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We study the complex Sachdev—Ye—Kitaev (¢cSYK) model numerically and investigate the thermodynamic behavior
of the cSYK model across varying chemical potentials. We discover that the cSYK model remarkably mirrors the first-
order phase transition seen in the van der Waals—Maxwell system, culminating at a non-mean-field critical point with
distinctively different critical exponents. We analyze in detail the similarity between the van der Waals phase transition
and the cSYK model, and further explore the mechanism by which the chemical potential drives the phase transition in the
system. Exact diagonalization at finite N resolves the conserved U(1) charge sectors, showing that the chemical potential
reshapes the density of states. Within each charge sector we find a strong level repulsion, while mixing sectors shows
a Poisson distribution. The normalized spectral form factor displays a clear dip-ramp-plateau at low temperature for the
neutral case, whereas for non-vanishing chemical potential the ramp is weakened by finite N reweighting of small edge
sectors and only becomes visible at relatively high temperatures. Real-time dynamics, analyzed via analytical continuation
of Schwinger-Dyson equations, show rapid decay in the gapless phase and prolonged oscillation lifetimes in the gapped
regime. Spectral functions imply a shift from a continuous to a discrete energy level distribution, emphasizing the critical

role of chemical potential in shaping spectral properties.
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1. Introduction

The Sachdev—Ye—Kitaev (SYK) models, initially intro-
duced in the context of quantum many-body systems,!!! have
garnered significant interest due to their rich phenomenol-
ogy and profound connections to holography and quantum

(=191 These models are characterized by a set of

gravity.
fermions interacting through random couplings, which leads
to emergent conformal symmetry and universal thermalization
properties.?2!1 Their simplicity in analytical treatment and
their ability to capture non-trivial aspects of strongly corre-
lated quantum systems make them ideal theoretical laborato-
ries for exploring the interplay between quantum chaos, holog-
raphy, and gravity.

The SYK models have been shown to possess a dual
description in terms of two-dimensional anti-de Sitter space
(AdS,),"! which connects the quantum dynamics of the SYK
model to classical gravitational systems. This correspondence,
often referred to as the SYK/NAAS duality,?>=%! provides a
concrete realization of the AdS/CFT correspondence in a sim-
plified setting, allowing for a detailed investigation of the holo-
graphic principle at a microscopic level.

In this study, we focus on the complex Sachdev-Ye—
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Kitaev (cSYK) model, an extension of the original SYK model

31321 A complex fermion

that incorporates complex fermions. !
can be viewed as consisting of two real fermions, often de-
scribed as its real and imaginary parts, which independently
obey Fermi-Dirac statistics and anticommute with each other.
The cSYK model introduces additional degrees of freedom
and interactions, leading to richer phase diagrams and more
intricate thermodynamic behavior compared to the real SYK
model. Our primary goal is to explore the thermodynamic and
real-time dynamics of the cSYK model, specifically focusing
on the phase transition temperatures, free energy, critical ex-
ponents, exact diagonalization, spectral form factors, real-time
dynamics, and spectral functions.

In previous literature, it has been observed that the cSYK
model exhibits a marked first order phase transition from a
gapped to a gapless phase as the chemical potential varies. 3]
In the present work, we build on these thermodynamic re-
sults and place the transition within a van der Waals—Maxwell
framework. We show that the cSYK transition can be orga-
nized in close analogy with the liquid—gas transition of a van
der Waals fluid, including a hysteresis region, a coexistence
line, an analogy of multiple thermodynamic quantities, and
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a non-mean-field critical point with characteristic critical ex-
ponents. A schematic illustration of this phase structure is
presented in Fig. 1, where the coexistence curve separates the
low-temperature gapped phase from the high-temperature gap-
less phase, terminating at a critical point. This perspective is
particularly appealing in view of similar van der Waals-type
phase structures that have been identified on the gravitational

34,35

side for charged black holes,**3>! and it naturally suggests

a bridge between the cSYK model and its deformed dilaton
gravity dual.
Critical point

(2nd order)

Gapped phase

\

Phase boundary

Gapless phase

Chemical potential (u)

Temperature (1)

Fig. 1. Schematic diagram of the thermodynamical phase structure of
the cSYK model. The solid black line represents the phase boundary of
two phases, separating the low temperature gapped phase from the high
temperature gapless phase. This transition line terminates at a critical
point (red dot). In the region above the red dot, the first-order phase
transition becomes a second-order continuous phase transition.

To elucidate the microscopic spectral structure underlying
these thermodynamic phenomena, we employ exact diagonal-
ization (ED) techniques!3!-*23%-381 at finite N. This approach
allows us to access the full many-body spectrum and ana-
lyze how the chemical potential reshapes the density of states.
In particular, we explicitly resolve the role of the conserved
U(1) charge in the complex SYK model: the Hilbert space de-
composes into fixed-charge sectors, and the chemical poten-
tial reweights these sectors in the grand canonical ensemble.
At finite N, this structure leads not only to a skewed density of
states as U is tuned, but also to a sharp peak pinned at E = —u,
originating from the zero- and one-particle subspaces, which
are annihilated by the quartic interaction and therefore form a
finite-size degenerate multiplet. This symmetry-induced block
structure is also crucial for spectral statistics: if one analyzes
the full spectrum without resolving charge sectors, the appar-
ent level spacing statistics can look Poisson-like due to the
superposition of subsequences from different sectors, whereas
restricting to a fixed-charge subsector exhibits strong level re-
pulsion and implies robust quantum chaos within each sym-
metry block.

