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A conformal invariant asymptotic expansion approach is proposed to solve any nonlinear integrable and noninte-

grable models with any dimension. Many new Painlevé integrable models with the same dimensions can be obtained at
the same time. Taking the (241)-dimensional KdV-Burgers (KdVB) equation and the (3+1)-dimensional Zabolotskaya—

Khokhlov and Kudomtsev—Petviashvili (ZKKP) equation as concrete examples, we obtain some new higher dimensional

conformal invariant models with a Painlevé property and the approximate solutions of these models. In certain special

cases, some of the approximate solutions become exact.
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I. INTRODUCTION

To find integrable models, especially in the (3+1)
dimension is one of the most important problems
in nonlinear science.  Because the real physical
spacetime is (3+1)-dimensional, many physicists and
mathematicians have been trying to find some non-
trivial (341)-dimensional integrable models!':?] for a
long time. However, there is no significant (n+1)-
dimensional (n > 3) nontrivial nonlinear integrable
model known except the “(2+2)”-dimensional self-

dual Yang-Mills field equation.!!]

Recently, Lou et all®l pointed out some pos-
sible directions to find nontrivial integrable mod-
els in higher dimensions under certain special condi-
tions. Owing to the fact that all the known (2+1)-
dimensional integrable models possess a common gen-
eralized Virasoro-type symmetry algebra, a general
method is proposed to obtain some integrable mod-
els under the condition that they possess the gener-
alized Virasoro symmetry algebral®l. It is also known
that every (14+1)- and (2+1)-dimensional integrable
model possesses a Schwartz form which is a conformal
invariant. Based on these facts, Lou points out that
starting from a conformal invariant form is one of the
most convenient ways to obtain higher dimensional
integrable models.l®l In Refs.[6] and [7], the authors

have extended the Painlevé analysis approaches to a

new form such that many higher dimensional Painlevé
integrable models can be obtained from lower dimen-
sional ones.

In the papers by Loul® and Lou and Xu,[”! some
important questions need to be answered further. One
of the most important questions is whether those
higher dimensional Painlevé integrable models, ob-
tained from the extended Painlevé analysis, have real
physical significance. Can they describe real nonlinear
physical phenomena? Generally, most of the known
lower dimensional integrable models are obtained by
ignoring some unimportant factors from the real phys-
ical models with the same and/or higher dimensions.
This suggests that (34+1)-dimensional integrable mod-
els may actually be obtained by means of some rea-
sonable approximations from higher dimensional mod-
els. We think that combining the conformal invariant
theory with the extended Painlevé analysis approach
should be one of the possible ways to find higher di-
mensional integrable models with real physical appli-
cations.

In this paper, we use the invariant Painlevé anal-
ysis approach to solve real higher dimensional non-
linear physical problems and to discover some higher
dimensional Painlevé integrable models in the same
dimensions which can be considered as some reason-
able approximations of real physical problems.

In order to make this approach clear, we take the
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(2+1)-dimensional KdVB[®! equation and the (3+1)-
dimensional ZKKP[® equation as concrete examples.

The organization of the paper is as follows. In sec-
tion I, a general approximation method (conformal in-
variant expansion) is proposed to solve a real physical
model with any dimensions. In this approach, a real
model is solved approximately by means of Painlevé
integrable models in the same dimensions. Taking
the (2+1)-dimensional KdVB equation and the (3+1)-
dimensional ZKKP equation as two simple examples,
some new (241)-dimensional and (3+1)-dimensional
conformal invariant models are derived in section III.
Section IV is devoted to a discussion of the Painlevé in-
tegrability of these resulting models. The approximate
solutions of the (2+1)-dimensional KdVB equation
and (34+1)-dimensional ZKKP equation are shown in
section V. Section VI includes a summary and discus-

sion.
II. GENERAL THEORY

For a given n-dimensional N order PDE,

F(xO Et,$1,$2,"',

xn)uauzmu:ciz]-,~--au:cilzi2-~'$iN) = 07 (1)

where the function F' is a polynomial function of the
field u and its derivatives. Expanding the solution of
(1) near the singular manifold ¢, we should have the

form

u=>Y ujpte, (2)
j=0

where « is a negative integer. Substituting (2) into
(1), we can get a recursion relation to determine the

expansion coefficients u;

