l —nj4n; ) is the projecting oper-
ator which restricts the Hilbert space without double

occupancy at one lattice point and N is the length of

the lattice. C;U(Cj’o) is the creation (annihilation)

operator with spin o in the jth side, n; is the num-

ber of electron and S is the spin—i operator. It was
stated that this model is supersymmetric and inte-
grable for J = £2¢,'5~18] and its solution was given
in Refs.[19-21] (for a review, see Ref.[22]). This model
was also considered in graded version. Essler and Ko-
repin et al.?Y used the graded quantum inverse scat-
tering method (QISM)[?*24 and obtained the eigen-
values and eigenvectors for the supersymmetric t—J
model with periodic boundary conditions in three dif-
ferent backgrounds. For related works see, for exam-
ple, Refs.[25-27].

Considering a new model by substituting the
nearest-neighbour interaction with long range interac-
tion, generally the new model is nonintegrable. Thus,
how to keep the integrability becomes a key problem.
In the present paper, we carry it out in the supersym-
metric SU(1|2) case. Starting from the graded mon-
odromy matrix of the supersymmetric t—J model, we
define the graded quantum determinant which com-
mutes with the monodromy matrix. Then, taking the
quasi-classical limit (¢ — 0) of the graded quantum
determinant and the monodromy matrix of supersy-
metric t—J model, we obtain the Hamiltonians of the
supersymmetric SU(1]|2) Gaudin model. Thanks to
the eigenvectors and eigenvalues of the transfer matrix
of the supersymmetric t—J model in Ref.[21], we get
the eigenvectors and eigenvalues of the transfer ma-
trix and Hamiltonians of the supersymmetric SU(1|2)

Gaudin model.

This paper is organized as follows. Section I gives

some description of the supersymmetric t—J model. In

*Project supported by the National Natural Science Foundation of China (Grant No. 19975036).
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section III, we will discuss the construction of the su-
persymmetric SU(1/2) Gaudin model in detail. The
explicit Hamiltonians, eigenstates and eigenvalues are
presented. Section IV includes a brief summary and

some discussion.

I. DESCRIPTION OF SUPERSYMMETRIC
t—J MODEL |

ic—uw 0 O
0 ic 0
0 0 ic
0 —u 0
R(u) = % 0 0 0
0 0 0
0 0 wu
0 0
0 0 0

The L operators, L, (u), whose elements act non-

trivially only on the nth component, can be con-
structed from the R-matrix as
s il s 2l : 3l
u —ick,, —icE? icE;,
Lp(u) = — —icEl?2  w —icE?*? icE32 )
icE}3 icE?®  w+icE3

2)
where E% are quantum operators acting in the nth
quantum space with matrix representation (E2%),5 =
5ao¢6bﬁ-

As is well known, the Yang-Baxter[3132 relation
plays a key role for integrable models with periodic

boundary conditions,

Ris(u = 0) Lo (w) ® Ln(v)
=L,(v) ® Ly (u)Rya(u — v), (3)

where the tensor product is in the graded sense (F' ®
G = F,,Goq(—1)(cat<)  In the following, all ten-
sor products are in this graded sense. We can also

write the Yang—Baxter relation explicitly as

R(u = )33, L) L) (<) o)

=L(v)3 L(u)$* (—1)°m (€ay +6CZ)R(u _ U)lc)ilz-

az ai

(4)

The monodromy matrix 7'(u) with shifts of the
spectral parameter §,, is defined as the matrix prod-

uct over the L operators on all sites of the lattice,

T(u) = LN(’U/—(SN)LN_l(’U,—(SN_l) tee Ll(u—61), (5)

We first recall the supersymmtric t—J model and
the graded version of the QISM. The 1D supersym-
metric t—J model with J=2t is easily translated to the
spl(2,1)-supersymmetric 15-vertex model.[28=30] Tak-
ing the following grading €; = €2 = 1 and €3 = 0, the
R-matrix is defined as

0 0 0 0 0

0 0 0 O 0

0 0 u O 0

0 0 0 0 0
ic—u 0 0 O 0

0 ic 0 w 0

0 0 ic 0

0 u 0 ic 0

0 0 0 0 icHuwu

|satisfying the Yang—Baxter relation

R(u—v)T(v) ® T(v) = T(v) @ T(u)R(u —v), (6)

where the tensor product is still in the graded sense.

The elements of T'(u) can be written as

{ ab}ﬂlﬁz

[e2Nes A0

ey cn_1BNn_1
=Ly(u—dy)ax NLN 1(u—=30n_1)e zaN_Nl

N J
Ly (u— 812, (—1)2eomalte b0 2 o,

Ca(xy (7)

The transfer matrix #(u) of this model is defined

as the supertrace of the monodromy matrix in the

auxiliary space. It is defined as the following in the
general case,

tu) = strT'(u) = Y (=1)%[T'(w)]*". (8)

As a consequence of the Yang-Baxter relation, we can

prove that the transfer matrices commute with each

other for different spectrum parameters [t(u),t(v)]
0. It has been proved that the Hamiltonian obtained
by taking the first logarithmic derivative at the zero
spectral parameter is equivalent to the Hamiltonian of
the supersymmetric t—J model.[2!]

