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In this paper we first discuss the asymptotic behaviours of solitary impulses in reaction—diffusion equations of

Oregonator under the equal, single and double diffusion conditions, respectively. Then we obtain the asymptotic

equations of motion of wavetrains for this model by a superposition of solitary impulses, and finally we analyse the

stability of wavetrains.

Keywords: excitable media, solitary impulse, wavetrain

PACC: 0340

I. INTRODUCTION

In recent years, much effort has been focused
on the understanding of patterns in excitable media
(EM).['=4] Perhaps the most famous example of EM
is the Belousov—Zhabotinsky reaction since it leads
to a variety of nonequilibrium spatial structures and
serves as a paradigm for pattern formations in EM.[?!
The simplest of such patterns is the travelling wave, in
which regions of excited and quiescent reagents move
uniformly through space. Understanding this struc-
ture would seem to be a necessary first step towards a
complete picture of more complex structures such as
the target,[® the rotating spiral,l”) or in three dimen-
sions, the scroll.[8:*]

In EM, the travelling-wave solutions usually con-
sist of those that appear pulse-like or particle-like.
Along with shocks (or fronts) these localized struc-
tures are among the simplest solutions found in non-
linear partial differential equations. It is worth explor-
ing their usefulness as building blocks of more complex
solutions. In this paper we study trains of such pulses.

Starting from the work of Keener and co-
workers,[1011]  there has recently been consider-
able progress in finding some travelling-wave so-
lutions in certain tractable models, such as the
FitzHugh-Nagumo equation'?! and the piecewise-
linear Oregonator.['3 On the other hand, there are

many examples in which we usually do not know how

to deal with such creation and destruction processes
of solitary structures as a pulse tends to split into two
and to develop important amplitude and velocity vari-
ations during strong interaction.!*4

A solution in the form of an individual pulse may
be relatively easy to find numerically, but accurate
solutions representing trains of many pulses require
much effort. Of course, for some integrable systems,
pulse trains can be obtained as solutions by the non-
linear superposition achieved in the inverse scatter-
ing transform.['5] But here we are interested in the
reaction—diffusion equations of the two-variable Oreg-
onator of EM.

The model can be described as follows

oUu 02U
E—F(U)-FDW, (1)
where
U
v=| ") Fru) = f(0) ’
v g(U)
FU) = = fu(l —w) - o H
= |u u Uu—}—,u ,
D 0
gU)=u—v,D = ! ,
0 Doy

in which parameters satisfy:
0< f < 4o0.

0<e<1,0<p<l,
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Equation (1) can display various kinds of compli-
cated behaviours.3=% The particular behaviour that
we are going to study here comes from the interac-
tions of many coherent structures or solitary waves.
The asymptotics of this problem relies on the interac-
tions among pulses which become quite weak when the
interpulse spacing is large. When we take advantage
of this weak coupling, we are able to replace Eq.(1) by
a solution of ordinary differential equations (ODE) for
the motion of the individual pulse (see below). Thus
we reduce Eq.(1) to a simple N-body problem, whose
particles are the solitary structures we shall classify
in section II. Then in section III, we outline the re-
ductions that lead to the equations of motion of these
structures when we allow for nearest-neighbour inter-
actions and neglect tidal distortions of pulses. In sec-

tion IV, we discuss the stability of wavetrains.

II. SOLITARY IMPULSE

U

Let U* = + be a solution of Eq.(1), rep-

Uy

resenting the rest state of the medium,
where

R B R (e S A X )

+ —_— .

2

It is assumed that Eq.(1) has a solitary-wave solution
Z .

