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The Rayleigh identity, based on a multipole expansion theory, is extended to analyse the forces between particles

in an electrorheological system. The shear modulus for chains of particles arrayed on a square lattice is calculated. It

is found that the modulus increases linearly with the ratio of dielectric constants of the dispersed particles to that of

the continuous phase; as the ratio becomes larger, contrary to the expectations from a simple dipole approximation,

the modulus would saturate. In the case of conducting particles, the modulus varies with the frequency of the applied

field. In a limiting case of perfectly conducting particles, the conductivity is also considered. It is found that the

particle—particle forces are extremely sensitive to their separations from each other.
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I. INTRODUCTION

Electrorheological (ER) fluids have attracted con-
siderable attention in recent years because of their
potential applications as well as interest in unsolved
scientific problems.[!=6] The conventional picture of
particle—particle interactions is that an external elec-
tric field Fy induces a dipole moment on the particle,
which causes particles to form chains in the field di-
rection. Both dispersed and continuous phases are
assumed to be uncharged and have zero conductiv-
ity. This chain structure gives rise to the increase of
viscosity and shear yield strength, which are gener-
ally proportional to E2, as expected.[]] However, as
pointed out by Davis et al.,[®7 the simple dipole ap-
proximation must break down, and higher multipole
and fields from other particles must be included. The
dielectric polarization analysis is valid only when con-
ductivity effects are absent. It was suggested that the
conductivity dominates the field patterns even before
the chains start to form. Hence, a conceptually more
serious objection to the simple picture is that it omits,
for dc and low-frequency excitation, the effects of con-
ductivity.

In this paper, the Rayleigh identity based on a
multipole expansion theory is extended to deal with

the forces between particles in ER fluids within a

Maxwell-Wagner approach. The evaluation of the ef-
fective dielectric constant is emphasized. A limiting
case of infinite particle conductivity is considered, and
the shear modulus for chains of particles arrayed on a
square lattice is calculated for various ratios of particle
to fluid dielectric constants and those of conductivi-

ties.
II. EXTENDED RAYLEIGH IDENTITY

In the Maxwell-Wagner model, the permittivi-
ties and conductivities of the individual phases are
assumed to be independent of the applied field fre-
quency. The complex dielectric constants of the dis-

persed and continuous phases are written as!?

* .U
e (we) = e — L&, (1)

where k = p,c represent the dispersed particles and
continuous phase, respectively; j = v/—1, and the as-
terisk represents complex quantities.

For simplicity, we assume that the particles have
a uniform radius size a and are aligned along the ap-
plied ac field Eq = Re{Eye’“-t}e. in chains which are
arranged on a square lattice. Particles form a simple
tetragonal lattice with spacing d in the z (vertical) di-
rection and w in the z and y directions. Consider an

isolated sphere in the uniform ac electric field. The
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complex potential will satisfy the Laplace equation in
the bulk phase and can be expanded about a sphere
centre O in the following ways, ®!

P00 =30 3 CurYin0.0), (@)
l=0m=-1
08 = 3 S (i + B~ Yi(6,6)

1=0m=—1

(3)
where Y},,,(0, ¢) is the spherical harmonic of the order
(I,m); ¥** and 1*° are the expansions inside and out-
side the central sphere, respectively. The coefficients
A, and By, will be determined for the specific in

question.
By using the boundary conditions at the surface
(r = a) of the sphere and the complete orthonormal
nature of spherical harmonics, we can obtain the fol-
lowing relationships between the coefficients in the ex-

pansion of the potential outside the particle,

Blm

where 1
— X
T =——"——-, 5
SN ®)
X = €y /¢€c. (6)

‘We need one more relation between Aj,,, and B,,,
other than Eq.(4), to determine them. Consider the
expansion (3) for » > a. It contains a series of
terms which increase with r and thus correspond to
the sources located outside the central sphere, since
the sources in this sphere can only give a contribu-
tion decreasing with r. The other series represents
the contribution to the potential from sources on the
central sphere. Then we can write a crucial identity,
the Rayleigh identity, which expresses the fact that
the potential expansion not singular at (O) is due to
terms originating at infinity and at the other lattice

sites,[®]

> Al Yim (0,
lm

Blm
=Eoz+ Y Y. Vi (61, 1),
i#0 Im Pi
(7)

where the sum over i is understood to run over all
spheres other than the central one. Coordinates
(pi,0;, ;) are measured relative to the centre of the
ith sphere.