Now, we try to define the supersymmetric quan-
tum determinant which will play a key role in the

construction of the supersymmetric SU(1/2) Gaudin
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model. In the graded case, the quantum determinant

can be defined as
A(’U,) = str123P1_23T01(u)T02 (U — iC)Tog (u — 2iC), (9)

where P, is a projector onto the space of completely

anti-symmetric tensors,

_ 1
Prs = 8[1 — Py — P13 — Py3 4 Pia3 + Pi3z], (10)

with the graded permutation operator [Plz]gllljfz =

8a1by0asb, (—1)@1€e2. Tt can be shown [A(u),T(v)] =
0.

We introduce the local reference state (boson
background) |£2), = (0,0,1)". Take the state |2) =
|2)1 ® [2)2---|2) as the reference state. The mon-

odromy matrix acting on this state gives

T(u)]2) = T(u)3|92) = 12),

N .
riie) - [] e, ay
T(u)ilR)#0  i=1,2,
TRl =0 % (12)

Applying the quantum determinant to the refer-
ence state, we arrive at
ic

’U,—(Sj)

N
ARy =< -4+3]J+ |2),  (13)

where we have used the Yang-Baxter relations to sim-

plify all calculations, such as,
T(u)3T (u —ic); T (u — 2ic)3|2)
= — T(u)3T(u — ic); T (u — 2ic)}|2)
+ T(u)iT(u — ic)3T (u — 2ic)}|2), (14)

T(u)$T(u —ic)3T (u — 2ic)3|2)

T(uw)3T(u — ic)3T (u — 2ic)}|2)

N = N =

+ =T(u)1T(u — ic)3T (u — 2ic)3|2),  (15)

T(u)3T (u — ic)3T (u — 2ic)i|2)
= — T(u)3T(u— ic) T (u — 2ic)3| Q)
+ T ()T (u—ic)3T(u - 2ic)52),  (16)

T(u)3T(u —ic)3T(u — 2ic)3|2)
=—T(u)3T(u — ic); T(u — 2ic)3|2)
+ T(u)1T(u — ic)3T (u — 2ic)3|2)
+ %T(u)gT(u —ic)3T (u — 2ic)}|2)
1

— ST (w— 03T (u = 208|2),  (17)

T(u)3T(u — ic)?T(u — 2ic)3|2)

= — T(u)3T(u —ic)3T (u — 2ic)}|2)
+ T(u)3T (u — ic)3T (u — 2ic)}|2)
+ %T(u)gT(u —ic) 1T (u — 2ic)3|2)

AT (w)RT (-

5 ic)1T(u — 2ic)3|2).  (18)

II. THE SUPERSYMMETRIC SU(1|2) GAU-
DIN MODEL

We define the supersymmetric SU(1|2) Gaudin
model as a quasi-classical limit of the supersymmetric
t—J model defined above. Let us examine the asymp-
totic behaviour of the operators in the previous section
when ¢ tends to 0. The L operator, the monodromy

matrix and the R-matrix are expanded as

R12(U) = P13 +icPiari2(u),
L,(u) =1+icL,(u), (19)

T(u) = 1 +icT (u) + (ic)*T2(u) + O((ic)*),

T(u) =Y Ln(u—0,). (20)

Then, L£(u) and T (u) satisfy the modified Yang-

Baxter relation,

[Lo1(u1)

[Lo1(ur) + Loz(uz), m12(u1 — uz2)],
[Tox(u1), Toz2(uz)]
[To1(u1)

uy), Loz (uz)]

To1(u1) + Toz2(uz2), r12(u1 — uz)]- (21)

In order to obtain the generating function of inte-
grals of motion of the supersymmetric SU(1|2) Gaudin
model, we expand the transfer matrix, supertrace of

the monodromy matrix, up to the order of (ic)?,
t(u) = —1+icstrT (u) + (ic)®strTz (u) + O((ic)®). (22)

For quantum determinant A(u), we also substitute it

into the expression,

A(u) = — 1+ iestrT (u) + (ic)Q[;strTQ(u)

- ;(str’T(u))2 + 3str 7@ (u)

— 3str7M (u)] + O((ic)?), (23)
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where T (u) means the first-order deviation of T (u).
We note that in the subtraction A(u)—3t(u), the
term with str7(?) (u) disappears
Au) — 3t(u) = 2 + (ic)?