After thoroughly discussing the thermodynamic phase
structure of the cSYK model, which undergoes a transition
between gapped and gapless phases, we extend the investi-
gation into the real-time dynamics and spectral properties of
the system to gain deeper insights into the role of the chemical

potential in driving this transition. The spectral form factor
(SFF),139-21 3 key indicator of quantum chaos, is calculated
to probe the stability of energy states in the cSYK model.
Our numerical results show that the unnormalized SFF de-
pends strongly on u, reflecting a reweighting of charge sec-
tors driven by the chemical potential. More importantly, the
normalized SFF exhibits a clear dip-ramp-plateau structure in
the neutral case it = 0 at low temperature, consistent with ran-
dom matrix behavior in sufficiently large symmetry sectors. In
contrast, for 4 = £0.5 the ramp can be strongly obscured at
accessible system sizes and after disorder averaging, because
the chemical potential bias enhances the contribution of small-
dimensional edge charge sectors, leading to sparse spectra and
stronger finite-size fluctuations at late times. This bias is re-
duced at higher temperature, where sectors near Q ~ 0 con-
tribute appreciably again and the ramp—plateau structure be-
comes visible even for u = £0.5. We emphasize that such
temperature dependence of the SFF at finite N should be in-
terpreted as a crossover controlled by sector reweighting and
finite-size effects, rather than as direct evidence of a sharp ther-
modynamic phase boundary.

Furthermore, real-time dynamics!**~*! and spectral func-
tions are explored through the Schwinger-Dyson equations,
offering insights into the response of the cSYK model to ex-
ternal perturbations. The greater Green’s function exhibits a
rapid decay in the gapless phase, indicative of short-lived ex-
citations. Conversely, in the gapped phase, the oscillation life-
time is significantly extended, reflecting the presence of well-
defined energy levels. Spectral function analysis confirms a
continuous and broad distribution in the gapless phase, tran-
sitioning to a single peak in the gapped phase, highlighting
the role of the chemical potential in driving the system from a
continuous spectrum to discrete energy levels.

The remainder of this paper is structured as follows. Sec-
tion 2 introduces the complex Sachdev—Ye—Kitaev model and
outlines the methods employed for our numerical analysis. We
then analyze the impact of particle-hole symmetry breaking
on the model and the mechanism behind the phase transition.
This section also presents the results of our investigation, in-
cluding the phase diagram, free energy, and critical exponents,
where we describe in detail how the phase transition behavior
of the cSYK model is analogous to a van der Waals transition.
In Section 3, we discuss the spectral statistical properties of
the cSYK model and the behavior of SFF in the case of finite
N. Section 4 delves into the real-time dynamics and spectral
functions of this system. The results reveal that, in the low-
temperature limit, there is a transition of the system from a
continuous spectrum to discrete energy levels. The last sec-
tion concludes the paper with a summary of our main findings
and directions for future research.
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2. The complex SYK model and thermodynam-
ics
We begin by considering the cSYK model, a variant of the
Majorana SYK model that conserves charge. The Hamiltonian
for this model is given by

i1
J. 1

H = g

+ . .
xcil-~~c;chl---ch—u2c;c,-, (1
i=1

iy
where J..
J1Jq

ation and annihilation operators.

are coupling constants and ¢;, ¢/ are fermion cre-

In this study, we primarily examine the case where g = 4.
The corresponding Hamiltonian simplifies to

ZC Ci, 2

where ¢; and clT are fermion operators that obey the anticom-

N
H= Z J,Jk[C C CkC[
i,j k=1

mutation relation {ci,c;} = §;;. The coupling constants J;j
are independent random complex Gaussian variables with zero
mean and a variance given by

J2
—. 3
N3 3)
We introduce the global conserved U(1) charge, defined

T =0, o*=ul*=

as
Y 1
0=y <cjc,~ - 2) : @)
i=1
This charge is linked to the ultraviolet (UV) asymmetry of the
Green’s function, defined as

1
G(r.7) = (Tai(r)e] (7)), G(O07)=-5-0Q.
1
G(0+) = 7 Q, 5)
where Q = (Q) /N is the charge density of this system.

In the infrared (IR) limit, the Green’s function is charac-
terized by its long-time behavior,

7€ 1-1/2,

Gpw(£T) ~ Fe > 771 (6)

where £ is a parameter that governs the particle-hole symme-

2.1. Replica trick and partition function

The partition function is a critical tool for understanding
the thermodynamic properties of a model. In the context of
Euclidean time, the partition function for a system can be ex-
pressed as

Z = Tr[e_BH]
. B .
= /HDcl]Dci exp{—/ dt (Zc}&rci—i—H)}. @)
i 0 i

When we incorporate the Hamiltonian (2) into this expression,

we obtain

B N
— /HchDci exp{ —/ dT(Zc}Larci
i 0 i=1
N ) N
+ Z J,‘jk[Cj».C}CkC[ —u ZC?C,’) } (8)
i=1

ij k=1

Due to the involvement of random variables in the system, it
is essential to focus on the average behavior. The average of
an arbitrary function f(J;j) of the random variables J;jx; is
defined as

= / I dvijur PUiia) f Jijaa) )

i,Jkl

(f(Jijwr))a

where the probability distribution P(J; i) is given by

2 203
Vi jkd | _ Vijk |78V

P(Jijkl) =e o =e¢ 72 s (10)

where the subscript J denotes the average over random vari-
ables 62 = J?/(8N?). This formulation allows us to statisti-
cally average over the random couplings J; j;, thereby focusing
on the typical behavior of the system rather than on specific re-
alizations.

