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A statistical mechanical variational theory and an improved van der Waals one-fluid model have been used to

compute the equation of state of fluid He+H2 mixtures with different Ho:He compositions under high pressure. The

first-order quantum correction is included. Comparing the present results with Monte Carlo simulations indicates

that the quantum corrections for calculating the thermodynamic properties become increasingly important at lower

temperatures.
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I. INTRODUCTION

Hydrogen and helium are the simplest and most
abundant elements in the universe. Yet at high pres-
sures, they are the most difficult to understand. From
low to moderately high pressures, hydrogen is a molec-
ular solid (or liquid) with a wide bandgap.['=2 At
very high pressures, a metal-insulator transition due
to band overlap has been predicted.l®] The pressure
at which the metal-insulator transition occurs is still
a controversial matter.*! Solid hydrogen becomes a
metal at about 300GPa and liquid hydrogen can be-
come metallic at pressures as low as 140GPa. The
cause for such a large difference between the metal-
lization pressures of liquid and solid is not completely
understood. Therefore, further high-pressure experi-
mental and theoretical research would be very much

desirable in this regard.

The research of mixtures is one of the topics that
can count on a great deal of interest from both ex-
perimental and theoretical physicists nowadays. Not
only the wide abundance of mixtures in our every-
day life and in our universe, but also the surprising

new phenomena which were detected in the laborato-

ries are responsible for this increased attention. Mix-
tures, in general, have a much richer phase diagram
than their pure constituents and various effects can
be observed only in these multi-component systems.
The interiors of Jupiter and Saturn are composed of
a mixture of hydrogen and helium with a He con-
tent of about 10%. Theoretically, the He+H, mix-
tures are challenging systems to study in two respects.
Firstly, both Hy and He have small masses; hence,
the quantum effect must be considered in the equa-
tion of state (EOS) calculations.

ing to quantum mechanical calculations,® the Ho—H,

Secondly, accord-

repulsion is much softer than the intermolecular re-
pulsion of other species. Physically, the softness oc-
curs because Hs molecules, despite their large size,
do not have inner-shell electrons. Hence the electrons
in a hydrogen molecule are loosely bound to the nu-
clei and can easily change their charge density when
a second Hs molecule approaches. The soft repulsion
introduces a complication in describing the thermo-
dynamic properties of mixtures of hydrogen. Namely,
one must employ different stiffnesses for intermolec-
ular repulsion of different constituent species in the

mixture system. Such a description requires a poten-
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tial with at least three parameters, i.e. the range of
interaction, the attraction well depth and the stiffness
of repulsion. The one-fluid van der Waals modell® is a
widely used mixture theory that uses a simplified po-
tential to represent the intermolecular potential of the
mixture; that is, the mixture potentials are replaced
by an effective one-component potential. Molecular
dynamics (MD) or Monte Carlo (MC) calculations
are extremely useful for testing theoretical approxi-
mations on a model system. Moreover, the general
behaviour or the physical reason for certain charac-
teristic features of phase behaviour can be examined
by changing the parameter in the model system.[”:14
In this work, we will employ the van der Waals model
and the mixing rules for calculation of the equation of

state of fluid He+Hy mixtures under high pressures.

I. METHOD OF CALCULATION

A. Calculation of the Helmholtz free energy for

pure fluids

Thermodynamic properties are calculated by us-
ing the Helmholtz free energy A for pure Hy and He

systems[13]

A =15NkgT + Aint + Apg + NkgT inp+ const, (1)

where T is temperature, and p is the number den-
sity. Ajnt is the contribution to A from rotational and

vibrational degrees of freedom in Hy
Ay =NEkT + N{0.5hv

+ kgT In[1 — exp(—Shv)]}, (2)

where the first term is due to the kinetic energy of ro-
tation and the second term within the bracket repre-
sents the contribution of the bond vibration of the H,
molecule with a frequency hv/kg=6340K. A;; is zero
for He. The term Apg in Eq.(1) is the contribution
It is

evaluated by using the Ross fluid variational theory!®!

from the intermolecular potential energy ¢(r).

Apg < Aus(n) + F(n)NksgT

421N / gus(r,m$(r)r2dr + Agu,  (3)
d

where 7 = 7d®p/6 (d is the hard-sphere diameter),

Ags is the hard-sphere excess free energy, and

hard-sphere radial distribution

gus(r,m) is  the
function.®! The factor F (n) is the soft-sphere correc-
tion function. Aqw is the first-order quantum correc-

tion in the Wigner-Kirwood expansion!'?]

Ius(m, ﬂ)v2¢(7“)7“2d7‘- (4)

The hard-sphere diameter d, which is the only ad-
justable parameter in Eq.(3), is determined by min-
imizing the right-hand side of Eq.(3).
P is calculated by numerically taking the appropriate

The pressure

derivative of Eq.(1), i.e.,

9A 1 ,0A
P=—5v =83, 5)

B. Effective one-component system and mixing

rules

The potential used in Eq.(3) to calculate the ex-
cess Helmholtz free energy Apg is an exp-6 potential

of the form

o= gfemloo- )] ()}

The parameter ¢ represents the attractive well depth,
r* indicates the range of interaction, while parame-
ter a regulates the stiffness of repulsion. For pure
components we use the parameters listed in Table 1.
The one-fluid van der Waals model is a well-known
theory for mixtures, which represents the intermolec-
ular interaction in the mixture by an effective one-
component potential. If the potential is of the form
ef(r/r*), the replacement can be carried out by mak-
ing use of the principle of corresponding states. The
new effective potential parameters (e,r*, ) are ex-
pressed in term of the exp-6 parameter (ai]-,r;-"j,ozij)

of the constituent species of the mixture system by[®!