S|t — — |, propagating at a constant speed cy. In
Co

Ref.[3], we have given an algebraic equation satisfied

by ¢ in the thin boundary layer, that is

18 6 4 1—4fvy 5  Spvg
- C, C,
312502 ° " 10D, ° ' 3

=0, (2)

where vy is the position of the wavefront.
A key feature in our analysis that follows is related
x
to the asymptotic behaviour of S(7) as 7=t — — —
€o
+oo. Notice that a solitary-wave solution of Eq.(1)
satisfies the ODE

V'=F(V)+¢e;?DV", (3)

where the prime denotes differentiation with respect
to the argument 7 and F(V) = F(V — U"). More
specifically, S(7) describes an orbit of Eq.(3) which
is bi-asymptotic to the rest state U™, i.e. S(7) — 0
as 7 — too. The asymptotic behaviour of S(7) can
therefore be obtained from a linear analysis of Eq.(3)
around the rest state.
Eq.(3) as follows

For convenience, we rewrite

V= AV + N(V) +¢;2DV", (4)

where
a b 1 2

A - RPN PP 77 |
1 -1 S (ug +p)

b = A Sl and N (V) are nonlinear parts of

€ uy+p
the excitable kinetics. Generally, solutions of Eq.(4)

take the form of exponential functions. To see this,
we let V = £e*™ (where ¢ is assumed to be the eigen-
vector corresponding to the eigenvalue A). Thus we

have
(A+Xcy?D - A)eME+ N(¢er)=0.  (5)

To obtain the asymptotic behaviour of S(7), we
need only to consider the linear parts of Eq.(5). Notice
that nontrivial solutions of S(7) correspond to & # 0.

Therefore A has to satisfy

(co 2D1A% — N)(cg 2 DaA? — )
— P(cy?DaX? = X) + ¢5*(Dy — D1)A* +Q = 0, (6)

where

P=1-—a,
Q_(a+b)_4“7+[1+ L

] o

To give the form of the solitary impulse in Eq.(1),
we discuss the following three cases: equal, single and
double diffusions.

For the equal diffusion, we have Dy = Dy = Dy,
and then Eq.(6) becomes

= Pn+Q=0, (7)
where 17 = c5 2DoA? — \. From Eq.(7), we obtain

P+P?-4Q ®

n+ = 2

According to the nature of EM, an excitable
medium returns to its initial state after propagation
of an excitation wave. This implies that the rest state
U~ is always stable. Therefore, P > 0.

(1) P>0

We further distinguish three cases: (a) P? = 4Q);
(b) P? > 4Q; (c) P? < 4Q.

P

For P2 = 4Q, we have c,*DyA? — X — 3= 0,

14 4/1+2¢5%2DyP
Ay = ) (9)

20621)0

which gives
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With this, the solitary wave tail evolves according to
S(1) ~ Uge™"RT, (10)
while its head develops according to
S(t) ~Ure™™, (11)
as T — 00 or £ — —o0, Where

14 4/1+ 2¢,%2DoP

QCEZDO

1+ 4/1+2¢c, 2Dy P

2062D0

We call the solitary impulse a monotonic type, since

Nr = ’

nL =

the recovery to the rest state after excitation is mono-

tonic (see Fig.1).

0 T

Fig.1.

travelling impulse solution, S(7). Asymptotic form at

A possible profile of the monotonic solitary

small and large 7 values is displayed.

When P? > 4Q, analogously we may obtain

14 /1+ 26,2 Do (P + /P? - 4Q)

A ;
! 2062D0
1+ \/1+2cg2D0(P— P2 — 4Q)
Ao = — . (12)
200 DO

The evolution of the tail and front of the correspond-
ing solitary impulse takes a form similar to Eqs.(10)

and (11), respectively, but we have

14414+ 2¢°Do(P — /P 4Q)

Ir

26821)0 ’
1+ \/1+2cgzDO(P— P2 — 4Q)
= . (13
nr 2062D0 ( )
The solitary wave is also of monotonic type.
If P2 < 4Q, then we have
1+ \/1 + 2¢y 2 Do(r + is)
A = )
! 2062D0
1+ \/1 + 2¢4 2 Do(r — is)
)\2 = ’ (14)