Therefore, the average partition function can be formu-

try. lated as
|
i P - il «
Z); = /HDC Dc; H dJ,jklP ,Jkl exp / dt Zci orci+ ,,klc ct jCkel — ,ch (o . (11)
ijkl 0 i=1 ijki=1
To determine the free energy, we use the relationship F = —T'InZ. To facilitate this calculation, we employ the replica trick,

which rewrites the integral into a more tractable form. Specifically, this method involves

(F)y =T (inZ),

=—T lim

In(zM),;
M—0 M (12

By introducing the replica trick, we can simplify the process of averaging the logarithm of the partition function, ultimately

allowing us to compute the system’s average free energy.
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In a physical context, the replica trick is a method where
we duplicate the system into M identical replicas. Initially,
we obtain an expression that depends on the integer M. By
employing analytical continuation, this expression is extended
to arbitrary M, and finally, we take the limit as M approaches
zero. Although this approach might seem counterintuitive, it

resolves the issue effectively. The integral [ P(J;jx)ZM dJ;ju

is significantly simpler to manage. A comprehensive example
of applying the replica trick to the Majorana SYK model is
provided in Ref. [46]. The same method is applicable to the

complex SYK model, which we will outline briefly.

We use the index m to label each of the M copies. The

replicated partition function is then formulated as

|
/H:Dc Dei [] dJijudPJiju exp{ Z/ dr(Zcm

i,j,k,l

W) Cim + Z Jl,kzqmc;,,,Ckmqmﬂ- (13)
i,j,k,l=1

This approach simplifies the averaging process by transforming the problem into one that involves integrals over the replicated
variables, which are more manageable than dealing directly with the logarithm of the partition function.

The complex Gaussian integral differs somewhat from its real counterpart. The parts of the integral that depend on J; i, are
given by

ijkl ijkl

ikl
/HdJ,szdJ,]klexp[ |/ lcly ‘ }expl ZJkal/dT C,mC/kamClm] . (14)

By following the method outlined in Ref. [11], this integral can be transformed into

1 T
o2 Z( ijkl Jkl+ Jl]kl/dT ctmcjmckmclm—’— (Z‘Iiﬂd/dT c;mc;mckmclm) >:|

/DJDJ* exp [

ijkl
X 2 2
* G ¥
= /DJD] exp[ — Z kaH- J,Jk; / dt ClijkamClm ]exp[ /dr CimC jmChkmClm }
k c ijkl ijkl
2
c ; '
= exp [4 Yy / drd7 c:rm(‘L‘)c;m(’L’)ckm(T)clm(f)c;n(’c/)c,ln(’L")cj,,(fl)cm(’rl)}, (15)
ijkl

where DJDJ* is shorthand for [];j; dJijudJ;;,, and we use the condition Jij = Ji,;;. By employing the anticommutation
relations, we can rearrange the fermion operators in the Gaussian integral (14). This manipulation leads to

I 2 2-
/DJDJ* exp |: Z | l]kzll :| |: ZJl]kl/dT ClmCJkamClm:| eXp|: /deT (chm Cln ,)) (Zcim(f)c ‘L’l)) . (16)
ikl O ikl f |
Upon integrating out the Gaussian random variables, the resulting expression for the averaged partition function is
2 24
(zMy, /HDclch exp[ /declm (97 — W)Cim + Z /deT (chm Cinl ’)> <Zcim(7)6+ 1/)) .7
myn=1 i i

Here, the integration over the Gaussian random variables has simplified the partition function significantly, making it more
amenable to further analysis and manipulation. This approach reduces the complexity inherent in the original formulation by
leveraging the anticommutation properties of the fermion operators.

Moving forward, we can introduce the following identity:

' 1 " 1 "
1 :/DGH6 (Gmn(r, T/)_ﬁ Zcsz(T)Cin(T/)> :/DGDZ exp [NZ / dtdt'E,,.(t,7) (Gmn(r, T/)—N Zcim(r)cm(r’)ﬂ , (18)

m,n i m,n i

where the second equality in Eq. (18) is derived using the exponential representation of the delta function. Here, the Lagrange
multiplier X, acts as the fermionic self-energy of the system. The delta function satisfies the relation

1 g
f<Nchm(r)cm(r’)) :/DGf(Gmn(r,r’)) 5( chm cin(T ) (19)
i
By substituting the identity (18) into the replicated partition function, we obtain
(ZMy, / HDCTDC,DGDE exp{ / A7 in(7)(3s — ) cim (T S (T, 7 ) e (7))

NZ/drdr el
1

+NZ/drdr’ Zom(7,7) G (7, r’)+1 /drdr’ G2.(t, T)Gﬁm(r’,r)}. (20)
m,n “
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This expression integrates out the fermionic degrees of free-
dom, leaving a functional integral over G and X. To stream-
line our analysis, we can assume the Green’s functions Gy,
and the self-energy X,,, are diagonal. This means that all
off-diagonal terms where m # n are negligible, resulting in
Zun(T,7) = 8 Z(7,7') and Gy (7,7') = 8, G(7, 7).

