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With the discrete method of the hexagonal cell and three different velocities of particle population in each cell,

a two-dimensional lattice Boltzmann model is developed in this paper.[!2] The collision operator in the Boltzmann

equation is expanded to fourth order using the Taylor expansion.[3:4] With this model, good results have been obtained

from the numerical simulation of the reflection phenomenon of the shock wave on the surface of an obstacle, and the

numerical stability is also good. Thus the applicability of the D2Q19 model is verified.
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I. INTRODUCTION

From a microscopic point of view, the lattice
Boltzmann equation (LBE) models define physical
variables of macroscopic fluid in spatial discrete cells
with the moment of particle populations. For exam-
ple, the fluid mass in a discrete cell is equivalent to the
sum of the mass of each particle population, the fluid
momentum is equivalent to the sum of the momentum
of each particle population, and the kinetic energy and
internal energy of the fluid are also equivalent to the
sum of the kinetic energy of each particle population.
It is obvious that the dynamic and thermodynamic
physical processes described in the LBE model are not
simplified, but on the contrary the model reveals more
clearly on the microscopic level that the macroscopic
physical behaviour of the fluid is the average of the

random thermal motion of particles.

The Boltzmann equation is a complicated differ-
ential and integral equation, and it is difficulty to find
its analytical solution even in very simple cases. So, at
present, the linear simplified Bhatnagar—Gross—Krook
(BGK) Boltzmann equation is adopted widely.®] This
study refers to the idea of Chen,! that the collision
operator in the Boltzmann equation is expanded to
fourth order with a Taylor series and thereby a two-
dimensional D2Q19 lattice Boltzmann model is estab-

lished. The reflection phenomenon of the shock wave

on the surface of an obstruction is simulated using the
D2@Q19 model. The numerical result is consistent with
the experiment,/®! and the numerical stability is also

good.
I. LATTICE BOLTZMANN MODEL

The equation governing the motion of particle

population is the Boltzmann equation
fki(ra +Ckio¢6tat+5t) - fki(ront) = 'Q(sz)a (1)

where fi; is a velocity distribution function of parti-
cles, ¢ is the directional number of moving particles,
k represents types of fluid, and cg;. is the velocity of
particles. cg; has the same modulus in all directions,
|ckie] = crp=const. « represents the index of coor-
dinates, dt is discrete time size, and {2 is a collision
operator. Based on the Chapman—Enskog expansion
method, the velocity distribution function is asymp-
totically expanded in the domain of local equilibrium

distribution f,g?), and the following can be derived
Fri =1+ Fi%
e e R/
i =0(=™);
o £} =0 ), 2)

where f;' ? is a non-equilibrium component. The local

*Project supported by the National Natural Science Foundation of China (Grant Nos. 49823002, 7-200053,4-200060), and by the
State Key Development Programme for Basic Research of China (Grant No. G1998040904, G1999032801).

1106



No. 12

Corrections to the collision term in the BGK Boltzmann equation 1107

equilibrium distribution is given by[677]
) =Wip(1 - 2Ecrintia + 2B kriacristiatg
+ Eu? — 2F%cpiququ?

4
— gEgckmckmckixuauﬁux). (3)

Making a Taylor expansion of §2; at fi; = f,g?) (4] and

taking the accuracy to the fourth order, we obtain

a0 10202 neq

Qfri =2(f9) + afkf’zeq+58—f§( 1)

1 83‘9 neq neq
ga—f;:,( o)+ O((frf)h). (4)

_l’_
In terms of the Chapman-Enskog theory,[] .Q(f,g?)) =
0. Like the coefficient of Burnett, it is difficulty to

give an analytical solution for the collision operator

2. With reference to Chen,[* we take

1 n
-(-1), )
fumr® N7

where 7 is the coefficient of non-dimensional relax-
The establishment of the relationship

between particle populations and macroscopic fluid

o2
of

ation time.