Equation (7) is valid for all points in the imme-

diate environment of the sphere at the origin. Using

the general form of the addition theorem of spherical
harmonics and its completely orthonormal nature, we

obtain the extended Rayleigh identity,

> [<alk3+a2)+ﬂ
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= Z p;lflle(cos 0;) cos(ma;), (16)
i=1
and m and m' range from —I to [ and —I’' to I’, re-
spectively.

The frequency dependence of Bj,, which is the
real part of By, gives rise to the frequency depen-
dence of the yield stress and the shear modulus de-
scribed below. The imaginary part of By, character-
izes the electrical dissipation of the system. It should
be emphasized that the present formulation is rigor-
ous and automatically includes two important effects:

local-field correction and all multipole terms.

Im.SHEAR STRESS AND SHEAR MODU-
LUS

In the absence of nonelectrostatic force, the free
electrostatic energy of an ER system is proportional
to the real part of the complex effective dielectric con-
stant (€efr), and thus the determination of the struc-
ture and properties of the ER fluid may be reduced
to one of the effective dielectric constant optimization
and perturbation calculations. Following the deriva-
tion of effective magnetic permeability, we have ob-

tained the formula of the effective dielectric constant
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of the two-component composite in which particles are

arrayed in a certain periodic structure,[
ANTB
V Eq

where N is the number of particles in a unit cell of

Eeff = 1-— , (17)

volume V.

In order to calculate the shear stress, it is nec-
essary to perturb the system away from its origi-
nal structure. We assume the chain structure to be
sheared by an angle 6 and the shear rate to be in-
finitesimal. In the absence of nonelectrostatic force,
the free energy of the system changes an amount of
A(—E - D/2), and thus the shear stress is

1 8693(9) 2
iﬁcwEO. (18)

When a small shear is applied to the system, the

T=-

interparticle spacing d along the z direction increases,
which results in the principal variation of €.g. In this

case, 3d/00 = 6d and T = GO, so we have

1 aeeﬂr
= —€¢ —d
G =gel-d5,

subject to the constraint of the constant particle vol-

)Eg, (19)

ume fraction.
IV.NUMERICAL RESULTS

By solving identity (8), we can obtain the value
of Bj ; which may be used in Eq.(17) to calculate the
effective dielectric constant. Then, we evaluate the
shear stress. The frequency of the applied field is as-
sumed to be high enough and the conductivity effects
are unimportant. The computed static yield stress
7 is displayed in Fig.1 for a typical volume fraction,
f = 0.2, and a typical electric field 2kV/mm. From
Fig.1, we can see that 7 almost increases linearly for
a small shear. As 6 increases, T reaches a maximum
which is defined as the static yield stress. The dashed
curve indicates an unstable regime. This agrees with
the results of Ma et al.[%]

A comparison for G between our result and the
dipole approximation is made in Fig.2, in which the
conductivity effects are also neglected. We can see
that G becomes almost linear for o = €, /€. as large
as 25, which differs entirely from the dipole approxi-
mation result in which it saturates at large «. This is
because the dipole approximation is expected to break
down, and multipole interactions become much more
important when particles nearly touch or o becomes
so large that 8 = (a — 1)/(a + 2) is near unity. The

present result agrees well with that of Davis.[”]
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Fig.1. Calculated stress, in pascal units, plotted as
a function of strain, i.e., the title angle 6 as defined
in the inset. The dashed curve indicates the unstable
regime. The parameters used in the calculation are
ep/e€c = 5.0, E=2.0kV/mm and f = 0.2.
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Fig.2. Shear modulus G divided by €. versus ep/ec.
The volume fraction is f = 0.2 and the applied elec-
tric field is E=2.0kV/mm. The curve labelled “ERI”
is from the extended Rayleigh identity and the curve
labelled “dipole approx.” is from point dipole approx-

imation with local field corrections.