After averaging over the disorder and retaining only the
replica-diagonal components, we integrate out the fermion
fields. This process gives us the effective action S =
—1In(Z); in the form

_%ff - lndet[(ar—,u)—E]—i-/d‘cdr/ {E(m’)G(T’J)

J2
+4G2(1:,17’)G2(r’,'c)]. 1)

The auxiliary fields G(t,7") and X(7,7’) are instrumental in
applying the saddle-point method. For the saddle point of the
effective action, the conditions 8Serr/8G = 0 and 8Se/ X =
0 must be met, yielding the Schwinger—Dyson equations

1
i, -’
(1) = —J*G*(1)G(~1), (22)

Glim,) =

where @, = (2n+ 1) represents the Matsubara frequencies.
These Schwinger—Dyson equations are crucial for compre-
hending the model’s thermodynamic properties. By solving
them numerically, we can explore the model’s behavior be-
yond the low-energy regime.

Physically, the Schwinger—Dyson equations encapsulate
the interplay between the Green’s function and the self-energy
in a strongly correlated system. The first equation describes
the Green’s function in the presence of self-energy corrections,
which account for the interactions between fermions mediated
by the random couplings J;j;. The second equation reflects
the feedback of the Green’s function on the self-energy, high-
lighting the non-trivial dynamics introduced by the interaction
term. The temperature dependence embedded in the Matsub-
ara frequencies @, allows us to probe different regimes of
the model. At high temperatures, thermal fluctuations dom-
inate, leading to a different behavior compared to the low-
temperature, quantum-dominated regime. The Schwinger—
Dyson equations serve as a powerful framework for under-
standing the complex interactions in the SYK model, offering
a window into the rich physics of disordered, strongly inter-
acting systems.

2.2. Particle-hole symmetry breaking and phase transi-
tion

In the case of the ¢SYK model, when the chem-

ical potential is zero, the system exhibits particle-hole

12,32,33

symmetry.| I This particle—hole symmetry leads to a key

feature that the imaginary-time Green’s function is symmetric
about /2, i.e.,

G(t+B/2)=G(—t+B/2)
G(t)=-G(—1), (23)

or equivalently

which is identical to the behavior observed in the real SYK
model constructed from Majorana fermions. In this neutral
case, the complex SYK model and the real SYK model share
several key characteristics, including the same form of the SD
equations. Additionally, both models do not exhibit any ther-
modynamic phase transitions.

However, when the chemical potential is introduced, the
corresponding term reads

Hy=—pY cjei, (24)
i

and explicitly breaks the particle-hole symmetry. Under the
particle—hole symmetry transformation (y — y), this term
transforms as

Hy — —uUN—H,.

This breaking of the symmetry has a direct impact on the
Green’s function. In the presence of a nonzero chemical poten-
tial, the imaginary-time Green’s function no longer maintains
the symmetry about /2. This symmetry breaking is reflected
in the Matsubara frequency space, where the Green’s function
G(i®,) is no longer anti-symmetric. Specifically, the real part
of G(iw,) becomes a symmetric function, while the imagi-
nary part remains anti-symmetric. Thus, the Green’s function
takes on a more general form, with both symmetric and anti-
symmetric components, breaking the particle—hole symmetry.

This explicit breaking of symmetry, caused by the chem-
ical potential, directly leads to a redistribution of the energy
spectrum density. In Section 3, we study in detail how the in-
troduction of the chemical potential term affects the distribu-
tion of the energy spectrum by using the exact diagonalization
numerical method in the finite N case. It also causes a shift in
the spectral properties of the Green’s function (see Section 4
for details), reflecting a fundamental difference between the
neutral cSYK model and the one with a nonzero chemical po-
tential.

The presence of a chemical potential modifies the distri-
bution of fermionic occupancy and hole states in the system.
The explicit breaking of symmetry has a direct impact on the
solution space of the system, which can be observed in the SD
equations. In particular, the SD equations no longer have a
single solution; instead, for certain temperatures and chemical
potentials, the system can converge to multiple distinct solu-
tions, where the free energy of the system typically exhibits
multiple stable minima. The presence of these multiple solu-
tions is a signature of a first-order phase transition. To under-
stand this, consider the stability of the solutions: below a cer-
tain critical temperature 7, multiple solutions become stable,
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and the system can select between different physical states.
As the temperature varies, the system may transition from one
state to another, leading to a first-order phase transition.

The transition from non-physical to physical solutions in
the SD equations is not clearly reflected in the g = 4 case,
where only numerical solutions are available. To illustrate
this, we turn to the g = 2 case, where the SD equations can
be solved analytically. A detailed discussion can be found in
Appendix A. The Green’s function for the g = 2 cSYK model
in Matsubara frequency reads

_iwn_.u+ \/(iwn‘f'.u)z_ _4']2

Gliw,) = 5

(25)
The conclusion is that, with the introduction of the chemi-
cal potential, we indeed observe that the Green’s function —
which originally diverged at infinity in Matsubara frequency
space — immediately becomes convergent. Moreover, the nu-
merical solution can also converge to this branch. As previ-
ously mentioned, the Green’s function no longer maintains the
original odd symmetry, indicating that the chemical potential
term, which breaks the symmetry, enables the SD equations to
possess more acceptable solutions. The Green’s function, once
constrained by particle—hole symmetry, is no longer bound and
becomes both convergent and physically available since the
properties of particle-hole symmetry no longer constrain its
behavior.

In this context, the appearance of multiple solutions in the
SD equations, corresponding to different states of the system,
reflects the breaking of the particle-hole symmetry and indi-
cates a transition from one phase to another as the temperature
decreases. This transition is a hallmark of a first-order phase
transition, characterized by a discontinuous change in free en-
ergy and a clear switching between stable states.

The explicit breaking of particle-hole symmetry due to
the chemical potential plays a crucial role in facilitating this
transition, causing the system to exhibit multiple stable states
that are energetically distinct. This phenomenon underscores
the close relationship between symmetry breaking and phase
transitions in many-body systems.