. 7uj71)5fj7
(3)

where G(j) is a polynomial function j. Eq.(1) pos-

G(j)uj:fj(xiaqsacia(bzilziza' cr, UL, U2,

sesses the Painlevé property if G(j) = (5 + 1)(j —

J1)(G —Jj2) -+ (4 — in-1), where ji, j2, -+, jn-1 are
all positive integers and the resonance conditions

fi;=0 (i=12,---,N—-1) (4)

are satisfied identically. If Eq.(1) is not Painlevé inte-
grable, Eq.(3) could still be taken as a recursion for-
mula to get some special solutions of (1). In this pa-
per, we obtain some approximate solutions of (1) and
integrable models corresponding to (1) with the help
of the recursion relation (3). Because the expansion

(2) is valid only for small ¢, we ignore terms higher

than ¢™*+* and fix ¢ by uy, = 0; that is to say, the

truncated expansion
M

w=>"wd",  uy =0 (5)
j=0

can be considered as an approximate solution of Eq.(1)
up to pM+*. Obviously, the larger M is, the more ex-
act solution (5) would be. The expansion coefficients
u; in (5) can be determined from (1). Substituting
Eq.(5) into (1), one can obtain an equation in the

power form of ¢, say,

M
o~ [D_Fid' +0(M )| =0, (3)
j=0
where the positive integer K is determined by the lead-
ing order of the PDE (1) and F; (j = 0,1,2,..., M)
are polynomial functions of u;(j = 0,1,2,..., M), and
the derivatives of u; and ¢. Solving F; = 0,5 =
0,1,2,..., M for u; which are equivalent to those given
by (3), we know that the expansion coefficients u; are
functions of the derivatives of ¢ and J < N — 1 arbi-
trary functions which are some of u;,, uj,, -+, ujy_,.
If the original PDE (1) possesses the Painlevé prop-
erty, then J, the number of the arbitrary functions
u;, is equal to N — 1. Otherwise J < N — 1. So if
J=N-—-1and M > jNn_1,

shows an equation of ¢ and the arbitrary functions u;, ,
Uj,, - Ujy_,. The solution of Eq.(6) determines the
concrete form of (5) which can be considered as an ap-
proximate solution of (1) though some arbitrary func-
tions have possibly been included because the orig-
inal Eq.(1) is correct up to the order of ¢™*! (see
Eq.(3%)).

to be included in the general solution of an N order

Usually, N arbitrary functions are allowed

PDE. In our approximate solution, only N — 1 arbi-
trary functions have been included because another
arbitrary function ¢ has been fixed by (6). If we take
M < jn_4, there will be fewer arbitrary functions in
our approximate solution.

If the original PDE (1) is not Painlevé integrable,
then J < N — 1, which means that N —1 — J res-
onance conditions of (4) are not satisfied identically.
Then, N — 1 — J additional conditions are introduced
for the J arbitrary functions and ¢. In this case, we
can still obtain some approximate solutions of (1) by
solving these N — 1 — J additional conditions and (6)

for J arbitrary functions and ¢.
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It is worth pointing out that after substituting (5)

into (1), one finds that there may be a special selection
U =UL =" =U_q-1=0

for our approximate solution, which means that the
approximate solution is analytical with respect to the

manifold ¢ = 0.

U_q, uia_'_l’ cee

In this case, we can always select
U_o+N—1 as arbitrary constants and
fix other coefficients by the recursion relation. The

approximate solution of (1) reads

a+M
u = Z u_a+j¢j, up = 0.

j=0

Finally, it is also worth pointing out that if we
want to obtain some special solutions of (1) which
are more exact, we may fix the arbitrary functions
(and constants) in two different ways. (i) The J ar-

bitrary functions may be fixed from (3) by ury

1 =
Uprpa- - = upy4g = 0 (or equivalently from (37)
by Fyy1 = Fuyugo--- = Fyyg = 0 with upygq =
Uprta - - = upr4g = 0) such that Eq.(3”) and then (1)

are valid up to the $M*7th order and the related ap-
proximate solution is valid up to the ¢M*/+th order.
(ii) The J arbitrary functions may be fixed appropri-
ately from (3’) such that the truncated solution (5)
becomes an exact solution of the original PDE (1).
More details on these points will be seen from the
later concrete examples.

