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A system of first-order differential equations is expressed in the form of first-order Lagrange equations. Based on

the theory of symmetries and conserved quantities of first-order Lagrange systems, the perturbation to the symmetries

and adiabatic invariants of first-order Lagrange systems are discussed. Firstly, the concept of higher-order adiabatic

invariants of the first-order Lagrange system is proposed. Then, conditions for the existence of the exact and adiabatic

invariants are proved, and their forms are given. Finally, an example is presented to illustrate these results.
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I.INTRODUCTION

More and more attention has been paid to re-
search on symmetries and conserved quantities of me-
chanical systems and many results have been reported

These results have enriched the
[1-8]

in recent years.
knowledge of the essence of mechanical systems.
In 1917, Burgers first proposed adiabatic invariants
which pointed to a special kind of Hamilton system.!"!
The adiabatic invariants are almost unchanged when
the parameter varies very slowly, and these play a very
important role in research on the quasi-integrability of
a mechanical system. In fact, the fact that the param-
eter varies very slowly is identical to the action of a
small perturbation, so we have carried out research

using the latter model in this paper.

The Lagrange systems in mechanics are usu-
ally of second order, i.e. the Lagrange functions in-
clude second-order terms of velocity. In biochemistry,
molecular biology, physiology, ecology and social sci-
ences, many systems can be described by first-order
ordinary differential equations, and some of these can
be expressed in Lagrange forms. So these Lagrange
systems are of first order, i.e. the Lagrange func-
tions are linear formulae of velocity. For example, the
change rate of chemical concentration variables in the
Lotka biochemistry oscillator!®! is just a first-order

Lagrange system.

The study of adiabatic invariants has become

a popular subject in mechanics,'1=13] atomic and

molecular physics,['* etc. In this paper, we discuss
the adiabatic invariants of the first-order Lagrange
systems from the viewpoint of symmetries and con-
served quantities. Firstly, we construct the equations
of the first-order Lagrange systems, and propose the
Then,

we prove the conditions for existence of the exact and

concept of higher-order adiabatic invariants.

adiabatic invariants, and give their forms. Finally, we

present an example to illustrate these results.

I. DIFFERENTIAL EQUATIONS OF THE
SYSTEM AND THEIR LAGRANGE RE-
ALIZATION

A general system of first-order differential equa-

tions can be expressed as

Fs(taqkaqk) =0

Equations (1) can be expressed in the form of first-
order Lagrange equations under certain conditions;

that is, a function exists

n

s=1
such that
d oL oL
A Lk =t ®

The conditions of the Lagrange realization for Egs.(1)
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are their self-adjoint conditions as follows:

OF,  0F,
8‘jk 3‘13 ’

OF, o0F} d 0F}

— = - — k=1,---,n). (4
dqr  9qs  dt Ogs (s, com- @4

The Lagrangian has the form!!%]

L(t,q,q qu/ Fy(t,rq,7q)dr,  (5)

where the Lagrangian is called the direct analytic ex-
pression.

If the equations are not self-adjoint, they can be-
come self-adjoint after being multiplied by some mul-

tiplicators hgk(t, g). So we have

doL oL &
LI T N ha(t,q)Fiult. q,
56, Ba. ; k(t,q)Fi(t,q.q)

(3:17"'vn)7 (6)

where the Lagrangian is called the indirect analytic

expression.
So the system of first-order equations (1) can be
expressed as the following first-order Lagrange equa-

tions

4oL 9L
dtdgs  9gs

(s=1,-m).  (7)

II. INFINITESIMAL TRANSFORMATIONS
AND EXACT INVARIANTS

We introduce the infinitesimal transformations of

time and variables

t* =t+er'(t, q),
q: (t*) =ds (t) + Efg(t, q)7 (8)

where ¢ is an infinitesimal parameter, and 7° and ¢°
are infinitesimal generators. Now we introduce an in-

finitesimal generator vector

x© = + Zfs 9, (9)

and its first extension

n

F3E@ -0 ()

s=1

x1) — x(0)

The invariance of Egs.(1) under the infinitesimal
transformations (8) leads to the satisfaction of the fol-

lowing determining equations

OF, o ~=0F, , ~=0F., : . .o
— — =0.
ot | £ 9y, (& = 47) 5

(11)

Definition 1 If the generators 7° and ¢° sat-
isfy the determining equations (11), then the corre-
sponding transformations are called the Lie symmet-
rical transformations, and the corresponding symme-

tries are called the Lie symmetries.

The Lie symmetries do not always imply exact in-
variants. The following theorem gives the conditions
of the existence of exact invariants and their forms.

Theorem 1 For the infinitesimal generators 7°

and £° satisfying the determining equations (11), if
a gauge function G° = G(t,q) exists satisfying the

following structure equation
L+ xW()+G° =0, (12)

then the system (7) possesses the following exact in-

variants

9 §,7°) + G° = const.  (13)

" L
Ip=Lr°
0 T+;aqs(

Proof

Differentiating Iy with respect to time ¢, and con-

sidering Eqs.(12) and (7), we have

Al : ddL ., .
dt =L+ L7 +Zdt8 (€2 —4¢:7)
#3020 0 50)
s:laq.s ’ ) )
oL " 9L

0 _9% 0 0

T T o S;aqss
> @ 0)

s=1

"/d L AL\, . .
- < — ¢,7%) = 0.
;(d S [GRE

IV.PERTURBATION TO THE SYMME-
TRIES AND ADIABATIC INVARIANTS

Firstly we give the concept of higher-order adia-
batic invariants.

