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EFFECTS OF COLOURED NOISE IN A TWO-MODE LASER SYSTEM"
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A homogeneously broadened two-mode laser system with multiplicative coloured noise is investigated when the

mode coupling constant £=2. An analytical result is obtained when two-dimensional decoupling theory is applied to

the system. The intensity auto-correlation function and effective eigenvalue of the laser system are calculated when the

difference of pump parameters, multiplicative noise strength and noise correlation time are varied. It is shown that the

multiplicative noise can enhance the fluctuations while the noise colour can reduce the fluctuations in the laser system.
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I. INTRODUCTION

In recent years, much attention has been paid to
the effects of coloured noise in nonlinear dynamical
systems.! 1% Phenomena such as noise-induced phase

(1-5] stochastic resonance,l®® mean first-

transitions,
passage time,®! non-equilibrium systems1°—13 and
laser systems!'*~22 are investigated when coloured
noise is included in these systems. In most of these
studies, only one-dimensional systems are considered.
However, coloured noise usually appears not only in
one-dimensional but also in two-dimensional (2D) sys-
tems.

In this paper, a two-mode laser system with mul-
tiplicative coloured noise is investigated theoretically.
In section II, a 2D decoupling theory is applied to
a two-mode laser system when both multiplicative
coloured noise and additive white noise are included
in the system. A mean field theory is employed to find
analytical solutions. The approximate result is com-
pared to the exact solution when the mode coupling
constant £&=1 in the white noise limit. In section III,
the intensity auto-correlation function A11(0) and the
effective eigenvalue AlL of the homogeneously broad-
ened two-mode laser system with mode coupling con-
stant £=2 are calculated. The effects of different val-
ues of pump parameters, multiplicative noise strength
and noise correlation time 7 are studied. A discussion

of the theory concludes the paper.

II. THEORETICAL ANALYSIS

A. Equations of motion

The dimensionless amplitudes r1(t) and r2(t) of a
two-mode laser system with both coloured and white

noises follow the Langevin equations/*%

dry 3 2 P
i ajry — Ary —€rsry + —
dt o . ! 2’1 27"1
d?“2

T asre — Ars — &riry + %

N ry 0 p n 1 0 Q1
0 7y 0 1 q2
_ | () N g11(r) p(t)
ha(r) go2(T) p(t)
Gui(r) q1(t) (1)
Gaz(r) q2(t)

Here the vector » = e,r; + eyro represents the am-
plitude of the two-mode laser field, a; and ay are the
pump parameters, and £ is the mode coupling constant
for the two-mode laser that takes the values £=2 and
&=1 for homogeneously and inhomogeneously broad-
ened lasers, respectively. The multiplicative coloured
noise p(t) and additive white noise ¢ (t) and g2(t) are

statistically independent. Their mean and variance
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are given by

(p(t)) =( =
(p(t)p( =—ex[ '”'} —
PS¢, (i,j=1,2)
(@:0),(#)) =Pbi36(t 1), 8

where P’ and P are the strengths of coloured and
white noises p(t) and g;(t) respectively, and 7 is the
noise correlation time.

The corresponding Fokker—Planck equation of the
probability density Q(7;t) of the variables r1(t) and

ro(t) can be written asl?’!
29(rt) __ Z o { mitriatr)
— o) B0l (1) — 7))
- JGur - lGunamol). @

Using the functional analysis, one has[16—19]

0

(p(t)3[r(t) — 7)) ~ Péffafn[gii(?‘)@(r;t)]- (4)

Here the effective noise strengthl!617] is given by

Pl

) (i) oY)

(11){L2) P’

(L) + T(2AMLY (L) + P)(In) + (I2)

where (I1) = (r?), and (I) = (r2).

If the variables of amplitudes r; and ry are trans-
formed to intensities I; and I, by the relations I; = r?
and I, = r3, the probability function Q(Iy, I5;t) cor-

responding to Eq.(3) can be written as

0Q(I1,Iz,1t)
ot
= 2R me - Zpu, pel
- 81— 1\£1,42 8]1 11\41,42
O (1, 1)@ - 2 [Do(h )AL, (6)
8[2 241542 I 22\41,42
where
Fy(I1, 1) =2(ay Iy — AI? — €01, + P+ Plg 1),
F2(I1,I2) 2(&1.[2 —AIz EIle +P+Pﬂ‘12)
Dy1(I1, Is) =2(PI, + PlgI}),
Doy (11, I) =2(PI, + PlgI2), (7)

and Egs.(4) and (5) are used to replace the corre-
sponding terms in Eq.(3).