Because there are many particularly interesting
properties of integrable models, we hope Eq.(6) is in-
tegrable at least under some special conditions. To
our knowledge, all known Painlevé integrable mod-
Therefore, if

Eq.(6) is conformal invariant, it may be a candidate

els possess conformal invariant forms.

for Painlevé integrable equation. Because of the sin-
gular manifold ¢ being arbitrary, it is possible to
Actually, in (1+1)-

dimensions, Conte had changed the expansion func-

tion ¢ as £ = (%— ;ﬁ;w

coefficients are conformal invariant.1° Similarly, we

make (6) conformal invariant.

~1
) such that the expansion

can exchange for the expansion function ¢

C(en Bunan )
5—<¢ —2%) , ()

any one of the variables

where 1z, expresses
(zo,x1,%2,- -+, &n), while the corresponding approx-

imation expansion (5) is changed to

~—

M
u=) uielte. (8
j=0

From Eq.(7), one can easily prove the following iden-

tities:

1
1=0,1,2,---,n,

where the functions

P,
P, = -,
P,
I 3 TpT ?
S = ¢$§ nn _§<¢¢" "> ={¢,za}, (10)

are all conformal invariant. In other words, P; and S

are invariant under the Mobious transformation

a+ b
c+do’

¢ — ad # be. (11)
It is easy to see that all the expansion coefficients u; in
(8) are conformal invariant because they are functions
of P;, S and arbitrary function {u ,u’ ,--- i }.
Therefore, the equation related to the truncated ex-

pansion coefficient uf,
uhy =0 (12)

is conformal invariant. Whether Eq.(12) is integrable
under the meaning that it possesses the Painlevé prop-
erty should be verified further by means of Painlevé
analysis.

According to the Lou’s idea proposed in [5], the
conformal invariant Eq.(12) may be Painlevé inte-
grable. When (12) is proved to be Painlevé integrable,
then Eq.(1) is solved approximately by a Painlevé in-
tegrable model in the same dimensions and the ap-

proximate solution (8) is valid up to ¢M+,

m. CONFORMAL INVARIANT EXPAN-
SION FOR TWO MODELS

A. Conformal invariant expansion for (2+41)-

dimensional KdVB equation

In this section, we apply the general theory of the
last section to the (2+41)-dimensional nonintegrable
KdVB equation(®]

Ut + PUUG + TUgy — SUgay + €Uy, = 0. (13)

Substituting (8) into Eq.(13) and taking

—1
-(53) . w
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we know that u of (13) can be expanded as from the leading order analysis. Starting from uy =
12
o —s, we can get the recursion relation about u;. The
; p
u= Z u;&i 2 (15)  first three u; can be written
7=0
12r
with U = B (17)
12s
Uy = — or ug = 0, (16)
’ |
Uy = — 25 5p a2 (255100 — 1005 Goants + 7707 + 150542, + 25€s97), (18)
— 2 3
+ 157Gz, — BOTG2 bane — 125¢5105 — 1257293 + 125€¢,,¢7 — 1252y, ). (19)

To get some approximate solutions of (13), we can take up; = 0 for an appropriate M and neglect the terms

higher than ¢™~2 for small ¢&. For M =2, the ¢ equation is given by us = 0, i.e.,
255¢1¢ — 1005” Goands + r°¢2 + 1505742, + 25es¢l = 0, (20)

and the corresponding approximate solution of (13) reads

u=£+%. (21)

For M = 3, the function ¢ should satisfy

— 50742 Goan — 125¢5¢¢7 — 175 245 + 12564007 — 12562y, = 0, (22)

while the approximate solution of (13) is

Ug Uy

If we substitute (15) with ug = 0 into (13), we can find that u; = 0 and ua, ug, u4, us can be taken as arbitrary
functions. Taking

