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This paper studies the response cumulants for a kind of special nonholonomic systems under non-Gaussian, delta-

correlated excitations. We present a new methodology for formulating the equations governing the evolution of the

response cumulants of the stochastic dynamic systems. The response cumulant differential equations (CDEs) derived

can be used to calculate the response cumulants for both linear and nonlinear systems. One example is given to illustrate

how to use the CDEs for calculating response cumulants.
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I. INTRODUCTION

The analysis of nonlinear mechanical systems un-
der random environments is usually performed by
means of the Fokker-Plank equation approach or by
means of moment or cumulant equation approach.
The Fokker-Plank equation approach!*?! gives the dif-
ferential equation for the evolution of the probabil-
ity density function; however, the numerical solution
is complicated, especially for multi-degree-of-freedom
systems. The moment equation approach is rela-
tively simple and the most used by scientists work-
ing in the random vibration field. For nonlinear sys-
tems the response in terms of moments is governed by
an infinite hierarchy, and closure schemes have to be
adopted for the numerical solution of the given sys-
tems. Stochastic cumulants often provide a more con-
venient method for presenting the information given
by stochastic moment.l3] Relatively simple and reli-
able techniques exist by which one can approximate
the probability distribution of the non-Gaussian pro-
cess from a knowledge of the values of these higher-
order cumulants. For stochastic response of linear sys-
tems subjected to delta-correlated stochastic process,
a formulation has been presented for directed find-
ing of the cumulants, instead of the moments, of any
order.l¥ Since the problem is directly formulated in
terms of cumulants rather than the moments of the

response, closure techniques based on cumulants can

be directly and efficiently used to truncate the infinite
hierarchy of the system of cumulant equations, and
the use of complex relationship between moments and
cumulants can be avoided.

I. DELTA-CORRELATED PROCESSES

Let the equation of motion be cast in the form
X = .f(th) + G(t)n(t)v (1)

where X is state variables of dimension n, f is drift
coefficients of dimension n, matrix G is diffusion co-
efficients of dimension n x M, n(t) is delta correlated
excitation of dimension M, 7,(t) are components of
n(t). By definition the nth cumulant function of the
process 7,(t) is a multiplication of (n — 1) Dirac delta

functions

ym(tn)] = Ini()d(ta — t1) -+ 8(tn — ta),
(2)

where I, ;(t) is the nth cumulant intensity of n,(¢). If

Fon[m(t1), -+

we say 1,(t) is a non-normal delta correlated process

up to the sth order, that means

RT[nl(t);tlat% T 7t7‘] = T,l(t)d(tZ - tl) e 6(t7“ - tl):
r=2,---,8,

’{T“FP[nl(t);tlvt?v"'atr]:07 p=1,2,---

Introducing the increment of process C)(t) related to

n,(t) as
dCi(t) = m,(t)dt, (3)
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one obtains that the nth cumulant of dCy(t) is pro-

portional to dt as

kn[dCi(t)] = I, (t)dt.

The coefficient I,, ;(t) becomes independent of time if
7,(t) is assumed stationary. A special class of the sta-
tionary, delta correlated process is the Gaussian white-
noise process in which cumulant functions of any order
= 0. In this

case the corresponding C;(t) becomes a Brownian mo-

higher than 2 vanish, i.e., I3 =14; = ---

tion process.

The author Hul®! has presented the following rela-
tionships between probabilistic independence and the
joint cumulants of random variables:

(1) If any one (or more) random variable among
X1,--+,X, is independent of all the other random

variables, then

Kn[X1, -, X,] =0. (4)

(2) For Y = Y a;X;, if X;(j = 1,---,n
j=1
mutually independent, then

= Z A K| X (5)

, there exists

) For Z = Zh

Km[Z] = Z Km[h;(X;)] (6)
j=1
II. THE STOCHASTIC DIFFERENTIAL
EQUATIONS OF NONHOLONOMIC
SYSTEM

Assume that the configuration of a dynamical
system is determined by n generalized coordinates
qs(s =1,
1st order, linear nonholonomic constraints

detpp = Z b€+ﬁ7

n) and the system is subjected to g ideal,

qa + bs-‘r,@(qsa t)

(ﬁ:1,"',9,8:1,"',’”;5:71_9)- (7)
The equations of motion can be written in the
Voronets’[®!
= = g
46T or _ Z T ye+e
dt 9q, 0q, = 0G4

) sy (o=

Vol. 10
where
Obet .o b, J b,
A§+B _ +B,0 +8 +Zba+w—+ﬁ ’
ot aQG =1 aq€+’)’
— oU oF
= s s = 17 Tt 3 s - )
Qu = Qu+&s M Q= G5 o

and U = U(q) is the potential force function; F =

l Z fsk
k=

s, 1

Z Csi(t)mi(1)

i
related process.

)dsgr is a dissipative function; &, =

N

is the stochastic forces; 7; is delta cor-

Suppose that the system is stationary, such that
the kinetic energy T is in the quadratic form of ¢,
n

1 .

