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Based on the Ehresmann connection theory and symplectic geometry, the canonical formulation of nonholonomic

constrained mechanical systems is described. Following the Lagrangian formulation of the constrained system, the

Hamiltonian formulation is given by Legendre transformation. The Poisson bracket defined by an anti-symmetric tensor

does not satisfy the Jacobi identity for the nonintegrability of nonholonomic constraints. The constraint manifold can

admit symplectic submanifold for some cases, in which the Lie algebraic structure exists.
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I. INTRODUCTION

In the past forty years Dirac’s theory of con-
strained Hamiltonian systems has been extensively ap-
plied to the fields of gravitation, particle physics and
quantum fields, etc. Another kind of constrained sys-
tems, called nonholonomic constrained systems, real-
ized by Hertz, Apell et al., have attracted considerable
attention in the last decade, which owes their applica-
tions to engineering issues and modern development
of geometric mechanics.['—¢!

Canonical formulation of nonholonomic con-
strained systems appears frequently in the recent
literature."=1% Tt is usually realized, beginning with
Routh’s equations and using Legendre transforma-
tion, by a kind of transformations to delete the La-
grange multipliers in Hamiltonian formulation of the
equations. The systems do not admit Lie algebraic
structure because the Poisson bracket does not sat-
isfy the Jacobi identity unless the constraints are in-
tegrable. In this paper, we give a canonical formu-
lation of nonholonomic mechanical systems based on
Ehresmann connection theory and symplectic geom-
etry, beginning with Chaplygin’s equations and then
using Legendre transformation to get Hamiltonian for-
mulations for the system. The curvature makes co-
ordinates and momenta of the system not conjugate
canonically and the Poisson bracket not satisfy Jacobi

identity. However, the structure of tangent bundle is

related to the Lagrangian chosen and there exist al-
ternative Lagrangians or Hamiltonians for the same
dynamical system, which makes the equations of mo-
tion admit a genuine Euler-Lagrange representation or
canonical one. The constraint manifold then may be
of a symplectic submanifold, on which a Lie algebraic
structure can be constructed. The research of symme-
tries of nonholonomic systems attracts much attention
(see Refs.[11,12]).

Throughout this paper we have the Einstein’s
summation convention and Latin index:
1,2,---,n; Greek indices o, 3,7y =1,2,---
po=12--- e=n-—g.

Z’J7S =

,g < mn and

I. EHRESMANN CONNECTION ON A
CONSTRAINT MANIFOLD

In this section, we review some results for the
geometry of mechanical systems with linear nonholo-
nomic constraints, making use of the formalism intro-
ducd in Refs.[4] and [13]. Consider a time-dependent
mechanical system with n generalized coordinates.
Let M be its smoothly extended configuration mani-
fold of dimension n + 1 with local coordinates {¢,¢°},
which is a fibred manifold over R with canonical pro-
jection m : M — R. TM denotes the tangent bundle
to M and Jy M the 1-jet bundle. Suppose that the sys-

tem is subject to g linear nonholonomic constraints

"= BP (t,q") & +B° (t,¢"). (1)
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This construction distinguishes two lots of coordi-
nates, {¢°} and {qﬁ}. Suppose that the configuration
manifold M is of fibration structure over a manifold
of dimension n — g + 1 with local coordinates {t,q”},
denoted by M.

Let 7 : M — My, mg : My — R, then m =
7o - 7. J1 My denotes a 1-jet manifold and it is a sub-
manifold of TMy. VM denotes the vertical subspace
of TM with respect to the projection 7, i.e., the ker-
nel of differential mapping dr. And 7* (J; My) repre-
sents the pull back bundle over M, i.e., 7* (J1Mp) =
M xpg, J1My. The vector fields along 7 are sections:
M — 7* (J1My) which, in local coordinates, are made
up of products of basic vector fields on My and scalar
functions f € C*™ (M), i.e., a set of all these vector
fields is the module over C*°(M), denoted by x (7).