Uz = a2, U3 = ag, Ug = a4, U = 0as, (24)

then the equation of ug = 0 reads

2a§p¢i - 4€a3¢z¢y¢zy + 2€a3¢i¢yy + 26a3¢§¢zz - 3Ta3¢z¢3;g; - 185a3¢2z + 4a4a2p¢2 - 63a3¢i¢zzmz
+ 2450300 roPrae + 2ra302Guae + 245040205, — 1650407 Pooe + 4asdids + 12ras ¢’ + deasdodl = 0,(25)

where as, a3, a4 and ay are arbitrary constants. The corresponding approximate solution of (13) becomes

u = as + asé + as€? + as&3. (26)

B. Conformal invariant expansion for (3+1)-dimensional ZKKP equation

The (341)-dimensional ZKKP equation can be written as

1
8z(atu + Couazu - claiu + 6282’“ + 638211‘) = _Ec(aju + 83“‘)7 (27)
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where ¢y and c3 are dispersive coefficients having the
same meaning as in the KdV and Kawahara equations,
¢y is the Burgers dissipative coefficient and the right-
hand side is a diffraction term. Because of the nonin-
tegrability of (27), it is difficult to find exact solutions
of (27). Some authors treat it numerically.l’l Now,
we use the method of conformal invariant expansion
to study the (3+1)-dimensional nonintegrable ZKKP
Eq.(27) approximately and analytically.
Substituting (8) with

-1
(%) &

into (27), u of (27) can be expanded as

M .
u=y ug™, (29)
=1
|

where ug should be taken as

c
uy = —1680— or ug = 0. (30)
Co
. C3 .
Starting from uy = —1680—, we can get a recursion
Co

relation about u;. The first four u; can be written as

Uy = 0, (31)
280 ) )
U2 = _m (5203¢zzz¢z - 7803¢zz + 62¢z)(7 )
32
280
= 207c3¢> 3
u3 69c0¢>§( C3QPy + C10;

1
Uy =————(141960¢3¢ 10 Prww @2 — 283920¢3 i bu 2y — 3640C2¢uds + 106470c3¢%, — 50Tcep?
1014cogp2 v
+ 31cics Pt + 47320c302 .02 — 50Tcd?d2 + 507> — 28392¢3Ppnwnads + 5460c202,H2). (34)
To find some approximate solutions of (27), we can take up; = 0 for an appropriate M and neglect

the terms higher than ¢M~—* for small £. If we take M = 4, then the approximate solution of (27) reads
u=ug/E +uy /€3 + uy /2 + uz /€. And the ¢ equation is given by uy = 0, i.e.,

141960¢3¢ 10 Prwze D> — 283920¢3Pp0sdad>, — 3640CoPyurd’ + 5460c2¢2,¢2 + 106470c3h%
+31c5es M py + 47320c302,, 8% — 50Tc2d2 + 5075 — 507cdsds — 28392¢3buoaaads = 0. (35)

Substituting (29) with ug = 0 into (27), one can find that u; = us = ug = 0 and w4, wus, ug, ,u7, ug, Ug

can be taken as arbitrary functions. Taking
Uyg = Qq,

the equation of u;g = 0 reads

c3a(2200202 ., + 49542+ 36002 brrn B —

us = uy = ug = 0,

Ug = a2, Ug = Qgq, (36)

10200, 42, — T2¢> hrwwan) + 12c2a2¢2 02, — 24crasd?

— 480¢3a40° Guze + T20c3a402 02, — 2a2¢:0> — cazd?d? — cagqﬁi(bi — 820202 rpua — 2c0a0azdt =0, (37)

where ag, as, a4 are arbitrary constants. The corre-
sponding approximate solution of (27), after neglect-

ing the terms higher than &8 for small ¢, becomes

U= ag+ axf? + as&t. (38)