parameters require the satisfaction of the conserva-
tion laws of mass and momentum, the law of energy

relation,!2 as well as the energy flux relation

1 1 0

Taking the hexagonal cell as shown in Fig.1(a), there
are three kinds of particles with different velocities in
each discrete cell. The weight W; and coefficient F

are found from the above conservation formulae

4e3(D + 4)(D + 2) + 49eD?c} — 28e?Dci (D + 2)

Wo =1 —

0 18D2¢, ’
W :263(D +4)(D +2) + 18eD?ct — 13e*Dci(D + 2)

! 6bD2c8 ’
W 20e2Dc3(D + 2) — 4e*(D + 4)(D + 2) — 9eD?c}

> 30bD2cS ’
W :263(D +4)(D + 2) + 2eD?c} — 5> Dci(D + 2)

? 906028 ’

D 2
E:fE; PZBpe, (D =2,c3 =3c1,c2 = 2¢1).

Here P is the pressure, p is the density of fluid, e is the
internal energy of fluid per unit mass, D is the space

dimension, and b is the directional number of lattice.

. NUMERICAL EXPERIMENT AND CON-
CLUSION

The numerical simulation tests the numerical sta-
bility and applicability of D2Q19 by simulating the
reflection of the shock wave on the surface of an ob-

struction.

Figure 1(b) shows the structural characteristic
scales of fluid field. The 200 by 500 area on the
left is the high-pressure zone. Initial conditions are
set to (P, Ua, e, )=(3.0pg,0.0,0.65). Other areas are
low-pressure zones and initial conditions are taken as
(PRsUa,er)=(1.0, 0.0, 0.65). The coefficient of non-
dimensional relaxation time 7=0.60. The no-slip con-

dition is applied on the boundaries, and the open side

in figure 1(b) is set as

dp dVz dVy
—=0;—=0;——=0.

dz dz dz

Numerical results of the reflection effect of the shock
wave are given in Fig.3. The figures clearly show the
propagation of the shock wave and its reflection on the
turning corner. These numerical results are consistent
with experimental results.[’! Figure 2(a) presents the
pressure distribution along the X-direction in the fluid
field, showing the feature of propagation and contact
discontinuity of the Mach wave. Figure 2(b) shows
the distribution of the Mach number along the X-
direction at the position of the dashed line Mwv in the
fluid field.

velocity jump on the inclined plane, which is similar

It can be seen that there is an obvious

to the contraction section of the Laval jet pipe. The
jump in a variable cross-section tube can be explained,
using a one-dimensional differential equation which is

both isoentropic and stable
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Fig.1. (a) A two-dimensional discrete hexagonal cell of LBE D2Q19; velocity of particles
c2i = 2c14, ¢35 = 3c1;. (b) Sketch of the fluid field.
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Fig.2. (a)Pressure distribution along dashed line Mv (figure 1(b)). (b) Distribution of Mach
number M = Vz/a at corresponding position (Vz is the flow velocity along the X coordinate

axis, a is sound speed a? = 2e/D), T'S are integral time steps.
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Fig.3. Comparison of the numerical results of the D2Q19 model with the experimental

results;[®] ¢ is integral time steps, the contour is density distribution.

av _da

(MQ_I)V _77 (7)

where A is cross-sectional area. The expression shows
that, if the flow speed is subsonic, M < 1 then
M? -1 < 0, dV/V and dA/A are necessarily of

different signs, with opposite variability. The grad-
ual decrease of the cross section results in the grad-
ual increase of gas velocity so, on the turning corner
dA/A=0, the gas velocity increases to critical status
M=1. At the time of gas flowing the turning corner,

it undergoes an instantaneous expansion and accel-
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eration process and reaches supersonic status. After
the acceleration, it enters the frictional tube section,
dA/A=0. In the frictional tube section, there is al-
ways (M2 —1)dV/V <0, i.e., dV/V always has differ-
ent signs from M?2 — 1, so the supersonic gas velocity

will be attenuated gradually.

In summary, the numerical simulation of the re-
flection effect of the shock wave on the surface of an
obstruction gives a good result by using the D2Q19
model. The numerical stability is also good. Thus the
applicability of the lattice Boltzmann model is verified
both in theory and by experiment.
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