2062D0
where r = P, s = \/4Q — P2, 1 = +/—1. The tail of

the corresponding solitary impulse evolves according
to

S(1) ~ Uge ™7 cos(vgpT + ¢R) . (15)
While its front evolves according to
S(7) ~ Ure™7 cos(vrT + ¢r), (16)

as 7T — 00 or r — —0Q, where

-1+ \/(1 + 2062D0r)2 + 4064D852 cos <arctan<

2cy 2 Dys >>
1+ 2062D07‘

_ , 17
TIR 2062D0 ( )
2¢5%D
1+ \/(1 + 2¢5°Dor)? + 4c * D52 cos <arctan<007_208>>
_ 14 2¢cy“Dor (18)
L = 2062D0 '
We call the solitary impulse of this form a double- which gives
oscillatory type since its tail and head evolve with os-
cillations (see Fig.2). 1+ /1 —4e;2Do\/Qi
A= — ,
(2) P=0 2¢,?Dy
—2 .
At the same time L£4/1+4c DoV/Qi
Az = ) . (20)
260 DO

cg?Do)* — N =+/Qi, (19)

The tail of the corresponding solitary impulse takes
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the form
S(r) ~ Ugre "7 cos(vgrT + ¢R) - (21)
While its front evolves according to
S(1) ~ Ure™7 cos(vpT + o), (22)

as 7T — 00 or r — —0Q, where

—14 /1 + 16¢, *D2Q cos(arctan(4c, 2Dy))

R = ZCEZDO )
(23)
14 4/1 4+ 16¢;*D2Q cos(arctan(4cy > D))
= 2662D0 ’
(24)

The solitary impulse is also of the double-oscillatory

type (see Fig.2).

~e&TRT cos(VRT 4 ¢5)

T

Fig.2. A possible profile of the solitary travel-

ling impulse solution of double-oscillatory type, S(7).
Asymptotic form at small and large 7 is displayed.

In the single diffusion case, for instance D; > 0
and Dy = 0, it follows from Eq.(6) that we have

—co?DiN® + (1 — ¢y ?D1)AN> +PA+Q=0. (25)

Notice that, in determining the asymptotic behaviour
of S(7), only those eigenvalues corresponding to slow-
est growth from 7 = —oo and slowest decay as 7 — oo
(i.e. smallest positive real part and least negative real
part, respectively) should be considered, as all other
eigenvalues contribute exponentially to smaller terms.
Therefore, out of all possible patterns of eigenval-
ues the two that appear applicable to Eq.(6) are ei-
ther n;, —ng or 1, —ng £ tvr, where n; and np are
positive. Thus, in the single diffusion case, possibly
only two kinds of solitary impulses appear: one cor-
responding to a solitary impulse with a monotonic
tail, S(7) ~ Ugre "7 as 7 — oo or ¢ — —oo; the
other pertaining to the case of an oscillatory tail,
S(7) ~ Ure™ """ cos(vpT + @r). In each case the head

of the solitary impulse is monotonic, S(7) ~ Upe™ ="

as T — —oo or ¢ — oo (see Fig.3). The system un-
dergoes a succession of supernormal periods until a

complete recovery is attained.

~¢ "R cos(VpT + br)

I
1
1
1
1
1
1
1
:
0

Fig.3. A possible profile of the solitary travelling im-

pulse solution of oscillatory type, S(7). Asymptotic

form at small and large 7 is shown.

Once we compare with the known Fitzhugh—

[16] we have

Nagumo equation,
Oyu = —v + 3u — u® + DO*u, (26)
v=oc(u—2¢),

where o represents the ratio between the timescales

of the two variables u and v, while £ stands for the

threshold of excitation; we find that here 1 + P corre-
sponds to the parameter £, and @ corresponds to the
parameter o. Therefore, if we study only the asymp-
totic behaviour of a solitary impulse in the Oregonator
model in the case of single diffusion, we construct the

following system

1
u=—-v+u— ——u>+D 6923 ,
U v+ u 3(1+P)u 005U (27)

0w =Q(u—1—P)+ Dyd%v.

One advantage of doing this is that it can help us
see clearly the threshold of excitation of Eq.(1).

We use Fig.4 to collect the above-obtained results
for the possible profiles of solitary impulse in Eq.(1).