IV.PAINLEVE INTEGRABILITY OF RE-
SULTING EQUATIONS

It is clear that (20), (22), (25), (35) and (37) are
all conformal invariant. In Ref.[5], Lou had pointed
out that many kinds of quite general conformal in-

variant forms are Painlevé integrable. Now we hope

to find out whether the resulting equations from real
physical models (20), (22), (25), (35) and (37) are
Painlevé integrable or not. In order to prove the
Painlevé integrability of (20), (22) (25), (35) and (37),
we slightly enlarge them to some more general sys-
tems. From Eq.(20), a slightly enlarged system has

the form

r?H + 25sLH + 25esV? — 100sH H,,,,

+ 5082 H* 4 1505 H2 = 0, (39)
Ht = Lza (40)
Vi=1L,. (41)
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Eq.(39) can be obtained directly from (20) by using

the transformation,

¢ = exp(f),

as in Ref.[5], and Eqs.(40)—(41) are two consistent con-
ditions of the transformation (42). We call (40)—(41)

an enlarged system of (20) because for the transfor-

fo=H, fy=V, fi=L (42)

mation (42) there exists another consistent condition,
H, =V, though the relation Hy; = V,; is guaranteed
by (40) and (41). In other words, only a subset of the
solutions of (39)—(41) are related to the solutions of
(20).

In the same way, the corresponding enlarged sys-
tems of (22) and (25) have the forms

37553 H2 — 500s° HH, H,, — 125s° H*H, + 1255%V>H, — 125es> H*V,, + 75s*r HH

+255%rH® — 1255 H? Hy + 125s° HLH, + 125s° H* H 0, — 50s*rH*H ., — H*r® = 0, (43)
Ht = Laca (44)
Vi=Ly (45)
and
- 4a4a2pH3 + 16sa H*H,,,, — 6SG3H4H$ — 26(13V2Hz + 183a3H§’ + 37“a3HH2
+rasH® — 245a4HH923 — 9rasH?*H,,, — 8sa,H® — 2ea3H2Vy +4easVHH,
— 24sasHH, H,y + 6sa3H? Hypp — 202pH? — 4ay LH? — 4ea, VP H — 12a5rH? = 0, (46)
H; = L., (47)
Vi = L,. (48)
And the corresponding enlarged systems of (35) and (37) have the forms
H?(141960c3 H2H? + 507c¢W? — 283920c3 Hy H o — 10920co H? — 946403 H2, + 507c¢V?)
H?(56784c3 H e + 7280¢2 Hy + 1014L + 33124c3 H® — 62c3Hey ')
— 212940c3 H — 189280c3 H® H,, — 3640c; H® + 567840cs HH ., H? = 0, (49)
H, = L,, (50)
Vi = Ly, (51)
Wy =1L, (52)
and
— 2cqasH* — 2a5 LH® — cay VEH? — 1020c3asHH H,, — 8cyasH® Hyop + 4coas HE
+ c3a3(140H° H,, — T2H> H ey — 30H*H? — 17TH® + 360H? H o H,, + 495H* + 220H*H? )
+ H?(720c3a4H? — 480cza, H H,, — 2cpagag H? — cayW? 4 12cpa9 H2 + 240c3a, H*) = 0, (53)
Ht = Lza (54)
V;t = Ly, (55)
Wy=1L,. (56)

For the same reason, Eqs.(49) and (53) can be ob-
tained directly from (35) and (37) by using the trans-

formation,

¢ =exp(f), fo=H,

fy:Va fz:Wa ft:L) (57)

and Eqs.(50)—(52) and (54)—(56) are three consistent
conditions of the transformation (57). Now using the
standard Painlevé analysis, we can prove that all the
enlarged systems related to (20), (22), (25), (35) and
(37) possess the Painlevé property.

After finishing the leading order analysis of (39)—
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(41), we see that H, L, V, should be expanded as

H=3% Ci¢' !, L=3 Li¢/"}, V=3 Vi¢'l,
§j=0 j=0 j=0
(58)
with

Hy==x¢,, Vo==x¢,, Lo==x¢:. (59)

Substituting (58) into (39)—(41), we know that the

resonances occur at

j=-1, 1, ,1, ;1 (60)

and the resonance conditions at j = 1 read
—Hoo$y + 2H3 Hy + Hoow — 2H1¢3 =0, (61)
Hy; = Lo, (62)
Vot = Loy. (63)

Obviously, (61)—(63) are satisfied identically because
of (59). So the equation system (39)—(41) possesses
the Painlevé property, i.e., the system (39)—(41) is
Painlevé integrable and then its reduced system (20)
is naturally Painlevé integrable.