From the shear strain dependence of the effec-
tive dielectric constant, the dependence of shear mod-
ulus G on the frequency of the applied field is calcu-
lated. The computed shear modulus G/e. is shown
in Figs.3(a) and 3(b), in which the volume fractions
of particles are both 0.4. In order to investigate the
conductivity effects of a real ER system, two cases are
considered: the ratio of dielectric constants (ep/€.) is
smaller or larger than that of conductivity (o,/0¢).
As can be seen in Fig.3(a), the shear modulus G is
larger when the frequency of the applied electric field
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is lower. This is because o,/0, > €,/€e. and the po-
larization of particles is dominated by conductivities.
When the frequency becomes as large as 10Hz, G de-
creases rapidly as the polarization of particles is dom-
inated by dielectric constants, unaffected by conduc-
tivities. The shear modulus in Fig.3(b) changes, in
contrast to Fig.3(a), as 0,/0. < €,/ec, i.e., the shear
modulus under ac excitation is larger than that un-
der dc excitation. The transition frequency is about
200Hz, which is larger than that in Fig.3(a), for the
conductivity of fluids (1078S/m) is higher than that
in Fig.3(a) (1071°S/m). This result agrees with that

of Davis et al[2:10]
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Fig.3. Shear modulus G divided by ec, as a function of
the frequency of applied electric field we: (a) ep/ec =
10 and op/oc = 1005 (b) e€p/ec = 32 and op/oc = 5.
The particle volume fraction (f) is 0.4 and the electric
field is Eg = 2.0kV/mm.

The calculated results of a limiting case of infinite
conductivity of particles are displayed in Fig.4. As d
approaches 2a (particle touching), de./9d appears to
diverge, as has been noted before by Klingenberg et

al.l' This means that the particle-particle forces are

extremely sensitive to their separation, but could be
much larger than in the dielectric regime. If €, were
much larger than €., a similar effect would occur, but
it is difficult to obtain ratios of €, to €. greater than
about 80 : 2.5. However, it is likely that the value of
op/0. could be as large as 103.17] This suggests that
the common observation, that yield stress decreases
in going from dc to ac excitation, may result from the
passing of a conductivity regime (dc) into a dielectric
regime at large w,. Furthermore, this picture would
suggest that attempts to increase the yield strength
by increasing €, will be fruitless unless ac excitation

is employed.
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Fig.4. Effective dielectric constant €.g (in the direc-
tion of the electric field) of ER fluid with infinitely
conductive spherical particles of interparticle spacing
d. The slope of e.g versus d diverges when particles
touch (d = 2a).

V. DISCUSSION AND CONCLUSIONS

The electrical interaction of particle—particle
forces in an ER system is most important for the appli-
cation of ER fluids. Dipole approximation is expected
to break down when particles are nearly touching or «
becomes large. However, realistic ER fluids often have
large «, and thus multipolar interaction must be con-
sidered. In this paper, we have extended the Rayleigh
identity based on a multipole expansion to deal with
particle—particle forces and the effects of conductiv-
ity. One can see large differences between our results
(Fig.2) and that of the dipole approximation. This is
because the dipole approximation is expected to break
down and multipole interactions become much more
important when particles nearly touch or the a be-
comes so large that § = (« — 1)/(a+ 2) is near unity.
We do not attempt to make a detailed comparison

between our results and experiments because of the
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lack of measurements reported on well characterized
systems at frequencies where conductivity effects are
included. However, the curve of €.g of the limiting
case of infinite conductivity of particles versus the in-
terparticle spacing d and that of shear modulus G/e.
versus the frequency of the electric field show good
agreement with the results of Ref.[9]. From our re-
sults, we may explain, qualitatively, why high dielec-
tric constant materials, such as barium titanate, do
not show a very large ER effect in dc fields, and why
many systems exhibit a decrease in apparent viscosity
with increasing electric field frequency.[!?]

One of the implications of the present study for

the design of stronger ER fluids is that a large ratio
of particle-to-fluid conductivities, o,/0,, is necessary
for dc or low-frequency applications. As noted previ-
ously, the frequently observed decrease in shear mod-
ulus or shear stress at high frequency is probably due
to a change from a conductivity dominated regime to
a dielectric regime (if o,/0. > €,/€.;). By the same
token, the benefits of a system with large €,/e. can
be obscured by conductivity effects in dc, and thus
may have been overlooked previously if o, /0. < €,/e..
Equation (8) has a general form; it can be used to in-

vestigate other properties of ER fluids.
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