2.3. Numerical solution of Schwinger—-Dyson equations

Once we have derived the Schwinger—Dyson equations,
the primary challenge lies in solving them efficiently. In the
infrared limit, if we neglect the term —i®, in the saddle point
equation, we can analytically derive the conformal symmetric
solution for the Green’s function. However, our primary inter-
est is in the thermodynamic properties and critical phenomena
of the model, which necessitates exploring beyond the low-
energy limit. Therefore, numerical calculations become es-
sential for our analysis.

The effective action is given by

_ % = Indet[(d; — ) — X| +/‘drdr’ [Z(Ta7/>G(T/’T)

J2
—|—ZG2(T, T’)Gz(f’,r)} . (26)

Owing to the time translation invariance of Euclidean correla-
tors, G(7,7') = G(7 — 7’), we can reformulate the action as

et _ 1ndet[87u2}

+B/dT[Z(T)G(—T)+J:GZ(T)GZ(—T) .27

Utilizing the Fourier transformation

f(1) = %Ze*i“’“ﬂiwﬂ),

B )
fliwn) = [ darets(n) 28)

we obtain the effective action in terms of frequency compo-
nents

Seit 1 (—io—p—Z(ie))
— 2 24+ Y o1
N = m2tLs n( “iw,

3 . .
+Z§’2(1w,,)0(1wn). (29)

To solve the Schwinger—Dyson equations derived previously,
we need to find a fixed point equation of the form G(iw,) =
f(G(iwn)).

perform numerical calculations for this purpose. Starting with

We use the algorithm introduced in Ref. [3] to

an initial guess for the correlator, the algorithm iteratively up-
dates the solution

G (iw,) = (1-x)G"(iw,) +x , (30)

*iwn —Hu *Z(iwn)
where we set the update parameter x = 0.05. The superscript
on the Green’s functions denotes the iteration step. Initially,
we assume the noninteracting solution G(7) = $sgn(7) for the
first iteration, with the coupling strength J set to one. For nu-

[47

merical implementation, 47! we discretize Euclidean time and

Matsubara frequencies as

m
r,,,:l;—A, (m=0,1,...,2A — 1),

2r 1

Wy = — (n—l—) , (n=—-A,—-A+1,...,A-1), (31
B 2

introducing a UV cutoff. Typically, we choose A = 216 for ac-

curacy. After the final iteration, we evaluate the convergence

by computing the difference

1 1 .
AG:X§"|G" (io,) —G"(imy,)|. (32)
When the difference is below an acceptable limit AG < &, in

which we set € = 10~!# as our threshold, the algorithm termi-
nates. This indicates that the iterative solution is sufficiently
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close to the true solution. We thus can argue the numerical so-
lution for the Green function at this moment is converged. It
is noteworthy that if G"(i@,) is the real solution that satisfies
the Schwinger—Dyson equations (22), then the next iteration
will yield the same solution G"*!(iw,) = G"(i®,), resulting
in AG =0.

Figure 2 shows the numerical solution of the Green func-
tion G(7) at different temperatures and chemical potentials.
One can observe that the numerical solution of G(01) +
G(B~) =1 holds true, and a gap appears at low temperatures
in the presence of a chemical potential .

1.0 . .
— T =0.005, =0

—— T =0.020, p=0 i
T =0.020, = 0.1
--- T =0.005, =01

0.8

Fig. 2. Numerical solution of G(7) for different temperatures and
chemical potentials. The calculations are done for J =1, ¢ = 4 and
A=2x10",

2.4. Thermodynamic properties of the cSYK model

After obtaining the numerical solution for the Euclidean
Green’s function, we can express the system’s energy as a
functional of this Green’s function. By following the approach
outlined in Ref. [5], we derive the energy expression. To be-
gin, we consider the following relationship:

Noy, G(Tl,rz)|ﬂ42:0+
= No5,G(11 — 1) ’r1—12=0+
= Y 9:(i(0)c]) = YAH cnleh), (33)

where the Hamiltonian H is divided into two components:

H = Hsyk + Ho, (34)
Hsyk =Y Jijuclc! iCKel, (35
Hy=—pY cle: (36)

Substituting the commutator [H, ¢,,] back into Eq. (33), we ob-
tain

NO:G(7)|,_y+ = (gHsyk + Ho). (37)

Incorporating additional terms, we derive the relationship be-
tween the Green’s functions and the energy:

NOG(3)],y. —ulg—1)(Q+7)
= (qHsyx +Hoy+ (¢ —1)Hy) = q(H), (38)

which implies that the average energy per particle is given by

E 1 1
NZQ arG(T)|T:0+*lJ(CI*1) <Q+ 2)} ) (39

where Q is the U(1) conserved charge density, defined as

Q

Q= N —% [G(0")+G(07)]. (40)

To numerically evaluate the energy, it is crucial to com-
pute the first term in the energy expression (39). The saddle-
point equation in our model is

B
(0~ w)G(x) - [ E(r-2)G(R)aE = ~85(r), (4D

which can be rewritten as
B
9:G(7) = uG() + /0 I(t—H)G(F)dE+85(0). (42)

Taking the limit T — 0" and using the expression for Q, we
obtain

2:G(x)| . = i (; - Q> n ;§z<iwn>c<iwn>. 3)

This formulation allows us to numerically compute the
energy by evaluating the Green’s function and self-energy at
specific points. Accurate numerical treatment ensures precise
results, particularly near critical points where the system’s be-
havior is highly sensitive to parameter changes.