) = X i), G
£= Zwi-’vﬁii(ﬁj)s/(r*)3, (8)

a = Zmixjaijaij(rfj)s/a(r*)g. ©))

]
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Table 1. Values of the parameters used for the sys-
tem He+Hs , taken from Ref.[11].

Interaction e/kp(K) r*(nm) a
Ho-H»> 36.4 0.343 11.1
He-He 10.8 0.2967 13.1
He-Ho> 15.5 0.337 12.7

In these equations x; denotes the mole fraction of
component ¢, and r;; and €;; are the potential param-
eters of the interaction between a molecule of species
1 and a molecule of species j. To accommodate the
quantum corrections in the effective one-component
fluid, an expression for an effective one-component
mass is needed. The expression for this effective mass

m isl®]

1 1 . N
— = Z Ewixjaijrij (ET‘ ) (10)
2,7

m i

Statistical mechanical calculations are generally sim-

plified if the effective one-component potential is used.
. COMPUTATIONAL RESULTS

It is more convenient for the procedure of the
calculation of the fluid—fluid equilibrium to use the
Gibbs free energy G(P,T,xz) of the mixture system
(here = is a mole per cent of He). At fixed T and
x the Helmholtz free energy A(T,V,z) is calculated
in a sufficiently large volume interval, thus obtaining
A = A(T,V,z). The entropy change due to mixing
has been accounted for by adding an ideal entropy of
the mixing term —Nkp > x; Inx;. Using Eq.(5), the
transformation from A to G is achieved by means of
a thermodynamic definition, G = A + PV. At given
(P, T) the coexisting phases of a He—Hy mixture can
be determined by finding the pair of compositions
and x5, at which the curve of Gibbs free energy of

mixing
G"(P,T,z)
=G(P,T,z) — 2G(P,T,1) — (1 — 2)G(P,T,0), (11)

has a common tangent. By varying the pressure, a
P—z plot can be constructed, representing the fluid—

fluid equilibrium of the mixture at temperature 7.

To test our computational procedure, we compare our
numerical values for the fluid-fluid isotherms of He—
H, at 300K with the experimental data of van den
Bergh('?l in Fig.1.

between theoretical calculation and experiment. To

Good agreement can be found

test our theoretical calculation method, we have cal-
culated the EOS of He+H,; mixtures with different
He:PH, compositions in a wide range of temperatures
and pressures. The calculated results are listed in Ta-
ble 2. In comparison with MC simulations,®! there is
a large difference for pressures at lower temperatures.
We think that quantum effects are stronger at low
temperature, but quantum effects are not considered
in Monto Carlo simulations. We are now studying
the systems at lower temperatures and higher pres-
sures, at which quantum effects become significant.
The quantum effects are very weak at high temper-
atures, thus our computational results are very close
to the Monto Carlo simulation at temperatures above
300K. It can be shown that our calculated pressures
are slightly higher than those of the Monto Carlo sim-
ulation as the Hy composition is larger than that of
He in the system from Table 2. Because of the lack of
experimental data at higher pressures, the reliability

of the present results will be tested in future experi-

ments.
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Fig.1. The fluid—fluid isotherms of He-Hg at 300K:
— this work (calc.); + van den Bergh et al. [12] (exp.).
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Table 2. Pressures P of He+Hgy mixtures with different Hy:He compositions.
T A% Hy:He P Pl P(M — )]
(K) (cm?3 /mol) (GPa) (MPa) (GPa)
50 20 1:1 0.1192 48 0.0480
50 20 1:3 0.0648 19
50 20 3:1 0.1895 93
100 14 1:1 0.6221 95 0.337
100 14 1:3 0.3598 34
100 14 3:1 0.9388 193
300 10 1:1 2.459 107 1.858
300 10 1:3 1.558 54 1.417
300 10 3:1 3.428 166 2.315
1000 9 1:1 4.459 4.416
1000 9 1:3 3.127 3.643
1000 9 3:1 5.708 5.172
4000 8 1:1 10.875 12.15
4000 8 1:3 7.987
4000 8 3:1 13.269
4000 7 1:1 14.713 15.96
4000 7 1:3 10.895
4000 7 3:1 17.812
7000 4.5 1:1 50.139 52.53
7000 4.5 1:3 39.215 47.70
7000 4.5 3:1 57.447 54.54

* Pgm refers to the quantum mechanical contributions.

IV. CONCLUSIONS

In our calculations, the model of fluid perturba-
tion variational theory with quantum corrections is
also adopted. Compared with the works of van den
Bergh et al.'? and of Ree,[%! the following conclusions
can be drawn: (a) at T=300K, the computational P—
z relation (here z is the mole fraction of He) is in
agreement with experiments given by van den Bergh
et al.; (b) in the region of T > 1000K, the computa-

tional P-V relation is in agreement with MC calcu-

lations given by Ree, but it fails at and below 300K.
The cause of the disagreement in the low-temperature
region between the above-mentioned two calculations
may be ascribed to the quantum effects that are not
considered in the MC computation. Nevertheless, the
agreement among our calculations, the experiments at
T=300K by van den Bergh et al., and the MC calcu-
lations in the range of T >1000K by Ree demonstrate
that the model and the potential parameters adopted
in this work are still of practical significance, though
attention should be given to the appropriate thermo-

dynamic states in use.
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