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Some exact solutions of the Burgers equation and higher-order Burgers equation in (241) dimensions are obtained

by using the extended homogeneous balance method. In these solutions there are solitary wave solutions, close formal

solutions for the initial value problems of the Burgers equation and higher-order Burgers equation, and also infinitely

many rational function solutions. All of the solutions contain some arbitrary functions that may be related to the

symmetry properties of the Burgers equation and the higher-order Burgers equation in (2+1) dimensions.
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I. INTRODUCTION

Nonlinear differential equations are known to de-
scribe a wide variety of phenomena not only in physics,
in which applications extend over magnetofluid dy-
namics, water surface gravity waves, electromagnetic
radiation reactions and ion acoustic waves in plasmas,
to name just a few, but also in biology and chem-
istry, among several other fields. One of the impor-
tant tasks in the study of nonlinear differential equa-
tions is to seek exact and explicit solutions. In the
past few decades, both mathematicians and physicists
have made many attempts in this direction.t—21]

In this paper we consider the Burgers equation in
(2+41) dimensions/??!

Ut = Ugy + 2“1:8;1”937 (]-)

and the higher-order Burgers equation in (2+41)

dimensions/2?]

Up =4 Uy + 12uzz8;1um + 12ux8;1um

+ 12uz(8;1um)2, (2)

where 0, ! = [dy. Their Painlevé properties have
been checked by Chen and Loul®® recently. We
give some exact solutions of Egs.(1) and (2) by
using the extended homogeneous balance method
and the chopping-off technique which we developed
recently.?4 In these solutions there are solitary wave

solutions, close formal solutions for the initial value

problems of the Burgers equation and higher-order
Burgers equation, and also infinitely many rational
function solutions. All of the solutions contain some
arbitrary functions that may be related to the symme-
try properties of the Burgers equation and the higher-

order Burgers equation in (24+1) dimensions.

In section II, we give equations that the quasi-
solutions satisfy. In sections III and IV, we give exact

solutions of Egs.(1) and (2), respectively.

I. EQUATIONS WHICH THE QUASI-
SOLUTIONS SATISFY

A. Differential equation which the quasi-
solution of the Burgers equation in (2+1)
dimensions satisfies

According to the extended homogeneous balance
method, in order that the nonlinear term 2uz8y_1uw
and the second-order derivative term wu,, in Eq.(1)
can be partially balanced, we suppose that the solu-
tion of Eq.(1) is of the form

u(z,y,t) = p(z,y,t) + f(9)ea, (3)
where f(p) and ¢(z,y,t) are functions to be de-

termined, ¢(z,y,t) is called the quasi-solution and

p(z,y,t) is a known solution of Eq.(1), that is
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Substituting Eq.(3) into Eq.(1) and using Eq.(4), we
obtain
Up — Uy — Zumé?;luz
=— (F® +2f )iy + (91 — ¢ua
— 20,0, ' pa) oy f" = 2(f" + ) 0aPay
+ (0t = Paa — 2020, 'pa)y f. (5)
Putting the coefficient of ¢Z¢p, in Eq.(5) to zero,

we obtain an ordinary differential equation of f()
fO 42 f" =0. (6)
There is a special solution for Eq.(6) as follows

flp) =1In(p), (7)

thereby
fl2 — _f”- (8)
Substituting Eq.(8) into Eq.(5) and setting the
coefficients of f” and f’ to zero, we obtain an inde-
pendent differential equation of ¢(z,y,t) under the
condition of ¢, # 0,

Pt — Prax — 2§0way_1pw =0. (9)

This is just the equation that the quasi-solution
o(z,y,t) of the Burgers equation in (2+1) dimensions

must satisfy.

B. Differential equation which the quasi-
solution of the higher-order Burgers equ-

ation in (2+1) dimensions satisfies

Through a discussion similar to that for the case
of the Burgers equation in (24+1) dimensions, we ob-

tain

+ 12040, ' Poa + 1202(9; 'p2)?,  (10)

where ¢(z,y,t) is the quasi-solution of the higher-
order Burgers equation in (2+1) dimensions. p(z,y,t)

is a known solution of Eq.(2), that is,

Dt :4pzzz + 12pm3;117m
+12p. 0, 'puw + 12p.(9, 'pa)?, (1)

and the new solution of the Eq.(2) may be expressed

u(z,y,t) = p(z,y,t) + % In(p). (12)

Eq.(10) is just the equation that the quasi-solution
o(z,y,t) of the higher-order Burgers equation in

(24+1) dimensions must satisfy.