2.5. Deriving the energy functional

For the numerical evaluation of the energy, the first term
in Eq. (39) must be computed. The saddle-point equation for
our model is

(3 / (e

which implies

G(1)dT=—d(7), (44)

9:G(7) = uG() + /O P (e—DG(@ e+ 85(1). (45)

Taking the limit T — 0" and using the expression for Q, we
derive

8TG(T)|TO+:u<1 ) Zz 10,)G(im,). (46)

Thus, the computable formula for the energy becomes

% = é [4uT Y Re[G(im,)] —pu+TY Z(io,)G(iw,)],

Wy Wy

(47)

where we used the Dirichlet trick to ensure that the series con-
verges

_ + _
Q=— 2[ (0" +G(07)] = TZRe (iw,)].  (48)
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This framework enables the numerical computation of the en-
ergy by evaluating the Green’s function and self-energy at spe-
cific points. Precise numerical treatment is crucial to ensure
accurate results, especially near critical points where the sys-
tem’s behavior is highly sensitive to changes in parameters.
Substituting the saddle-point solution of Eq. (29), we obtain
the free energy

F 1. [ —i@,—p—X(i 2
= = T|m24Y ol (—2—F (ion)
N o 2 —iw,

+ 3L stio)c(ion)| 9)

The key numerical results are presented in Figs. 3(a)—
3(d). The phase diagram of the single-sided cSYK model
features a critical point at (¢, Ue) = (0.06828,0.3443), as
shown in Fig. 3(a). High temperature at fixed u and a high u
at fixed T in the (i, T)-plane correspond to gapless, strongly
correlated SYK phases and gapped, weakly coupled fermion
phases, respectively.[8-33]

The system behaves like an insulator with weakly inter-
acting fermions described by perturbative field theory in the
large u regime. In the small u regime, it represents a strongly
correlated metallic phase, akin to a black hole. Adjusting the
chemical potential allows us to explore the transition between
weakly and strongly coupled regimes.

The transition temperature 7; increases with (t and culmi-
nates at the critical point (7¢, tl¢). At higher temperatures, the
black hole-like metallic phase dominates, while at lower tem-
peratures, the weakly coupled fermionic phase is more stable.
Hysteresis between these phases, shown in Fig. 3(b), indicates
a first-order phase transition ending at the critical point. Be-
yond a critical u, hysteresis disappears, and the free energy
becomes a smooth function of temperature.

Figure 3(c) illustrates the system’s free energy as a func-
tion of i. As U nears the critical value i, the first-order phase
transition occurs at higher temperatures, eventually smoothing
out the kink in the free energy. At high u, a single saddle
point solution exists, indicating the dominance of the weakly
coupled fermion phase.

These findings align with the (u,—Q) diagram in
Fig. 3(d), where the charge density difference acts as an or-
der parameter. Below T¢, certain Q ranges (non-dotted parts
of the line) lack saddle-point solutions, even in the large g
limit. These missing segments indicate thermodynamically
unstable branches with negative specific heat. Similar behav-
ior of charge density as a function of chemical potential is also
observed in Fig. 11(a) of Ref. [48], where they employ a dif-
ferent numerical method called conformal perturbation theory

to study low-energy behavior.

—0.14
0.34} (a) |_(b)
=029
0.32 —0.15
0.30 | =031
< Z _0.16
T 028 &
: =033
—0.17
0.26
|7 =0.35 T
0.24) 0.02  0.04 0.06 —0.18 0.02_0.04 0.06 0.08
T T
0.45
—0.05 01 (d) — T=0.04
04 —_T=0.05
.08 0.40 T=T,
—0.10 — T=0.08
0.35
Z —0.15 =
~ 0.30
—0.20 0.25
—0.25 0.20
0 01 02 03 04 05 =05 —04  -03 02
w -Q/N

Fig. 3. (a) The chemical potential as a function of 7. The shaded region
indicates the parameter range where the phases coexist. (b) The free energy
as a function of temperature for different . (c) The free energy as a function
of chemical potential for different temperatures. (d) The chemical potential
as a function of the charge density for different 7'.

‘We compare the phase transition of the cSYK model with
the van der Waals phase transition and find that the chemical
potential u in the cSYK model behaves like the pressure P in
the van der Waals gas, while the charge density Q/N behaves
the same as the volume behavior of the van der Waals gas. The
van der Waals equation with critical temperature T, = 1 reads

T
p=T 3
3V—-1 V2
Figures 4(a)—4(d) illustrate how the SYK model is similar
to the van der Waals gas model in several respects. Both the

(50)

van der Waals equation and the solutions to the SD equations
exhibit multivalued phenomena when the temperature falls be-
low the critical temperature, where a single volume corre-
sponds to multiple pressures or a single chemical potential cor-
responds to multiple charge densities. As shown in Fig. 4(a),
within the phase transition region, the solution with the lowest
free energy is thermodynamically favorable, the second low-
est corresponds to a metastable solution, and the highest free
energy solution is unstable, corresponding to a negative heat
capacity at that branch. During the gas—liquid phase transition
process, gas and liquid are in equilibrium at a specific pressure,
implying that their volume and pressure should be monotonic
at that temperature.