The Ehresmann connection on M defines a hori-
zontal lift h : x (1) — TM, with d7 - h = idy(;). In

local coordinates, we have

ho = h(9/8t) = 8/t + BP (t,q°) 8/dq",
he = h(3/8¢°) = 8/0q° + BE (t,¢°) 8/04°, (2)

where {3/3qﬁ} is a basis of vertical subspace of TM
with respect to 7. And the set {hgy, h,} expands the
horizontal subspace of T'M, i.e., the horizontal distri-
butions on M, denoted by h, = h(7* (J1My)) which
is isomorphic to 7* (J; Mp) and referred to as the con-

strained submanifold.

By means of the basic vector fields
{ho, he, 8/8qﬁ} and basic 1-forms {dt,dq”, n® =
dqg® — B?dq” — BPdt} on M, the horizontal and ver-
tical projection operators of vector fields on M with

respect to 7 will be

P, = ho®@dt + hs ® dg”,
po=0/0¢" @n°. (3)

DEFINITION 1 A V M-valued connection 1-
form w corresponding to h is the canonical projection
po : TM — T (M/M,) whose V M-valued curvature
2-form r is the exterior covariant differentiation of p,,,
i.e., r = Vp, = dp, ‘ pn.

By a new triad basis {T, hu,[)/aq'g} of vector
fields on M, with

T = 8/ot+ 4" 8/9¢" + (ij q’ +Bﬂ) 8/0¢°  (4)

and its dual {dt,0", 7%}, with 6 = dg#— ¢" dt, the
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curvature can be represented by
1
r :{ — thdt A0 + o {h# (B2)
— ho (BY) } 0° A 0“} ® 8/9q”, (5)
where
t0 =T (BY) —ho (Bl d" +B)
¥
= Cﬁo q +D€a'7 (6)
with
I
oh dBf 0B,
Ho aqu aqa
«0BS 0B
+ (Bu g — B ag | (7a)
Df 0B~ B oB”
0o ot dq°
0B”P oB”P
B*—2 — BY . 7b
(e mG).

The constraints (1) are integral if and only if the cur-
vature r vanishes. A creterion to determine if » = 0
can be given by the following.

THEOREM 1 The curvature r vanishes if and
only if t? = 0.14

II. LAGRANGE INVERSE PROBLEM

In this section we can briefly formulate the La-
grangian inverse problem. The equations of motion
of constrained mechanical systems formulated in the
above triad, called Generalized Chaplygin’s equations,

are given by

oL’ oL
z — ho(L) — t0i* (=) =0 8
(Gi) ~he(I) — 7 () =0,
or globally by
izﬂ:O, izdtzo, (9)

where the dynamical vector field Z and the funda-
mental 2-form 2 induced by the regular dynamical
function L' = i*L € C?(N) (i : N — J;M) and con-

straints are given by

Z =8/ot+ 4" 0/9q°
+ (BE q’ +Bﬁ) 9/0q° + f18/84", (10a)
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oL’
0=d(Z=¢
(34" >
oL
/ B* °w
+ {dL +thi <_aqﬂ> 0

In general, Eq.(8) for ¢° cannot be recast into the

Adt.  (10b)

form of genuine Euler-Lagrange equations with a La-
grangian not dependent on the coordinates ¢, since
the 2-form (2 is not closed usually, otherwise it is called
Lagrangian.

In order to get a Lagrangian for the nonholonomic
system, suppose that the dynamical equations decou-
ple with the constraints. It is easy to verify the fol-
lowing.

THEOREM 2 If ¥ = ti* (9L/94”) 6" satis-
fies the Helmholtz conditions,!**! then

-[a()e e o

for some function ¢ € C* (h,) and the 2-form 2 is

reduced to an exact 2-form 2’ = dOr 4 4, where

Ot =S[d(L' + &) + (L' + &) dt. (12)

REMARK 1 This method can be extended to
some cases that the Helmholtz conditions cannot be
satisfied by W¥. However, if there exists a 1-form ¥’
on h, as an annihilator of dynamical vector field Z
such that the sum ¥ + ¥’ satisfies the Helmholtz con-
ditions, the system can still be recast into the La-
grangian one as above.['4

Usually a Lagrangian system admits adjoint sym-
metries. If a constrained system admits some special
adjoint symmetries, then a Lagrangian can be realized
for this system.

DEFINITION 2 The adjoint symmetries of
Z are invariant 1-forms g € A(n), ie., izB8 = 0,
Lzﬂ =0.

Without proof we give the following theorem for
the existence of alternative Lagrangian of a nonholo-
nomic mechanical system.