- {gstrTQ(u) - g(str’T(u))Q - 3str7'(1)(u)} (24)

Thus, the supersymmetric SU(1|2) Gaudin model can
be defined by specifying its generating function of the

integrals of motion as,

str7T2(u). (25)

7(u) =

N | W

We can show [7(u),7(v)] = 0. Thus, the supersym-
metric SU(1]|2) Gaudin model is integrable, and 7(u)
can also be explicitly written down in the following

form:

N N I
#(u) = _; S - —16n)_2 n nz::l uil"(sn. (26)

n=1

The N — 1 independent commuting Hamiltonians of

the supersymmetric SU(1|2) Gaudin model are

3(_1)042E‘70;1042E%201
0n — Om ’

ﬁ: H, =0. (27)

Using the creation and annihilation operators, the

Hamiltonians can also be expressed as,

A al 3
DD DY

m=1,m#n o=1,1

. {(Cigcma +CF Cho)+1—n, —nyp,
1
—28FS- —25-8+ —2878% + Ennnm} (28)

where
1

+_ + o
5; = 7l Civ

1
Sy = ﬁCMCJ’T’
1
_ + +
S; = 5(C5:Chr = C51Ch)- (29)
We assume the eigenstates of the generating function

of the supersymmetric SU(1]|2) Gaudin model to be

2

&= )

Q1,az,0m =1

Ca,, (Am)|A) FEmaze, (30)

Cal ()‘1)6042()‘2) T

In the above summation, one should keep the number
of aj taking the value of 1 to be m;, and the coefficient
can be directly identified with

Femreen = cY)C”) - cORDIRM), - (31)

with

1
c(AW) = el2, (32)
7;1 (A(l) - )‘n)
‘Q(1)>n - 0 ,
1
M) =12M); @ [2W), - |2M),,. (33)

Since our choice of m and m; can be identified as the
total number of electrons and the number of spin-up
electrons respectively, i.e., m = N, = Ny + N and
my = N4. So, the eigenstates of the supersymmetric
SU(1]2) Gaudin model are

|A1;)‘2a"'))‘m|F>
Iy e
j=1n=1

mi; m

. H Z #e}fm(l))‘ (34)

1
k=1n=1 A;c - )\n

From the transfer matrix acting on eigenstates,
one can obtain the eigenvalue of the supersymmetry
t—J model in the FFB bases. In the limit of ¢ — 0, it

can be written as

1 1
+;u—5n <A —u
P S O((ie)*). (35
“ Y w5 o)) (35)
i=1 U T J=
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In the same limit, the Bethe ansatz equations will

change into

IS o S

ot A — Op = Ay — )\5_1)7

m 1 my 9

Z 1 Z 1 D (36)
o R e

Using the same method, we also expanded the eigen-
value of the quantum determinant up to the second

order,

Apgwy =

N O((ic)?).

N :Jv
Z PING
= n+1
(37)

Then the eigenvalues of the supersymmetric SU(1|2)
Gaudin model can be written as

mi—1 my

Ay =3 D D &

i=1 j= 'L+1 A(l )(Agl)iu)

N m
1 1
-3
Zu—(sn Aj—u
n=1 1
my 1 m 1
+ 3
iz:;u_/\gl)j—l)\j_u
N 2 N
3 1 1
— -3 — . (38
+2<n§u—5n> 2 gy

With the help of the Bethe ansatz equations (35), the

eigenvalues of the supersymmetric SU(1|2) Gaudin

For Hamiltonians acting on the eigenstates, we can

obtain the eigenvalues

A = zm LA ZN 3 (40)
H Aj — 0n I
j=1 m=1,m#n

IV. DISCUSSION

We have constructed the Hamiltonians of the su-
persymmetric SU(1]2) Gaudin model corresponding
We proved that,

for the graded case, the Hamiltonian can also be ob-

to the supersymmetric t—J model.

tained from the transfer matrix, supertrace of the
monodromy matrix and the graded quantum determi-
nant. We give the quantum determinant in the graded
case, which is very different from the nongraded one.
Meanwhile, we give the eigenstates and eigenvalues
of the transfer matrix of the supersymmetric SU(1|2)
Gaudin model. We also give the eigenvalues of the

Hamiltonians.

In this paper, we only consider the supersymmet-
ric t—J model. Based on physical considerations, one
can extend these results to the generalized t—J model
by using the same method. It is very interesting to
study the boundary behaviour of the quantum inte-
grable model in many kinds of boundary conditions.
Hikamil®*3] has applied Sklyanin’s method to the open
Gaudin model by taking the quasi-classical limit of

the transfer matrix for the inhomogeneous open spin-

% XXZ chain. That is to say, for the open bound-
ary case, the Hamiltonians of open Gaudin model can
be obtained by expanding the transfer matrix around
¢ — 0. So one can study the supersymmetric SU(1|2)
Gaudin model under some open boundary conditions.

We will give these results in future papers.

model are
N N
(w—2s
n=1 n=1
39
{ZAJ N S
ji=1 m=1,m#n
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