Q

40 fF------"-"-"-"-"-"-"-"-"-"-=-=-=-- }i P2 = 4Q
3.0 Oscillatory é
Reovery '
2.0 E
1.0 Monotonici
Recovery

¢} 1.0 2.0 3.0 4.0 P

Fig.4. Phase diagram for the Oregonator model from
Eq.(1), showing parameter regimes which give rise to
a monotonic, oscillatory or double oscillatory tail of

the propagating impulse.
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If we consider the case of double diffusion, then
from Eq.(6) we know that possibly another kind of
solitary impulse appears rather than the three kinds
of solitary impulse obtained above: its head and tail
are not monotonic but non-oscillatory (i.e. the double
root in Eq.(6) appears). The tail of the corresponding

solitary impulse takes the form

S(1) ~ \/141—1—73%72 e "7 cos(vprT + dr);  (28)

while the head has the form

S(1) ~ /A2 + B272 "7 cos(vrT + ¢1.), (29)

as T — oo or £ — —oo (see Fig.5).

3

\

————

\/ A? + B'I!'r2

¢ TR cos(VRT + ¢4,)
FAVANAN

/

Ag + Bir?

T

" Tcos(Ver + )

P
4

<
<
<

O b ===

T

Fig.5. Asymptotic form of the solitary travelling-wave
solution of super-double-oscillatory type.

We call the solitary impulse of this form a super-
double-oscillatory type.

However, notice that, when recovering is not
monotonic but non-oscillatory, decay from a transient
overshoot of excitability can occur. This case can
lead to the formation of burst-like patterns during

propagation. (17]

m. ASYMPTOTIC BEHAVIOUR OF WAVE-

TRAINS
We let t;(z) denote the instant at which succes-

sive impulses pass through a given point x in the space.
Then we have t;(z) =

7; depends on the impulse initiation time. We approx-

— +7;, where the relative phase
Co

imate a general wavetrain, in which interpulse times
t; —t

period, by a superposition of solitary impulses'® of

_y are large relative to the absolute recovery

the form

Uz, t) =Y S(r—1)+R, (30)
J
where R is a correction term, and -y is a small param-
eter which vanishes in the limit of infinite interpulse
spacing.
If we use a regular perturbation scheme and em-

ploy Eq.(30) with 7; being constant, then R would

diverge. According to the singular perturbation the-
ory, the standard way for correcting this is to let the
constants depend weakly on z in a way which guar-
antees that R will remain small. Therefore we seek a
solution of the form of Eq.(30) with 7; = 7;(yx) and
R = R(7,~z). This representation thus allows for the
They will

not, in general, all travel at the same uniform speed

(%) o co. (31)

We first assume that 7 is smaller than 7n;, but of

transient interactions between impulses.

comparable size. The small parameter 7 is defined as
v = e =T where T is a typical time interval between
successive impulses. Substituting Eq.(30) into Eq.(4),
where 7; = 7;(yx) and R = R(7,~vx), we have

02U = Z 25”—}—7(2601ZS”TJ{—{—CO_283R)+O(72),

(32)

= N(X28,) 99N ( 3 8) R+0(), (39

(0.~ A)U = 3(8}—AS;)++(0,~ A)R+O(+?), (34)

J

N(U)

d
vER = —H(S fzcolpzy' TJ+0 %), (35)

where

£ =cy?Do-0-, +A+VN(ZS), Sj = S(r—=;),

- N(Zsj) SN 6D
ZS” +0(v),

we now make some 51gn1ﬁcant sunphﬁcatlons For
an analytic function F', we may write F(ZSJ-) =

Y F(S;)+0

j
in particular for N and VN. Then we see that
H(S;) = O(y) and

Based on the fact that (ZS

7). We assume that this relation holds,

£=c3"D02 -0, + A+ > VN(S;)+ 0(7). (38)
J
Now we define an operator £;
ij;- =0. (39)

Therefore
£S;- = 0(7). (40)
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To continue, we define an inner product by

“+o0
<U,V >= / U(r)-V(r)dr, (41)
where the dot denotes the usual scalar product in R?.
Consider the adjoint .,£’j+ of £; and assume its null

space has a group of bases by G;
£rG;=o, (42)
where G; = G(7 — 7;). Thus
£7G; = 0(7). (43)