B. Comparison of steady-state solutions

In the time limit ¢t — 00, 0Q(I1, I2;t)/0t = 0, the
laser system reaches a steady state. The stationary
probability distribution Q(I1,I3) can be obtained if
the mean field theory is used with £I115 = £(I3)]; in
Fi(I1,15) and €1y = £(I1) 15 in F5(I1,13) in Eq.(7).

Then one has[?4
Q(I1,I;) =N(P + PlgI,)" (P + PlgI>)"
-exp[—ay(I; + )] (8)
Here N is the normalization constant, and
a1 :A/P,
1 =(a1 — &(I2) + AP/Plg)/ P,
B2 =(az — §(I1) + AP/Plg)/Pog = 1. (9)
In order to see the validity of the 2D decou-
pling theory, it is necessary to compare the steady-
state solution Eq.(8) with the known exact results.
In Ref.[14], the exact analytical result of the steady-
state intensity distribution function in an inhomoge-
neously broadened two-mode laser system has been
derived for multiplicative white noise when the mode

coupling constant {=1 with equal pump parameters,

i.e. a1 = ap = a. The exact steady-state distribution

function is of the form!10]
Qc(I1, ) = Ni[P + P'(I, + 15)]P x exp[—a(I} + I,)].
(10)
Here N; is the normalization constant and
1 P

The steady-state intensity distribution functions
from Egs.(8) and (10

tiplicative white noise when the mode coupling con-

) are plotted in Fig.1 for mul-

stant £ is set to one with equal pump parameters

a1 = az = a =—5 and 5 respectively. It is seen that
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the shapes of the distribution function Q(I,I) and
Q.(I1,I5) are almost the same. There are small de-
viations between the two curves when the value of I
is small. For a relatively large value of I, the two
Therefore, the
2D decoupling theory can be extended to a two-mode

curves are almost indistinguishable.

laser system for multiplicative coloured noise, espe-
cially when the mode coupling constant £ is greater
than 1 and the pump parameters a; and as are dif-
ferent. In the following calculations, only Egs.(8) and
(9) are employed.
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Fig.1. The steady-state intensity distribution Q(I1,I2) of

the two-mode laser is plotted as a function of the inten-
sity I; when the multiplicative noise is white. The parame-
ters are dimensionless and are chosen as: P’ = 10, P = 2,
a1 = ag = a,ly = 0. —e—: decoupling theory with mean field

approximation; ——: exact solution. (a) a=—5; (b) a=5.

. AUTO-CORRELATION FUNCTION
AND EFFECTIVE EIGENVALUE
The mean values of the intensities (I7) and (I3),
auto-correlation function Aq;(0) and effective eigen-
value A!% of the laser system can be easily calculated
from Egs.(8) and (9), and are given byl!%]

oo

(I = /Ii"Q(Il,Ig)dIIdIQ, (1=1,2)
0
z 2P
)\11(0) = <Il> 1, and )\11

AAC = o Y

The auto-correlation function Ay1(0) and the ef-
fective eigenvalues A\l are plotted in Fig.2 as functions
of the mean laser intensity (I) = (I1) + (Io) for differ-
ent values of the multiplicative coloured noise strength
P’, when other parameters are fixed constants. The
mode coupling constant is £=2 and the difference of
the pump parameter Aa = a; —ay # 0. It is seen that
there is a peak in the curve of A;1(0). The height of the
peak increases with the increasing value of multiplica-
tive noise strength P’, but the position of the peak is
almost unchanged (see Figs.2(a) and 2(b)). It is also
seen that the fluctuation of the weak mode shows the
property of the thermal light since the value of A11(0)
is always close to one but never tends to zero as (I)
becomes very large (see Fig.2(a)).

For the effective eigenvalue Al} of the two-mode
laser system, it is seen that the value of A} de-
creases with the increasing value of multiplicative
noise strength P’ (Figs.2(c) and 2(d)).
large difference exists between the weak mode with
Aa = —10 (Fig.2(c)) and the strong mode with
Aa = 10 (Fig.2(d)).
of AlL is “U”-shaped. The value of the effective eigen-

However, a

For the weak mode, the curve

value A!L is almost the same as P’ increases for very
small and very large values of (I) (Fig.2(c)). For the
strong mode, the curve of )\(13131r is “U”-shaped when
P’'=0 while it is “L”-shaped when P’ is greater than
zero. The value of the effective eigenvalue A% is al-
most the same as P’ increases for very small values of
(I) but it decreases very fast as P’ increases for very
large values of (I).