. EXACT SOLUTIONS OF THE BURGERS
EQUATION IN (2+1) DIMENSIONS

A. Solitary wave solution and the closed form

of the solution for the initial value problem

It can be verified that there is a special solution
for Eq.(4),
p(z,y,t) = f(y), (13)

where f(y) is an arbitrary function of y. In this case,

pz =0,p; =0 and

/pzdy =g(), (14)

where ¢(t) is an arbitrary function of ¢.
Substituting Eq.(14) into Eq.(9), we obtain

The solution of Eq.(15) is direct and simple. The

result reads

+oo

ooyt = o= / (€., 0

[(w—6)+G(1)]?
4t

d¢, (16)

G(t) = / g(t)dt. (17)

Starting from Eq.(3) and using Egs.(7) and (13),

we obtain

0
u(m’ Y, 0) = f(y) + o ln[go(a:, Y, 0)]7 (18)
thereby Y
J1u(e.8,0)—£(€)lde
o(z,y,0) = ¢(z,0,0)e ;o (19)

where p(z,0,0) is an arbitrary function of z.
Substituting Eq.(19) into Eq.(16), we obtain

+oo
1
(p(wayat) ZE/SD(E,(),O)

y
[ Tu(e.m.0)= f(m))dn— =8OR
eO

dé.(20)

Substituting Eq.(20) into Eq.(3) and wusing
Egs.(7) and (13), we obtain the closed form of the
solution for the initial value problem of the Burgers
equation in (241) dimensions.

If we choose f(y)=co=const and g(t)=c;=const

in Egs.(13) and (14), respectively, we can obtain

o(x,y,t) =1+ ecW{etlaly)tedlth+6(y) (21)



No. 12

The exact solutions of the Burgers equation and ... 1093

where a(y) and B(y) are two arbitrary functions of y.

Especially, if choosing a(y) as a constant and 5(y)
as a linear function of y, we can obtain a special solu-
tion of Eq.(15) as follows

w(xv Y, t) =1+ eo‘[z+(a+cl)t]+ﬁy’ (22)

where a and (3 are two arbitrary constants. Therefore,

we obtain

u(z,y,1)
1 1
=co + §ﬁ {1 + tanh<2{a[m +(a+e)t]+ ﬁy})} .(23)
It is very interesting that the soliton wave moves
at the vertical direction of beeline azx + By, and the

velocity and amplitude of the soliton relate to the ar-

bitrary constant 3.
B. Rational function solutions

Supposing another special solution of Eq.(4) is of
the form
p(z,y,t) = a(y, t)z® + b(y, t)x + c(y,t),  (24)

where a(y,t), b(y,t) and c¢(y,t) are functions to be

determined. Therefore we have

Pt — Pzxx — 2pw8y_1pm

_ [% — 8a(y, t) / a(y,t)dy} 22
" [% ~da(y1) [ b0y

s o]

[ )~ saty.t) - 20(0.1) [ iy 1)]

o [% “0)
x [% — 4A(y,t)B(y, t)}
oo | WD —na) - B0 (29
where
A(y,t) = [ a(y,t)dy, B(y,1)

b(y,t)dy, C(y,t) =/C(y,t)dy- (26)

Setting the coefficients of 22,z and z° to zero, we

obtain
(% % — 4A2(y,t)] =0, (27)
% % _ 4A(y,t)B(y,t)] =0, (28)
(% _8023;,75) —2A(y,t) — Bz(y,t)} _0. (29)
Solving Eqgs.(27)—(29), we have
A0 =~ A (30)
PO = 5y (31)
C(y,t) = Co(y) — % - %ln[t + Ao(y)], (32)

where Ao(y), Bo(y) and Cy(y) are new arbitrary func-
tions of y. Starting from Eq.(26), we obtain

A(y)

0 =3 AP (59)
ey, t) =Ch(y) — 430(?2/[)55)(2 é)?&(y)

b(y,t) and c(y,t) in Egs.(33)-
(35), we obtain a special solution p(z,y,t) of Eq.(4)