When we multiply Eq.(35) from the left with G;,
the left-hand side is O(y2). Hence, the right-hand side
must also be O(y2). On using this condition, we ob-

tain
ﬂ < <H,Gj >

— . 44
dr  2<DS".G > (44)

We now focus on evaluating the integral <
H,G; > in Eq.(44). First we split the integration
interval into small segments A;, each of which con-
tains only one impulse peak. We then make use of the
exponential decay of S(7) as 7 — *oo. To neglect
contributions of N(S; # k)(k > 1) and terms propor-
tional to S; # (I > 2) in the integral over A;. Thus

we obtain the nearest-neighbour approximation

< H, Gj > Z/ (Sk_1 + Sk+1) . VN(Sk) . doT.
K YOk

(45)
According to our assumptions, the dominant contri-
bution to the term on the right-hand side of Eq.(45)
comes from the integral over Ay. For clarity, now we
change the integration variable from 7 to 6 = 7 — 7,

then we have

< H,Gj >%/ SO+ —7j—1)]+ SO+ 7 —Tj41))
A

. VN[S(8)] - G(6)dr, (46)

where A is the small neighbourhood of § = 0 in which
G and S are of significant size.

Since we consider the asymptotic behaviour of
solitary waves, we arrive at the final expression af-
ter substituting the two typical asymptotic forms

(i.e. solitary waves of monotonic and oscillatory) for

S(7)

< H, Gj >%VReinH(tj7tj71) COS[’UR(tj — tjfl) + 'I,ZJR]
+ Vye mltivi—ti) (47)

where
VR = \/ 5% + ‘fga
V= / ™00 -7 N[S(6)] - G(#)d8,
A
Pr = arctan(é—j) ,
and

&= /A " cos[vrl + ¢r|Ur - VN[S(6)] - G(6)d6,

& = / "0 sin[vrl + dr|Ur - VN[S(0)] - G(0)d6.
N

Letting
coVr coVL
- G¥R g CWVL g
o 2<DS".G>’ p 2<DS" G > (48)
. . x
and using the relation t;(z) = — + 7;(z), then from

Co
Eq.(44) we finally obtain

dt;
d—] =cyt + e~ (ti—ti=1) cos[vg(t; —t;_1) + YR]
T

+ Bem e (tir1—ti) (49)
Equation (49) describes the asymptotic behaviour of
motion of the wavetrain in Eq.(1).

IV.STABILITY OF WAVETRAINS

A steadily propagating general wavetrain, t(;-(ac) =

j
T
-+ ZTk is stable if every perturbed train, t;(z) =
c

k=1
t? (z)+P;(z), converges to the unperturbed one during

propagation.!'®! Let us begin with uniformly spaced,
infinite trains of the form

(@) =~ + (G - \)T+ 1, (50)

where T is the period of a train, c is speed, and T} is
an arbitrary phase. Substituting Eq.(50) into Eq.(49),

we find, to leading order in -,
c=co— cte =T cos(vpT + ¥R). (51)

Inserting the perturbed form ¢;(z) = t?(m) + Pj(z)
in Eq.(50), keeping only terms linear in P; and using
Eq.(51), we find

dP; _
g (P — Pim1)d(T). (52)

Equation (52) admits solutions in the form

Pj = A,e7=™ I 4 const, (53)
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where w ranges over integral multiples of _7r’ and N

is the number of impulses (N sufficiently large).

Once using the solutions of Eq.(53), we find that

the perturbation grows spatially at rates
Reo, = —c;%(1 — cosw)c/(T). (54)

Therefore, a uniformly spaced infinite wavetrain with
period T is stable if and only if ¢'(T') is positive.

Now we consider a non-uniformly spaced finite

wavetrain and assume that it takes the form t? =

Proceeding as before,

J
x .
;+§ Tk(]:17277N)
0 k=1

we find the linear equations to be

dpP, dP; _

PPl d—:cj = —¢ (P — Pi_1)d(Ty),  (55)
where j = 2,3,---,N. The characteristic equation
becomes

N
[Tlco¢ () + o] =0. (56)
k=2

Thus a non-uniform finite wavetrain is stable if and
only if ¢'(Ty) > 0 for each k.
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