Substituting (58) into (43)—-(45), we can see that

the resonances occur at
(64)
2 read

and the resonance conditions at j = 1,

rHS — 5HZsHo, + 20sHEH ¢y + 105 Hobyp o

— rHy¢? — 5sHo,¢2 — 20sH  ¢2 = 0, (65)
Vor — Loy = 0, (66)
Hyy — Lo, = 0, (67)

— 5sHyHy, + 158 Hy Hop,, + 5rHy Hy + 30s H3 Hy b,
— 20sH{ H1Hop — 55H{ oz + 25H{ boa

+ 5Hi ¢y — 155HoHy¢) + 55Ho Howhaa + 55Ho Hora ba
+40sHoH1 ¢y ¢uw + 5sHo¢2 Hi — 5HoLodo

— 5rHoH1¢2 + 5eHo Voo, — 2sHoHop ¢ — 5sHY ¢

— 20sHy Ho,¢2 — 30s¢2 Hy — 5eVi ¢, = 0. (68)
Considered (59), Eqgs.(65)—(68) are all satisfied; that
is to say, Eq.(22) is also a Painlevé integrable model.

In the same way, substituting (58) into (46)—(48),

one can see that all five resonances located at

(69)

have the forms

83a4Hg — ragHg + 65(13H02H0z
— 24sazHEHq ¢, + razHo¢?
— 8sa4H0¢i + 65a3¢§H0m

+ 24sa3H1¢i —12sasHo¢p Pz = 0, (70)
Hoy = Log, (71)
Vo = Loy, (72)

— 5ra3HS’H1 — 18$a3HS’H2¢,; + 403a4HS’H1

+ 65a3Hg’H1m + 24sa3HgH1H0m — 365a3H§H12¢x

+ 65a3 Hg Prpw + 16504 HE Gy — 2703 HE G
—16sasHopoHoy — 6sasHoHozedr + 2€a3Ho Vo,
—48sasHoH 1)y py — 4Osa4H0H1¢i + 2rasHoop,Hoy
— 6sasHoHoy ¢ + 18sazHoHo¢3 + 5rasHoH1 ¢

+ 36sasH2¢> — 6sasHoH1,¢2 + 24sa3Hy Ho,¢2

— 2ea3V@ b, + 6sazHE ¢, = 0. (73)

It is easy to see that (70)—(73) are all true. So,
Eqs.(46)—(48) possess the Painlevé property, i.e.,
Eq.(25) is a Painlevé integrable model.

In order to check the Painlevé property of
Eqgs.(49)-(52) and (53)—(56), we need to expand vari-
ables H, L, W, V as

HoSo e L= L
j=0 §=0

W= Wit v=> V¢t (74)
j=0 §j=0

with

HO = :l:qszv
Wo :i¢za

VVO = i¢y7

Lo = +¢y. (75)

Substituting (74) into (49)—(52), we see that the res-

onances occur at
(76)
2, 3read

and the resonance conditions at j = 1,

14H, H} 4+ 10H3 ¢, — TOH2H, 2 + 5HZ Hoo b,

— 28Ho$uodz + 13Hou¢2 + 56 H145 = 0, (77)
Hot = Loq, (78)
Vot = Loy, (79)
Woi = Lg., (80)
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364HoHy + 127T4H{ H? — 5cacs "HY — 390H Hy by + 130HS Hy ¢y — 260H Howw — 598 Ho How v i
+ H3(1040H, Hop o + 33892, + 195HG, + 234¢2Pnaa + 4030H; ¢2 + 5eacy '¢7 + 390H, ' Hio 6]
+ ¢2 (1846 HoHo 92 — 3484 HoH by + 26 HyHopp — 1144H, Hopby + 65HZ, + 2756 H2¢2 — 2210H3 Hy) = 0,

(81)

HZ(390H, HZ, + 1430H2 Hopby — 390H1 0 hx s + 39Hos Gune + 455Hopdp + 1378 Hs$® + 130Hy 502

