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An adaptive nonlinear feedback-control method is proposed to control continuous-time chaotic dynamical systems,

where the adaptive nonlinear controller acts on only one-dimensional error signals between the desired state and the

observed chaotic state of a system. The reduced parameter adaptive quadratic predictor used in adaptive feedback

cancellation of the nonlinear terms can control the system at any desired state. Computer simulation results on the

Lorenz system are shown to demonstrate the effectiveness of this feedback-control method.
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I. INTRODUCTION

Control of chaos is one of the topics which has
gained much importance and attention in physics and
engineering publications in last few years.!! Moti-
vated by the Ott—Grebogi—Yorke (OGY) parametric
variation-control method,?:3] various feedback-control
approaches and filtering control methods have been
developed.[*~1% Though different in control strategy,
all the methods basically require the information of
the system state (or measurement) to construct the
control forces. A typical approach for feedback con-
trol is to start with a mathematical model of the un-
derlying system, which can be accurate or approxi-
mate. The parametric adaptive control*=¢ is based
on the correspondence between the global behaviour
(obtained from observations of the system’s variables)
and a set of parameters manipulated by the observer.
One can compare the observed behaviour with the
desired one or “goal” behaviour and then correct it
through the system parameters. However, there are
some important things which have not been clear up to
now, such as the criterion of the convergence for select-
ing the control stiffness and the magnitude of the devi-
ation from the unstable periodic point to be stabilized.
The parametric adaptive method may fail in control
if the control stiffness and the magnitude of the devi-
ation are not selected properly. The time-series-based
identification feedback-control methods have proven

effective for stabilizing an unstable system while track-

ing a reference input or rejecting uncertain distur-
bances, etc, even for chaotic dynamics.[7~1% Briefly,
the attempt of the time-series-based identification
feedback control is to find an identification scheme
based on a finite set of time series data obtained from
a chaotic system, and then to derive a design method
capable of controlling the underlying chaotic dynam-
ics. This feedback-control method does not directly
employ the standard delay-coordinate technique. In-
stead, it takes a different approach to reconstruct a
predicting model. Owing to the lack of an appropriate
nonlinear predictor, a challenge for the conventional
feedback-control strategy is whether or not it can also
use time series data for controller design, particularly
for chaotic systems. It is difficult to identify chaotic
systems off-line via nonlinear predictors, because the
dynamics of the chaos is very fast. From a practical
point of view, the existing results are not satisfactory
for the controller design.

More recently, second-order Volterra adaptive
filters have been successfully applied to control and
predict low-dimensional chaotic time series.'!12] One
main point of this paper is to apply the reduced pa-
rameter adaptive quadratic filter to design an adap-
tive nonlinear feedback controller for controlling the
chaotic systems at any desired state on-line. In section
I, we briefly review the reduced parameter adaptive
quadratic filtering predictor, and the adaptive nonlin-
ear feedback-control method is described in section III.

In section IV, the effectiveness of this adaptive non-
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linear feedback-control methodology is illustrated by
its implementation to the Lorenz system. Section V

is devoted to a brief summary and discussion.

I. A REDUCED PARAMETER ADAPTIVE
QUADRATIC FILTERING PREDICTOR

The adaptive second-order Volterra filters have
been investigated for modelling and prediction of
chaotic time series in Refs.[11] and [12]. One of the dis-
advantages of the second-order Volterra predictive fil-
ters is that the number of parameters to be estimated
is typically large. A reduced parameter quadratic
predictor that can significantly reduce the number
of parameters while maintaining approximations of
nonlinearity similar to the conventional second-order
Volterra filters can be used to predict low-dimensional
chaotic time series. To control the speed of conver-
gence and the stable operation of the adaptive fil-
ter, the variable step size dependent on predictive er-
ror normalized least-mean-squares (LMS) algorithm
is proposed to update the coefficients of the proposed
predictive filter. The reduced parameter quadratic fil-

tering predictor is defined as follows:

Tr1 =(h1o + Z hyiz(k — 1))

i=1

X (hao + Y hoga(k — ) +e(k), (1)

i=1
where hy ; and hs j,7,5 = 0,1,---,m, are two branch
finite impulse response (FIR) filter coefficients. The
total parameters needed in Eq.(1) are equal to 2m+2.