The auto-correlation function Ay1(0) and the ef-
fective eigenvalue A} are plotted in Fig.3 against the
mean laser intensity (I) for different values of noise
correlation time 7 when other parameters are fixed
constants. It is seen that there is a peak in the curve of
A11(0). The height of the peak decreases as the value
of the noise correlation time 7 increases (Figs.3(a) and
3(b)).

for weak and strong modes as 7 increases.

The position of the peak is shifted oppositely
For the
weak mode with Aa = —10, the position of the peak
is shifted to a small value of (I) as the value of 7 in-
creases (Fig.3(a)). For the strong mode with Aa = 10,
the position of the peak is shifted to a large value of
(I) as the value of 7 increases (Fig.3(b)). The fluctu-

ation of the weak mode also shows the thermal light

property.
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Fig.2. The auto-correlation function A11(0) and effective eigenvalue )\ié of the two-mode laser as functions
of the average intensity (I} = (I1) + (I2) for different values of multiplicative coloured noise strength P’.
The parameters are dimensionless and are chosen to be: £ =2, P=2,7=0.2. ------ P'=0; ------ P’=10;
—— P’=20. (a) and (c) Aa=-10; (b) and (d) Aa = 10.
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Fig.3. The auto-correlation function A11(0) and effective eigenvalue /\1f1f of the two-mode laser as functions of
(I) for different values of the noise correlation time 7. The parameters are dimensionless and are chosen to be:
7=0.1; — 7=0.2. (a) and (c) Aa = —10; (b) and (d) Aa = 10.

¢ =2, P=2, P'=10.
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The curve of the effective eigenvalue A% also de-
creases as the value of the noise correlation time 7 in-
creases (Figs.3(a) and 3(b)). For the weak mode with
Aa = —10, the curve of AlL is “U”-shaped. There is
only a small deviation when the value of 7 is changed.
For the strong mode with Aa = 10, the curve of Al} is
“U”-shaped for white multiplicative noise with 7=0,
but it is “L”-shaped with a long tail when the value
of 7 is greater than zero.

The auto-correlation function A11(0) and the ef-
fective eigenvalue AlL versus the mean laser intensity
(I) are plotted in Fig.4 for different mode coupling
constants £=1 and 2 while other parameters are fixed
constants. The curve of Ay1(0) decreases as the mode
coupling constant £ increases from 1 to 2. For the

weak mode with Aa = —10, there is almost no dif-
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ference between the curves of £&=1 and £=2 when the
two-mode laser system is below the threshold with a
small value of (I). There are large deviations when
the system is above the threshold with a large value
of (I) (Fig.4(a)). For the strong mode with Aa = 10,
there is only a small difference between the curves of
¢=1 and £=2 (Fig.4(b)).

From the curves of the effective eigenvalue A1} for
the weak mode, it is very interesting to note that A%
is “U”-shaped for the homogeneously broadened two-
mode laser system with the mode coupling constant
£=2 while A} is “L”-shaped for the inhomogeneously
broadened laser system with mode coupling constant
¢=1 (Fig.4(c)). For the strong mode, the curve of A%
is “L”-shaped and there is almost no evident difference

between the curves of £=1 and £=2.
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Fig.4. The auto-correlation function A11(0) and effective eigenvalue )‘iflf of the two-mode laser as functions
of (I) for different values of the mode coupling constant £. The parameters are dimensionless and are chosen
tobe: P=2,P' =10, 7=0.1. — £=1; -+ £=2. (a) and (c) Aa = —10; (b) and (d) Aa = 10.

IV. DISCUSSION

The 2D decoupling theory is applied to a two-
mode laser system that includes both multiplicative
coloured noise and additive white noise. The approx-

imate result from the decoupling theory is compared

to the exact solution from a two-mode laser theory
with mode coupling constant £=1 in a multiplicative
white noise limit. Excellent agreement is obtained. It
is evident that the decoupling theory can be extended
to the 2D coupled nonlinear system that includes mul-

tiplicative coloured noise.
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Then the auto-correlation function A;1(0) and
the effective eigenvalue AlL are calculated from the
steady-state intensity distribution function Q(Iy,I>)
with the mode coupling constant £=2 for different val-
ues of multiplicative coloured noise strength P’ and
noise correlation time 7 when pump parameters are
different with Aa = —10 or 10. It is shown that in-
creasing the value of multiplicative noise strength P’
can enhance the fluctuations in the laser system, while
increasing the value of the noise correlation time 7 can

reduce the fluctuations in the system. When the mode

coupling constant ¢ is changed from 1 to 2 the value
of the effective eigenvalue A!L is increased sharply as
the mean laser intensity (I) is very large for the weak
mode with Aa = —10. For the strong mode with
Aa = 10, there is almost no difference between the

curves of £ =1 and £ = 2.
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