Substituting a(y,t),

p(z,y,t)
AW e { By(y)  Bo(y)4() }m
4t + Ao(y)]? t+Ao(y) [t+ Ao(y)]?
, 4By (y)By(y) + Ap(y) Ap(y)
* {00(‘”) T it Acw)] Tt AP }
(36)

In order to obtain new solutions of the Eq.(1) from
p(z,y,t) in Eq.(24), we suppose the solution of Eq.(9)

is of the series form

Zan Yt

Substituting p(z,y,t) in Eq.(36) and ¢(z,y,t) in
Eq.(37) into Eq.(9), we obtain

aan(yat)
— o ,t) —2(n+1)B(y

— (n+2)(n+1)ani2(y,t) = 0,

(z,y,t (37)

—4nA(y st)ant1(y, )
(38)

where n > 0.
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Using the chopping-off technique which we
have developed!?*l to solve Eq.(38), we may obtain
an(y,t)=0forn> N +1

CN(y)

CN— 1(y)
[t+ Ao(y)]V !

~ 2Nen(y)Bo(y)
[t + Ao(y)]V

an—1(y,t) =

CN— 2(y)
[t + Ao(y)]N 2

2(N — ey 1(y)Bo(y)
[t + Ao(y)|V 1

NV —1)ex ()
[t + Ag(y)|V 1
2N(N — 1)en(y)B3(y)

[t + Ao(y)]Y ’
...... (39)

anN-— 2(y7 )

en(y),
-, ¢1(y), co(y) are arbitrary functions of y.

aN—l(yvt)v"'v al(yvt)v

where N is an arbitrary positive integer,

CN-1 (y)) v
Substituting an(y,t),

4G, (1) (e

aop(y,t) in Eq.(39), Also,
substituting ¢n(z,y,t) obtained here and p(z,y,t)

we obtain ¢n(z,y,t).

in Eq.(36) into Eq.(3), we obtain a new solution

integer N we can obtain a ¢n(z,y,t).

In principle, for any positive
Therefore we
may obtain infinitely many solutions of Eq.(1) start-
ing from p(z,y,t) in Eq.(36), which are of the form of

the rational functions.

IV. THE EXACT SOLUTIONS OF THE
HIGHER-ORDER BURGERS EQUATION
IN (24+1) DIMENSIONS

For the special solution p(z,y,t) = po(y) of

Eq.(11), where po(y) is an arbitrary function of y,
Eq.(10) may be written as

(40)
where g1(t) = [p.dy = [0dy,g2(t) = [pzady are

two arbltrary functions of .
The solution of Eq.(40) is simple and direct. The

result reads

o(z,y,t) = Wﬁ/ (€9,0) {

(12t)2/3

—§) +12[G5(t) + Gs(1)]}Ga(2)

— &) + 12[G2(t) + G3(1)] }
(12t)1/3

Xexp<72G%<>__«x

t

where Ai(z) is the Airy function, and

@@:/m@% %®:/m@%

Ga(t) = [ (o). (42)
Using p(z,y,t) = po(y) and starting from Eq.(12),
we obtain
[lu(e.£.0)-£(¢)]ae
¢(z,y,0) = ¢(z,0,0)e° : (43)

Substituting ¢(z,y,0) in Eq.(43) into Eq.(41) and
substituting the result obtained here into Eq.(12), we
obtain the closed form for the initial value problem of
the higher-order Burgers equation (2).

If choosing g (t)=ci1=const and gs(t)=ca=const
in Eq.(40), we can obtain a solution of Eq.(40) as fol-

lows

o(z,y,t) =1+ exp(a(y){z + 4[o*(y)
+3cra(y) +3(cz + ¢t + B(y)]}), (44)

where a(y) and B(y) are two arbitrary functions of y.

(12t)2/3 >d5’ (41)

Especially if we choose a(y) as a constant, and

B(y) as a linear function of y, we obtain

o(z,y,t) =1 + exp(a{z + 4[a2
+3cia+ 3(ca + )t + Byl}). (45)

Therefore we obtain a solitary wave solution of

the higher-order Burgers equation (2)
1 1 9
U(m,y,t) =co + Eﬁ 14+ tanh Ea{x + 4[0{
+ 3cra+ 3(cy + )|t + ﬂy]}>:| . (46)

We also see that the soliton wave moves at the
vertical direction of beeline azx + By, and the velocity

and amplitude of the soliton relate to 3.
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