THEOREM 3 Surppose § = 6wt + 7,§% +
Au0" is an adjoint symmetry of Z and df is of maxi-
mum rank e. If there is a function F' € C* (h,) such
that

oF oF
e 13
g 2 T ap (13)

then Eq.(8) is Lagrangian with regular L* = Z (F).
IV.NONHOLONOMIC HAMILTONIAN SYS-
TEMS

In order to illustrate the algebraic structure of a
system with affine nonholonomic constraints we be-
gin with the unclosed 2-form {2 (see Eq.(10b)) on the
manifold M. As an annihilator of the horizontal dis-
tribution A on M the constraints on M can be defined
by a codistribution h® C T*M, i. e.,

h® = Span{w’ € T*M|w”
=d¢” - BJ (t,9)dg” - B"(t,q)dt}.  (14)

The constraint phase space is M = FL(h) C T*M.
The Legendre transformation is used to define the
Hamiltonian H' : M — R : H' = p,q° — L', where
the momentum is p, = F'L(¢°). Therefore, the funda-

mental 2-form on M is

R =FL (.Q) =dp, A dq°
+ (thppdg" — dH') A dt. (15)

Here pg is understood to be restricted to M, as func-
tions of ¢, ¢°, p,.. The dynamical vector field on M can

be defined by

iz, O =0, iz dt=0. (16)

In local coordinates,

Zy =0/0t +(°0/3q°
+ (B 4" +B°) /04" + 5,0/0p,. (17)

The local representation of Eq.(16) gives the
Hamiltonian formulation of equations of nonholo-

nomic systems and the energy evolvement:

= o (18a)
T op, ¢
OH' OH' H'
g = ——— _ BP P ps T 1+ DP 18b
b 8(]0 o 8qﬁ + ltop,g ap” + 0oPB> ( )
. OH' OH' OH'
H =B°— +Df + = (18¢)

aqf T TonPP g T ot

Here, ¢° and p, are not canonical in general, unless
the fundamental 2-form is closed. The above equa-
tions and the constraint equations (1) can be repre-

sented by
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OH'
¢’ 0yxg 0gxe (B2) e 9q° BP
3 5 OH'
q 05><g Osxs ( I‘)axa 0 8qp‘ 0
_ (19)
. T OH'
Do (_Bg)exg (_Jg)sxs (Cﬁgpﬁ)gxg 0 DOﬁo—pﬁ
Opy
g B
i (B,  Oue  (Dps) 1 O 0
ot

If the constraints are linear, i. e., B? = 0, Doﬂ# = 0, then the last equation is homogeneous and the transforma-

tion matrix becomes anti-symmetric:

0gxg 0gxe (Bﬁ)gxa 0
im O
Ocxg 0c e 67)... O
Jm = = (20)
T
(=BY)cxy (=00)exe (Clops).,. O
0 1
01><g 01><a 01><5 1

In this case the Poisson bracket {},, on the manifold M can then be defined by the reduced matrix jr¢ as

aGL,
dq®
OFL OFT\ .
(Frt Gt 00 = (524, 50 (1)
ey
op°

for any two smooth functions Fq and G on the
constraint submanifold M and the equations of mo-

tion can then be represented by
qs:{qs,Hl}’ pp:{puaHl}-

However, this bracket does not satisfy the Jacobi iden-

(22)

tity since the matrix jaq is not symplectic.
THEOREM 4

ing on the system are linear, there exists Lie algebra

Surppose the constraints act-

on the constraint manifold M defined by ja if and
only if the constraints are holonomic.

There exists the Lie algebra on the constraint
manifold M if and only if the anti-symmetric bracket
{} p satisfies Jacobi identity, or ja has a € x € re-
duced symplectic sub-matrix, which requires C’Fw =0
and Dgﬂ = 0 (or B? = 0), ie., t? = 0. We have

shown that the curvature as the failure of integrabil-

ity of the constraints vanishes if and only if 2 = 0 in
Ref.[7], which is equivalent to say that the differential

constraints are holonomic.

REMARK 2 Poisson structure, closely related
with the symplectic structure of the manifold, does
not need the constraints to be holonomic if a non-
holonomic mechanical system admits an alternative

Lagrangian representation.