Definite 2

cluding € in which the highest power is z in a mechan-

If I.(t, q, €) is a physical quantity in-

ical system, and its derivative with respect to time ¢
is in direct proportion to €**1, then I, is called a zth-

order adiabatic invariant of the mechanical system.

Suppose the first-order Lagrange system corre-

sponding to Eq.(7) is perturbed by small quantities
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eWy, then the equations of motion of the system be-

come

d 0L oL
dt 9q,  Og,

=eWs (s=1,---,n). (14)
Due to the action of eWj, the primary symmetries and
invariants of the system may vary. Suppose the varia-
tion is a small perturbation based on the symmetrical
transformations of the system without perturbation,
and 7(t,q) and &,(t, q) denote the generators of time

and space respectively after being perturbed, then

T:TO+€T1+€2T2+~--,
gs:£g+5£;+52£§+a (15)

and they satisfy

n

Li+ XW(L) 4+ &) Wil — g

s=1

)+G=0; (16)

where

X(l — 0) + Z
= N
_T*‘FZES Z 5 qu)ﬁ
=1 s
with G in Eq.(16) being a gauge function. We let

G=G"+eG' +*G* + - -+, (17)

X7

. 0
Z &~ i) 5. (19)

Substituting Egs.(15) and (17) into Eq.(16), we obtain

n

L+ XL+ Y Wbt =g )+ GF =
s=1
(k:071727"')7 (19)

when k=0, the condition W;=0 holds.

Theorem 2 For a first-order Lagrange system
perturbed by small quantities eWy, if the generators
7(t,q) and (¢,
tions satisfy the structure equation (19), and G*(t, q)

g) under infinitesimal transforma-

is the gauge function, then

Izzz [L +Z —g,7"

k=0

)+ G*

is a zth-order adiabatic invariant of the mechanical

system.

Proof

ar, &
at > <
k=0

[er + Lk

k - quk)

d8L

+ ; Dt oq
Z Ws fk - q.s _1):|
s=1
a d oL oL
k k -
P 06 [ (dt dgs >(§ ™)

n

=) WL - gt 1)]

s=1

— L — xW(L)

Using Eq.(14), we have

ar =3 [zswsg — )

k=0 s=1

n

DA qﬁ’“)] :

s=1

Expanding the above formula and making a summa-

tion, we have

drI -
z 2+1§ W.(&7 1
dt ) s=1 (& =)

It shows that dI,/dt is directly proportional to ¢**!
so I, is a zth-order adiabatic invariant of the mechan-

ical system.
V. AN ILLUSTRATIVE EXAMPLE

For a concrete system of first-order differential
equations, firstly, we verify whether it satisfies the
self-adjoint conditions, and if not, whether it satis-
fies them after being multiplied by some multipli-
cators.
Eq.(5).

tions. Lastly, we construct the structure equation. If

Secondly, we construct the Lagrangian by

Thirdly, we construct the determining equa-

we can find a gauge function from the structure equa-
tion, then we can solve for the exact and adiabatic
invariants by theorems 1 and 2, respectively.

The differential equations of the Lotka biochem-

istry oscillator arelt0]

q1 =1 + 16, G2 = ag + Poelt, (20)

where ai,as, (1,82 are constants. Now we try to
study the exact and adiabatic invariants of the sys-

tem.
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Firstly, the system (20) is expressed in the La-

grange form, and Eqgs.(20) can be rewritten as

Fi = go—as—fhe™ =0, Fp=—Gi+a1+pie? =0,

(21)
which satisfy the self-adjoint conditions (4). The La-

grangian (5) gives
1
L = — Ch/ (Tq.g — Qg — ﬂgeqlT)dT
0

1
- C12/ (—7¢1 + a1 + B1e®7)dr
0

1, . .
=- 5(‘11% — q2q1) + (2q1 — B1e®?)

— (a1g2 — B2eT) — B2 + Br.

Secondly, we construct the determining equations

and solve them. The determining equations (11) give
€0 — (ay + B1e?) 70 = Bre®2¢,
€9 — (az + B2e™)7 = Bre®iey,
and they have solutions
=1 &=&=0.

They correspond to the Lie symmetries of system (20).
Thirdly, we construct the structure equation.
Eq.(12) gives

. 1.
LTO+§?<— §q2+a2+ﬁ2eq1>

1.
+ &5 <§fh —a1 — ﬁ1eq2>
1 .. 1 .. .
+ qu(f? —17°) — 5611(53 —¢27") + G° = 0(22)

which has a solution

G’ =o0. (23)

So we can obtain the following exact invariant by the-
orem 1

2
oL
I :L —_— —_qs
0 sz:; 94
=aq1 + Bae? — a1qz — B1e? — o + By
=const. (24)

Lastly, we study the adiabatic invariants of the
system. We suppose the system is perturbed by small

quantities as follows
EWl = &4q1, EW2 = €q2. (25)

The structure equation (19) gives

1.
L' + ¢ < T o + ag +ﬁ2€q1>
1 1 3 q2
+& pdr— o1 = Bie
1 1 - -1 1 SIS
+ 5@(51 —q17) — 5%(52 — GaT")
—|— Wl(&? — (].17'0) —|— Wz(gg — (jQTO) + Gl = 0 (26)
which has solutions as
=1

1
, &=6=0, G1=§(qf+q§)~ (27)

So we can obtain the following first-order adiabatic

invariants by theorem 2

Iy =a2qy + B2e™ — ayqa — 1€ — o+ By

+e|azq + PBae™ — aiqs — Bi1e®
L oo 5
—ﬂ2+ﬁ1+§((h +a3) |-

Furthermore we can obtain more higher-order adia-

batic invariants.
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