Maxwell’s equal area law corrects this unreasonable phe-
nomenon in the phase transition process by balancing con-
ditions, aligning the mathematical model of the liquid—gas
phase transition with actual physical phenomena. More specif-
ically, in the van der Waals P-V relation (Fig. 4(b)), the un-
stable region determined by Maxwell’s equal area law corre-
sponds to a triangular area on the corresponding G—P graph,
where the thermodynamically favorable solution always cor-
responds to the solution that minimizes the free energy. Sim-
ilarly, such behaviors are observed in the solutions to the SD
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equations of SYK, where two types of solutions can appear at
the same chemical potential or temperature within the phase
transition region, corresponding to different free energies, en-

—2.2
(a)
—2.4 S
—2.6r Transition point (P, Go)]|
B —2.8
-3.0 —— Thermaldynamically
favorable state
-3.2r | - Metastable state
- - - Unstable state
3455 0 0.5 1.0 1.
P
—0.16

—0.18}
—0.20}

R —0.22¢

—0.24}
—— Thermaldynamically
favorable state

—0.26}
----- Metastable state
—0.28 : : : :
0.15 0.20 0.25 0.30 0.35
o

0.40

ergies, charge densities, and entropies. As generally described
by the van der Waals gas, the thermodynamically favorable
solution should be the one that minimizes the free energy.

1.0— - - . . ,
(b) —— Thermaldynamically favorable state
0.8t |7 Metastable state
: - - - Unstable state
0.6} —— Maxwell construction line
0.4} L T ]
A (vipo N (v2,p0) (U3~,P0.)\
0.2} ] 1
/
ot :
1
—0.2t i)
i
—0.4 -
0 1 2 3 4 5 6
14
0.40
(d) —— Thermaldynamically favorable state
----- Metastable state
0.357 —— Maxwell construction line
0.30f |
2 a
1
0.25¢ N
0.20
0.15
-05 —-04 -03 -0.2
-Q/N

Fig. 4. (a) The Gibbs free energy G as a function of pressure P for a van der Waals gas at T = 0.87;. (b) P-V diagram of isotherms at the same
temperature. (c) The free energy F as a function of chemical potential p for the cSYK model at 7 = 0.04. (d) The corresponding Maxwell

construction line in the same isotherm for the cSYK model.

Non-physical cases are indicated with dashed lines, and it
can be observed that the behavior of the van der Waals gas’s
G-P graph is similar to the SYK’s F—u graph as shown in
Fig. 4(c): both exhibit a non-analytic point with a discontinu-
ous first derivative linking the transition between two phases,
representing a first-order phase transition. Before and after the
phase transition, the free energy transitions from nonlinear to
linear behavior, with the van der Waals gas transitioning from
gas to liquid phase, and the SYK model transitioning from a
gapped to a gapless phase. Due to numerical methods, for a
given chemical potential, the SD equation converges to at most
two solutions, stable and metastable, while unstable state so-
lutions do not converge stably due to algorithm characteristics
and will eventually converge to either a stable or a metastable
solution, depending on which is closer. This can also be veri-
fied using the van der Waals equation. First rewrite the van der
Waals equation as a fixed point equation, i.e.,

vV =g(V)=(8TV?—(3V —-1)V?P+3)/9. (51)

Given P = py, using the fixed point iteration method employed
for solving the SD equations similarly fails to find the vol-
umes corresponding to unstable states (v, po). The criterion
for whether the fixed point iteration converges to a solution is
whether the absolute value of the derivative of g(V) at a solu-
tion, denoted as |g’(V)], is less than 1, which is consistent with
the fact that the heat capacity of the unstable solution is neg-

ative. However, inspired by Maxwell’s construction law, we
can still determine the chemical potential plateau that satisfies
the area law at the intersection point of the two branches in the
F—pu graph, as shown by the grey line in Fig. 4(d).

In principle, for a cubic equation like Eq. (51), three com-
plex roots can always exist. The number of physically accept-
able real roots is then determined by the discriminant, which
depends on the coefficients (and in this case, on temperature
and pressure). From this perspective, the role of the chemi-
cal potential is analogous to that of pressure. By adjusting the
chemical potential and temperature of the cSYK model, mul-
tiple physical solutions to the SD equations can be obtained.
That is, the values of chemical potential and temperature de-
termine which of the theoretically possible multi-branch solu-
tions are physically acceptable.

As depicted in Figs. 5(a)-5(d), we also analyze the be-
havior of energy and entropy as functions of temperature and
chemical potential, supporting the first-order phase transition
illustrated in Figs. 3(a) to 3(d). Figure 5(a) shows that in the
low-temperature gapped phase, the thermal energy E /N flat-
tens, indicating temperature independence in this phase. Both
energy E and free energy F become negative as 7 — 0. The
entropy S can be derived from % = %# Figure 5(b) demon-
strates that entropy decreases to zero as temperature drops be-
cause both free energy and energy converge to the same value
at low temperatures.
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Fig. 5. (a) Thermal energy E /N as a function of temperature 7. (b) En-
tropy S/N as a function of temperature 7. (c) Thermal energy E/N as
a function of chemical potential p. (d) Entropy S/N as a function of
chemical potential pt.

It is notable that the chemical potential introduces a
two-body interaction. A similar interaction is found in the
Maldacena—Qi wormhole model.’! Comparable entropy be-
havior is reported in Ref. [44]. Figures 5(c) and 5(d) further
investigate the impact of chemical potential on energy and en-
tropy, clearly depicting the first-order phase transition.

2.6. Critical exponents

Utilizing the numerical solutions of the Green’s func-
tions, we can explore the intricate critical behaviors of the
system. Specifically, at the critical juncture, the system’s tem-
perature and chemical potential reach the values 7, = 0.06828
and . = 0.3443, respectively, marking a significant critical
point.