THEOREM 5
tﬁpﬂdq” = k,dg" on constraint manifold M, where tﬁ

Consider the 1-form & =

is the curvature of the nonholonomic connection. Let
the constraints be homogeneous and decoupled with
the dynamical equations, i. e., B® =0, dH'/9q¢° = 0.
If FL™! (k) satisfies the Helmholtz conditions on the
Lagrangian side, then the constraint manifold admits

presymplectic submanifold.
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PROOF Take inverse Legendre tranformation
of 1-form k. If ¥ = FL™! (k) satisfies the Helmholtz
conditions on the Lagrangian side, then there ex-
ists a regular function @ on manifold 7*(J3Mp)

satisfying[!4l

(i) e

ogH gt (23)

where @ is independent of coordinates ¢ since the dy-
namical equations are decoupled with the constraints.
Take Legendre transformation F' Ly : 7% (J1Mo) —
M to redefine H = p,¢* — (¢ + L), where p, =
0(¢+ L")
oG+
ifold Mg C M, i. e.,

. Then M admits a presymplectic subman-

Mo = {(t; 4", pu) € M2,

=dp, Adg" — dH A dt}. (24)

V. APPLICATION

Consider a homogeneous ball with mass m and
radius a, freely rolling on a rough horizontal plane.
Appropriate generalized coordinates are: the coordi-
nates (z,y) of the centre of mass of the ball, the three
Euler angles 1,60, . The condition of rolling without

slipping gives rise to non-holonomic constraints of the

form

T=—a <<,bsin0cos1/1 — ésind)) ,

Y= —a (gbsianin@[) + écoszp) .
The dimensions of the manifolds My and M are 3
and 5, respectively, with notational identifications:

¢® = (z,v), ¢° = (¥,0,¢). The Lagrangian L' pull
back to N is

1 7.
L :§ma2 {392 + ¢?sin? 6

+§<¢2+¢2+2¢¢c059)}.

The nonzero components of curvature are given

by

Cgy = —acosp,
oy = —asinfsiny,
Cgy = acosf cos,
ng) = asin,
Cly = acosfsiny,
C’gd) = asinf cos .
The system is obviously a Chaplygin’s system. The

8 X 8 anti-symmetric matrix jaq determining the

Hamiltonian equations reads

0 0 0 O 0 0 asin @ — asin 6 cos ¥
0 0 0 O 0 0 —acos vy —asin@siny
0 0 0 O 0 1 0 0
0 0 0 O 0 0 1 0
M= 0 0 0 0 0 1 ’
%(¢sinf cos 2 .
0 0o -1 0 mat(Psinfeos2y L 26 ing
—6sin 21))
—ma? (¢ sin 6 cos 2
—asinf acos 0 -1 0 ((p v 0 —%ma%bsin 26
—0sin 21))
. . . 2/ .+ 1 2 . .
asinfcosy asinfsinyy 0 0 —1 ma~6sin 0 Ema psin 260 0
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where 1/),0 and ¢ are understood to be represented by
the corresponding coordinates and momenta. Under
the given momentum variables and dynamical func-
tions L’ and H’, jrq is not symplectic because of the
non-integrability of the constraints given above. Thus
the Poisson bracket {},, defined by j¢ does not sat-
isfy the Jacobi identity.

However, making use of the theorem in sec-
tion IV and the remark in section III, we can find

an alternative Lagrangian as a sum of L' and & =

1 . 2
Ema2 <¢ + ¢ cos 9) , and the Hamiltonian

where the new momenta (py,pg,p,) = FL (1/1, 9,(,0)

By using the notational identifications: a'! = v,a? =
0,a®> = p,a* = py,a® = pp,a® = p,, the canonical

equations of motion read

6

. L, OH

W=D i e
v=1

(M:1)27"'76)7

v
where wg is a

simple symplectic tensor and
determines a Poisson structure of the symplectic sub-
manifold Mo = {¢,6,0,py,ps,pplwo = dpy A dip+
dpe A d€ + dp, A de} as a conventional Hamiltonian

system.

. 17 . :
L=3 fma (W L0242 2¢¢cos0) :

o= ;2 (pfp +p§ sin? 6 + p2 — 2pyp, COS 0) ,
14ma? sin” 0 @
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