In this case, we have

Zpy1 =hioh2o + Z[h2,oh1,i + h1gho ]z (k — 1)

i=1

+ )Y haihg ja(k — i)a(k - 7). (2)
i=1 j=1

From Eq.(2), we can see that the model in Eq.(1)

is exactly similar to the second-order Volterra filter-
ing predictor under some conditions, although the
number of parameters required by each model can be
quite different. For instance, consider the case where
m = 8. Up to 45 parameters are needed in Eq.(2),
whereas only 18 parameters are needed in Eq.(1). Ob-
viously, the latter situation is much easier to handle
for both modelling and forecasting procedures. There
is a trade-off between simplicity and generality. The
structure of a reduced parameter quadratic predictor

is depicted in Fig.1. Each branch of the proposed pre-

dictor produces an output that corresponds to one of
the linear FIR filters in Eq.(2).
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Fig.1. The structure of a reduced parameter quadra-

tic filtering predictor.

Based on the reduced parameter quadratic filter,
we may readily get the normalized LMS (NLMS) al-
gorithm for updating the coefficients of each branch
FIR filter. The input vector of the filter is defined as
X = [1,z(k —1),---,2(k — m)]T. The correspond-
ing weights are arranged into the FIR filter coeffi-
cient vector H; = [h170,h1,1,---,h17m]T and Hy =
[h2,0,h2,1, t ,hz,m]T,ﬁ(w) = HlTXk,fz(CC) = HzTXk-
With the notations defined above, the output of Eq.(2)

may be written as
1 = fi(2) fole) = X Hi(k)Hy (k) Xk (3)
Then, the resulting predictive error is as follows:

e(k) = zpy1 — X Hy(k)HY (k) X3,
=21 — fi(z) fa(2). (4)

Recall that the LMS weight update is

Hy(k+1)=Hy(k)— %MI%
— HL(R) 4 (k) X H (B) X,

= Hl(k) + Mle(k)Yl,ka (5)

Hy(k+1) = Hao(k) — %;Lz%
— Ha(k) + ppe(R) X HY ()X

= Hy(k) + pqe(k)Ya i, (6)

where Yy, = XpHy (k)Xx = Xipfa(z),Yor =
X HE(K)Xy = Xifi(z), fi(z) and fo(x) can be
viewed as constant as the known output of each branch
in Fig.1 at time n. When |f;(z)| > 1, the LMS algo-
rithm experiences a gradient noise amplification prob-
lem. It has been shown that the NLMS algorithm, ex-

hibiting a rate of convergence that is potentially faster
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than that of the standard LMS algorithm for both
uncorrelated and correlated input data, can overcome

this difficulty. The NLMS weight update is

e(k)

H(k+1) = H(k) + p——>——Xp.

(7)

Similarly, we can modify the recursion of Egs.(6) and
(7) as follows:

e(k)
pt || Yae |12
e(k)
i+ X Xi[fo(2)]

Hl(k+1):Hl(k)+N1 Yik

:Hl(k)+[,tl 2ka2($),

Pred.z(n) and true.z(n)
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Number of times

k
Hy(k+1) = Hy(k) + lizuz_i_i(y)zknng,k
:Hg(k)‘i‘,uz E(k) 2ka1($),

* g + X X[ fa(2)]
(9)

where p, and p, are positive step size values for
the update equations. We can argue in a heuristic
manner that a selection of the step size in a range
0 < pq, My < 2 should result in the stable operation
of the system. Simulation results on the Lorenz sys-
tem identification using the above reduced parameter
quadratic filtering predictor show that this model is
very effective, as can be seen from the results given in

Fig.2.
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Fig.2. Lorenz z-component time series and its single-step predictions using the reduced parameter quadratic

filtering predictor. The accuracy of prediction: MSE=0.0068.

. ADAPTIVE NONLINEAR FEEDBACK
CONTROLLER DESIGN
This section discusses how the reduced parameter
adaptive quadratic filters may be used to adaptively
control a system at any desired state, based only on
an identified (quadratic) filtering model in Eq.(1).
Consider a chaotic dynamical system S described

by an equation of the time series type

(10)

Here «j, is an n-dimensional state vector containing

L+1 = F(wk)

the dynamical variables. The vector a; will be re-
ferred to as the state of the system at time k, and the
n-dimensional space where xj, lives is called the state
or phase space. Based on the adaptive control and
feedback-control ideas, the proposed adaptive nonlin-
ear feedback-control method directly uses the reduced
parameter adaptive quadratic predictor in Eq.(1) to

control the chaotic system at any desired state on-line,

rather than the controller based on the reconstructed
model off-line via nonlinear predictors. Given a target
(unstable) periodic orbit (or equilibrium), {Z}, the
objective here is to design a feedback controller of the

form given by Eq.(1)
(11)

where x;, — &3 will be normalized so that it lies be-
tween +1 and —1. Both A and By, are quadratic fil-

tering coefficient matrices to be determined such that

U1 = Ag(xr — ) X Bi(zr — &k),

the trajectory of the controlled system
(12)