Ezzaksqsqk-
s=1 k=1

suppose that »; is the linear function of ¢,, then

S, 2 O
i=1 ‘9g, 9

namely, T = Ty = We further

And

‘ =const.
9k

we have agp, = aps =

€

-1 ..
T= 5 Z To-u(t)QGQw

o,v=1

Toy =0gy + Z(a6+ﬁ70b6+ﬁ,l/ + a6+57l/b6+570)
p=1
g

+ Y Geypeiyberpobeiy
By=1

Equations (8) can be expressed in an explicit form

v=1 v=1
oU & oU = _
_8—(]0 + ﬂgl @1%4»,6,0 - Z Povquv

v=1

m+Z st+ﬁ, 8, (t)mi | 5(9)

m

+) Coilt

i=1

g
Pov :fcru + Z(f5+ﬁ,abe+,8,u + f6+,3,ube+,8,a)
p=1

9
+ Z fetBetrbetBobetpu
Byy=1
Equations (9) can be written as

€ Ao’y € MA(;V
I S I

o=1 o=1 i1=1

g
Coi + Z betp,0Cetp,i| M
=1
(l/:]_,-“,&'), (10)
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Ay, is the

algebraic complement of element (o,v) in A, and
€

g
Z To’uqu BU +Z 88U e+8,0 Z (PO'VqV
v=1

Let X —QSaXn—H/—qV(s—l ’n;UZI,"-,S),
then, from Egs.(10) we have

where A is the determinant of 7,,(t),

M

qv = fl/(t7 qs, q.o) + Z gui(t)ni(t)
i=1

(11)

So, the equations of motion of the nonholonomic sys-

tem (7) and (8) can be expressed as

Xl/ - Xn+ua
Xs+ﬁ = Z betBnto(t) Xnto + beyp(@s,t), (12)
o=1
) M
Xn+u = fV(taxs)XTH-U) + Zgl’l(t)nl(t)
i=1
Or
X = F(X,t)+ G(t)n(t), (13)
where
X = (X1, X2, Xpie)T,

F(X,t) :{Xl, o X e [Zbg+1,n+gxn+g

o=1

|:Z ba—l—l n+o 'n,-l—o’

+ ba+1 Xsat :|

T
+bs+l(Xsat):|7f17"'af€} )

0 o --- 0
G(t) = 911 G12 - 91M
L gel Ge2 tt geM i

The stochastic differential equation of the dy-

namic system can be written as
dX = F(X,t)dt + G(t)dC(t). (14)

Expressed in a component form, the sth equation in

(14) is written as

dX, = F,(X, t)dt + fj Go (dCi(t).  (15)
=1

IV. THE DIFFERENTIAL EQUATIONS OF
RESPONSE CUMULANT

The evolution of the nth autocumulant of state

variables X is defined as

Fon(Xs + dX,) —

Kn(Xs)
dt '

fin(Xs) = (16)

Under the following assumptions:
(1) dC(t) are independent of X (t),
(2) da()t = 1,
dent,
(3) Terms of order equal to or higher than (dt)?

m) are mutually indepen-

are negligible,
We have the following general cumulant differen-
tial equations (CDEs) associated with Eq.(14).1°!
The nth autocumulant differential equation can

be expressed as

K/n(Xs) :nﬁ(n 1)+1[X57F(X t)]
+ Z sl

where £ (,_1)41[Xs, Fo(X,t)] is the [(n — 1+ 1]th joint
cumulant of X, and Fs(X,t).

For two and three variables, one obtains

’.fn+m (XS7 XT) :n’i(nfl)—i-l—}-m[Xs; Fs (Xa t)v XT]
+ mnn-ﬁ-(m 1)+1 [Xsa Xra Fr(Xa t)]
+ Z s, l rl t)]m-[(n+m),l(t)7
(18)

and

".‘fn+m+j(XSaerXq)

10k (1) 414 [ Xy Fo(X ), Xy X
+ MKyt (m—1)+1+j [Xsa X, FT(X, t): Xq]
+ jlin+m+(j +1[Xs, Xo, Xy, Fo (X, 1)]

+Z s

Gt ()™ Gt (O Ingme sy a(t),

(19)

Fontmetjti(Xe, Xy Xg, Xp)

=N (n—1)+1+m+j+i[Xs, fs (X, 1), Xi, Xg, X
+ Mbng (m—1)+145+i[ Xss X, fr(X 1), Xg, X]
+ JEntmt (j—1)+14i X s, X, Xg, fo(X, 1), X
+ inn+m+j+(i 1)+1 [Xs, Xo, Xg, Xp, fp(X,1)]

+Z sl

: [Gq,l(t)]j (Gt (O Lt i) a(8)- (20)

rl t)]m
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CDE:s involving fewer random variables can read-
ily be obtained from CDEs involving more random
variables. For the case of IV state variables, when

cumulants of order [ are sought ,there are S;y =
(I+N-1)
NN -1
The number S;n represents unordered selections of

simultaneous equations to be formed.

repeatable [ terms from N possibilities. In practice,
when N is large, one seldom intends to calculate re-

sponse cumulants of order [ greater then 4.
V.ILLUSTRATED EXAMPLE

Assume that the configuration of a dynamical sys-
tem is determined by generalized coordinates gq1,gs;
the kinetic energy of the system is T = %(qf + 42),
the nonholonomic constraint imposed on the system
is f = ¢1 + atga — agz +t = 0, the potential force
function is U = —=(q¢? +¢2), and the stochastic forces
71(t),m2(t) are delta correlated processes.