— 2002H2¢ 4002 — 104Hoyp b — 2210H7 ¢2 + 572H, 2, + 1274H HY + 93695 Hy Hy 2 + 182H3Hy)

+ Hi(—15¢2¢3 " HoHy — 39000 — 1956, Ho Hy® — T80H Hy ¢ + T15Ho, Ha,, — 4810H2 Hy ¢2)

+ Ho(195H3 Hop Hy, + 15HoHy ¢2 + 5cac; ' HoHopr — 650 HE Hy Hopy + T80H H1,¢2 — 442H 0 H1 2

— 3536 Hy Ho¢? + 195H2, ¢rs + 104H, Hop 2. — 2782H2$2 prse + 195Hou H1 0 — 52092 HZ H H ")

+ 52H: Hop¢> + T67HoHo Hop¢2 + 65 HoHopy Hop o — 1560 Hy Hyp? — 455 H Happy + 520H Hy s
+1274H, HyHS 4+ 1300HE H2 e + 39H2 Howaw b + 546 HEH Gbras — 5205 ' HEbww + 130H Hyre = 0.(82)

Eqs.(77)—(82) are also satisfied because of (75). So
the (34+1)-dimensional conformal invariant model (35)
possesses the Painlevé property. Using the same
method as above, we can easily prove that Eq.(37)
is also a Painlevé integrable model. Since the formula
is too long, it is not given here.

(241)-
Painlevé in-

Now, we have obtained three new

dimensional models possessing the
tegrability from the (241)-dimensional noninte-
grable KdVB equation (13), and two new (3+1)-
dimensional Painlevé integrable models from the
(341)-dimensional nonintegrable ZKKP equation (27)
through the conformal invariant expansion approach.
The solutions of these models can be used to express
the solutions of original equations approximately in

some special ways.

V.SOLITARY WAVE SOLUTIONS

To find out some concrete approximate solutions
of Egs.(13) and (27), we should solve the Painlevé inte-
grable models (20), (22), (25), (35) and (37). Because
these models are conformal invariant, it is easy to ver-
ify that these conformal invariant equations all pos-
sess kink-type soliton solutions. For the model (20),

the corresponding kink-type plane soliton solution has

the form
b= A + Bexp(kiz + koy + wt) (83)
~ C + Dexp(kyx + koy + wt)’
where
w= L (r2k? + 25s€k3 4 505%k7). (84)

255k,

The corresponding & is given by
2 A+ Bexp(kiz + kay + wt)

-z (85
¢ k1 A — Bexp(kiz + koy + wt) (85)
The related approximate solution of (13) reads
() Ul
U=+ —=
SN

3sk? 1 B\'?
_ 2% <1—sech2— <k1w+k2y+wt+ln <—>
p 2 A

6rk 1 B\'/?

If the arbitrary constant k; is taken as r/5s, u given
by (86) becomes an exact solution of (13). We can
also verify that

A+ Bexp(;—sw + kay + wt)

= T (87)
C+ Dexp(gw + kay + wt)

is a kink-type plane solitary wave solution of (22). The

corresponding ¢ is given by

T
( 10s A+ Bexp(5—sm + koy + wt)

> . (88)
T A- Bexp(gm + koy + wt)

The approximate solution of (13)

625er3k2 + 3rt + 125rs%w
25s12p

3r2 1 r B 1/2
= 1—sech?®= | —z + k t+In( =
25ps< et g (559“r 2y +wi + n<A)

612 1 B\'?
+ ; tanh— <éx+k2y+wt+ln <Z> (89)
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is just an exact solution of Eq.(13). It is easy to check

that
A — Bexp(kiz + kay + wt)

o= C + Dexp(kiz + koy + wt)

(90)

is a solution of (25) and the corresponding & is given

by

2 A— Bexp(kiz + kay + wt)
ki1 A + Bexp(kiz + kay + wt)’

£= (91)

In this case, the approximate solution of Eq.(13) can

be expressed as

u =as + azf + asé® + as&®

2 1
=ay — ﬁtanh—(klx + koy + wt)
kq 2
4 1
+ %tanhz—(klx + kay + wt)
k3 2
8a5 3 1
1