Tyl = F(ZL‘k) + ug

approaches the target @ in the sense

lim || &, — &k ||= 0, (13)
k—oco
where || - || is the Euclidean norm. To be more gen-

eral, suppose that the target periodic orbit &; satisfies
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the following dynamical system:
Zp11 = 9(Zks k), (14)

where ¢(-) is a nonlinear function, not necessarily the
same as the identified system function F'(-). Thus, the
proposed method of control consists of a combination
of the set of equations (1), (8), (9) and (11), (12), or

Tyl = F(:Bk) + ug, (].5)
Xk:(mk—:i?k)/M, (16)
Ukt+1 = Aka X Bka, (].7)
e(k) = Xk — Lk, (].8)
e(k)Xk
Ap1 = A+ 11 f2(Xk), (19)
i 1+ X X4 [f2 X 1))
e(k)Xk
Bk+1 = By + o fl(Xk)a (20)
po + X o X[ f1X 1))?
Upt+1 = M x Uk+1, (21)

for the system and the control, respectively, M is the
observed value of the maximum system state before
control. Finally, it should be noted that, similar to
the time-series-based identification feedback-control
methods for chaos control, the underlying dynamical
system can be of either discrete time or continuous
time, for which the above designed controller can be
applied in the same way as the feedback-control iter-

ation scheme.

IV. COMPUTER SIMULATIONS

In this section, the Lorenz system is chosen to
demonstrate the abilities of the reduced parameter
adaptive quadratic predictor based on the adaptive
nonlinear feedback controller designed above. The

Lorenz system equation is given by

T = 10(y—$),
Yy =48z — xz — y,
Z=uwy— 8z/3.

In the simulations, the time series of the observed
system states are only generated via the fourth-order
Runge—Kutta scheme with a fixed time step of 0.01.
The numerical trajectories are integrated from an ini-
tial point, (50.1, 10.7, 63.0) and the adaptive nonlinear
feedback controller is added at time n = 500. The nor-
malized error signal factor M is selected to be M = 30,
the adaptive step sizes pu1 and ps for the update equa-
tions (19) and (20) are selected to be u; = 1.5 and
pa = 0.5. Three typical cases were studied in the con-

trol simulations.

Case 1 Controlling the chaotic system from the
chaotic attractor to approach an unstable equilibrium
point, which is (0,0,0,0) in the simulation. Fig.3 shows
the tracking results of the control process on-line when

driving the chaotic trajectory to approach the target.
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Fig.3. The Lorenz system controlled at unstable equilibrium point (0,0,0) with the adaptive regulating

command switched at time n=500: (a) state x; (b) state y; (c) state z.

Case 2 Controlling the chaotic trajectory at a
periodic orbit, in which the unstable periodic orbit of

the chaotic system is selected to be

¥ =y*,y" =sin(z™),z* = 30.

The tracking results of the control process on-line

are shown in Fig.4.
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Fig.4. The Lorenz system controlled at an unstable periodic orbit with the adaptive regulating command
switched at time n=500: (a) state z; (b) state y; (c) state z.

Case 3 The reference model to be followed is

selected to be a circle:

2" = 10sin(nt),y* = 5+ 5cos(nt), z* = 50.

Figure 5 shows the tracking results of the control pro-
cess on-line when driving the chaotic trajectory to ap-

proach the reference target.
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Fig.5. The Lorenz system followed an external reference model with the adaptive regulating command

switched at time n=500: (a) state x; (b) state y; (c) state z.

From the results listed above, we note that the
adaptive nonlinear controller is independent of the
chaotic dynamics, because this controller is based only
on the reduced parameter adaptive quadratic predic-
tors, in which the control is implemented by feedback
predicting cancellation of tracking error signals. This
adaptive controller can quickly control the chaotic dy-
namic system at any desired state on-line without re-
quiring a precise mathematical model of the underly-

ing dynamical system.

V. CONCLUSIONS

An adaptive nonlinear feedback-control method

for the chaotic system has been developed, using only

one-dimensional tracking error signals between the de-
sired state and the chaotic systematic state. This suc-
cessful design has made a point that can be adap-
tively carried out on-line without requiring a precise
mathematical model of the underlying dynamical sys-
tem. This design methodology indeed combines the
merits of the two different, well-accepted approaches,
the parametric adaptive control and the time-series-
based feedback-control techniques, and can achieve
automatic real-time control of chaos on-line with guar-
anteed controllability, stability and tracking perfor-
mance. Now we address ourselves to the extension
of this work to the adaptive nonlinear feedback con-
trol of unknown chaotic systems and coupled chaotic

systems.
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