The stochastic differential equation of the system
is

1 a’t? at

_— o ,
a1 1+ q2¢2 + 1 +a2t2771( ) 1 _|_a2t2772( )‘l‘qla
.o at at ) + 1 ) +

BT e T 122 Y T e T

By introducing state variables X1 = q1, X5 = g2, X3 =
g1, X4 = ¢o, the preceding equation can be rewritten

in a form similar to Egs.(12),

X1 = X,
Xz = %Xg - $X3_ 27
242
K= +1a2t2 1 j— Ltz2t2 m(t) - %;2152"2(75) A
Xi=—3 +1a2t2 1 +a:z2t2 m(t)+ Tlcﬁt?m(t) A

in particular, we have

1 1 1 1
=X3 fo=-Xo— —Xg3—=; fa=—— "
fl 3 f2 ¢ 2 at 3 a7 fS 1+a2t25
at a’t?
h=1ree 9= 1 ae
at 1
R T

G11 = G132 = Go1 = Gy = 0.

Substituting the corresponding F and G into

Egs.(20), one obtains the governing CDEs
kn—&—m—&—j—&—i(Xla X27 X3a X4)
=NK (1) 41 4mij+i X1, f1, X2, X3, X4]
+ Mg (mo1) 41454 X1, X2, f2, X3, X4].

Hereafter, Kptm+j+i(X1, X2, X3, X4) will be abbrevi-
ated as Kp4m+j+i, then we have the 2nd order CDEs

as
, 1
Rntmj+i = ME(n—1)+m+(j+1)+i T M Bnmetjti
1
—m—k B . .
at n+(m—1)+(G+1)+i>
K2404040 = 2K1404+140,
. . . 1.
K14+1+4+04+0 = Ko+1+1+0 T ;K1+1+0+0 - EKHOHH}’

R1404140 = K04042405
K140404+1 = KO40+1+15

RO+240+0 = 27 K0424+040 — 2 Ko+141+40,

at
. 1 1
Ro4+14140 = ;50+1+1+0 - EHO+0+2+0,
. 1 1
Ro+14+041 = ;Ho+1+0+1 - EH0+0+1+1,

Ko+o+240 = 0,
Kot+0+1+1 = 0,

Koto+o42 = 0.

The simplicity of the present method allows easier
derivation of analytical results for other higher-order

response cumulants.

VI. CONCLUDING REMARKS

Cumulant differential equations that can be used
to calculate response cumulants for linear or nonlinear
dynamic systems under non-Gaussian delta-correlated
excitations are derived. For linear systems (i.e., F' are
linear functions of X), the corresponding CDEs have
the superiority in simplicity over their counterparts
moment equations. There are no clear advantages
or disadvantages in calculating response statistics for
nonlinear systems by using moment differential equa-
When G is treated as a function of both X

and t, the first and second terms on the right side

tions.

of Eq.(13) are no longer statistically independent. In
this case, using response moment equations to calcu-
late response statistics might be preferred.
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Appendix

Presented in the following is the proof for Eq.(17).
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Adding X, on both sides of Eq.(15) yields

X, +dX, = X, + F(X,t)dt + Y G, y(t)dCi(t).
=1
(A1)

Under the assumption of the first condition from

Eq.(A.1), one can immediately write
Hn(Xs + dXs) :ﬂn[Xs + Fs(Xa t)dt]

i G, (t)dCi(t)

=1

+ Kn .(A.2)

Furthermore, assuming the second condition, one then

The first term on the right side of Eq.(A.2) can be

decomposed into

’in[Xs + Fs(th)dt] = i

7=0

X, Fo(X,1)]dt ™9 (A4)

n!
W”vﬂ(nﬂ')

J!
According to the third condition, Eq.(A.4) becomes

K[ X + Fo( X, t)dt] =k, [X] + nkn_1)41

X, Fo (X, t)]dt. (A.5)
Combining Eqs.(A.2), (A.3) and (A.5), one obtains

K| X5 + dX,]
= Kn[Xs] + 1k n_1)41[Xs, Fs (X, t)]d2

T i[Gs,z(t)}”In,l(t)dt. (A.6)

From Egs.(16) and (A.6) one thus obtains Eq.(17).

obtains
o |3 Gusl4CH ()| = S (G 0] a0
=1 =1
= i[Gs,l(t)]" 1 (t)dt.
=1
(A.3)
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