If the arbitrary constants in (92) are selected as
3r3 R

~125ps2’ T 2500ps®’
(93)

then u given by (92) is an exact solution of (13). For

5s’ as =0, a3

the same reason, it is easy to prove that

_ A+ Bexp(kyz + kyy + kzz + wt)

¢ ~ C + Dexp(kix + koy + ksz +wt)’
1
= ——(507ck? 4 33124c3kS
W= Tonak, 007eks + 3

— 62c2kZcs ! — 3640cok] + 507ck2)  (94)

is a solution of the (3+1)-dimensional Painlevé inte-
grable model (35) and the corresponding £ is given
by

2 A+ Bexp(kiz + koy + ksz + wt)

¢= kA Bexp(kix + kay + k3z + wt)’

(95)

The approximate solution u of Eq.(27) can be written

as
Uo (51 Ug us
U=—g+ 5+ 2+ —
&8 e ¢
1
= — 105c3k] tanh* i(klx + koy + k3z + wt)
70k?(126¢3k7 — 1
1(126esky - c) tanh? = (ki
13¢, 2
140c1 k 1
+ koy + k3z + wt) + ﬁtanhg(lﬁx
Co
+ koy + k3z + wt). (96)
Obviously,
A-B k k k t
b= exp(k1x + kay + kzz + wt) (97)

~ C + Dexp(kyz + kay + kzz +wt)’

where

w =

- Y (1763&2]6? - 402a2k“11 + 2402&4.’{?%
142

— 240c3a4ki + cazks + cagkg + 2cpapask?)
is a solution of Eq.(37). The corresponding & can be
written as

2 A — Bexp(kiz + kay + ksz + wt)
k1 A+ Bexp(kix + koy + ksz + wt)

5 =
2 1
= —k—tanhi(klm + koy + b3z + wt). (98)
1
The related approximate solution of (27) reads

4 1
u =ag + %tanhQE(klx + kay + k3z + wt)
1

16&4
ki

+ tanh4%(k1x + kay + ksz + wt). (99)

Generally, the approximate procedure is valid for
¢ being small. In the plane soliton case, £ given by
(85) and (95) are small means u given by (86) and
(96) are valid near the soliton centre, while the fact
that £ given by (91) and (98) are small means that u
given by (92) and (99) are only valid far away from

the soliton centre.
VI. SUMMARY AND DISCUSSION

In this paper, we have proposed a simple method
to solve higher dimensional nonlinear problems by
means of the Painlevé integrable models in the same
Taking the (241)-dimensional KdVB
equation and (3+1)-dimensional ZKKP equation as

dimensions.

concrete examples, we have obtained some new (2+1)-
dimensional and (3+1)-dimensional Painlevé inte-
grable models. Because the resulting equations pos-
sess conformal invariance, the plane solitary wave so-
lutions of the model can be obtained easily. Gener-
ally the solitary waves are approximate for the orig-
inal model. Certainly, if the arbitrary constants are
selected suitably, the approximate solutions become
exact.

We can obtain two forms of approximate solu-
tion according to the recursion relation starting from
ug # 0 or ug = 0. The first form is valid near the
soliton centre and the second is valid far away from
the soliton centre. In fact, the second form of approx-
imate solution can be considered as the usual tanh
function expansion form when the solution of the re-
sulting equation is taken as a solitary wave solution.
For the (2+1)-dimensional KdVB equation, the exact
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solution in some special case obtained here is the same
as the exact solution obtained in Refs.[8] and [10] by
using the homogeneous balance method and using an
automated method.

In Refs.[5]-[7], Lou has proposed many types of
conformal invariant equations which are Painlevé in-
tegrable. Two important problems are left in these
papers: (i) Can one find physical applications of those
models or can one find some types of models with
conformal invariance and Painlevé property from real
physical models? (ii) Are those Painlevé integrable

models integrable under other meanings? In this pa-

per, we have offered a positive answer for the first
question. Using the conformal invariant expansion to
any real physical model in any dimensions, we can get
some approximate solutions by means of the Painlevé
models. The second question is still open. It is worth
studying further whether the models obtained here are

integrable under other traditional meanings.
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