Critical exponents, fundamental to the study of phase
transitions, describe how thermodynamic quantities scale near
the critical point. One of the key thermodynamic observables
is the specific heat, which follows a power-law behavior close
to the critical temperature. This can be expressed as

dS
C(Tv.uC):Tﬁ(x |T_TEZ|7O&’ (52)

demonstrating the dramatic increase in the system’s heat ca-
pacity as it approaches the critical temperature.

Charge susceptibility, another crucial observable, mea-
sures the system’s response to changes in chemical potential,
indicating its ability to accumulate or deplete charge. The
mathematical form derived from numerical Green’s function
analysis is

X(TJJC):giQ“‘T_TcrHv (53)
u
which signifies how the system’s charge response intensifies
near the critical point.

This expression encapsulates the system’s sensitivity to

variations in the chemical potential. Additionally, the charge

density as a function of temperature is derived from a func-
tional relationship based on our meticulous numerical analy-
sis of Green’s functions. This dependency highlights the intri-
cate interplay between thermal excitations and electronic oc-
cupancy, illustrating how the distribution of charges within the
system evolves with changing temperature. As the tempera-
ture approaches the critical value 7;, the charge density profile
becomes especially revealing, showcasing the characteristics
of the system’s phase transition and indicating potential shifts
in the underlying electronic ground state. For the charge den-
sity, the critical behavior can be expressed as

|Q(T7.LLC)_Q(TC7[JC)| o< |T_Tc‘qi- (54

Moreover, the difference in charge density between two phases
near the critical point behaves as

AQ o< |T — T |Pe. (55)

In the vicinity of the critical chemical potential pi, the entropy
exhibits a pronounced sensitivity, providing vital insights into
the mechanisms of phase transitions and the critical exponents
that govern the system’s thermodynamic response. The rela-
tionship for entropy is given by

[S(Te, 1) = S(Te, te)| o< |1 — pte[*™, (56)

and similarly for charge density

|Q(Te, 1) — QT e )| o< |1 — pe| T+, (57)

where o denotes o computed above the critical point (T >
T.) and a_ denotes @ computed below the critical point (T <
1.), with similar notation for ¥y, g+, s+, and g+. In close
proximity to the critical coordinates T, and i, leveraging the
numerical techniques expounded upon in the seminal work of
Ferrari et al.,¥) we employ advanced computational meth-
ods to accurately estimate the critical exponents of the model.
These methodologies have been instrumental in generating the
data summarized in Table 1, which showcases the essential
scaling properties of the system at its critical state.

Table 1. Critical exponents.

o 0.6388 o 0.6644
Vi 0.5815 Y- 0.7537
q+ 0.4007 q- 04714
S 0.5202 S 0.4224
G+ 0.5116 G 0.4265
Be 0.6397

In the study of critical behavior in the SYK model, solv-
ing the SD equation to determine the critical exponents is a
crucial step. Initially, a first-order phase transition is induced
by setting the chemical potential to 1 = 0.34 with an initial
factor of unity (i.e., 1). The free energy F(T) is then com-
puted using the Green’s function formalism, starting from the
highest temperature 7 = 0.1 with an initial Green’s function
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value of G(7) = 0.5. As the temperature decreases, a small
temperature step Tyep = 107> is applied, using the Green’s
function from the previous iteration as the starting point for
the new calculation. The free energy F(T) is evaluated at
each step until the temperature reaches 7 = 0.005, yielding
the temperature-dependent free energy function F_(7T'), with
the chemical potential held fixed. Subsequently, the tempera-
ture is incremented in reverse from 7 = 0.005 to 7 = 0.1, pro-
ducing the complementary free energy function Fy (T'), which
serves as the counterpart to the previously obtained function.
To ensure numerical convergence, a convergence check is
introduced: the difference between Fy(T) and F_(T) is cal-
),

is smaller than 10~°, the chemical potential p is updated by

culated. If the maximum difference, max(|Fy(T) — F_(T)

adding a scaled version of the maximum difference and mul-
tiplying u by 1.1. If the maximum difference max(|F(T) —
F_(T)]) is less than or equal to 10, the chemical potential is
reduced by a factor of 0.5. This process is repeated until the
condition

107 < max(|F.(T) - F_(T)|) < 1.5x 107°

is satisfied, at which point the critical chemical potential y, =
U is determined. Once the critical chemical potential is es-
tablished, the next step is to identify the critical temperature

T, which is determined as the temperature at which the ab-
solute value of the second derivative of Fy(T) is maximized.
Next, by gradually lowering the temperature and calculating
AQ, the power-law relationship for the critical exponents can
be uncovered. Specifically, at each fixed temperature, the two
distinct branches of the F(T)-u and Q(T)-u relations are
solved, and the chemical potential is varied in opposite direc-
tions. The point where the two branches intersect corresponds
to the chemical potential u; at which a first-order phase transi-
tion occurs. The quantity AQ(T) is then computed by taking
the absolute difference between the Q values at y; for the two
branches:

AQ(T) = |Qincreasingu (.ui) - Qdecreasingu(ﬂi)! .

By varying the temperature step by step and repeating this pro-
cedure, the power-law relationship AQ o< |T — T;|9*+ can be re-
vealed, which provides a detailed quantitative analysis of the
phase transitions and critical phenomena in the SYK model.
Through this series of precise calculations and analyses, the
critical exponents can be accurately determined, offering pro-
found insight into the phase transition behaviors and critical
phenomena in the SYK model.
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Fig. 6. Behaviors of thermodynamic functions near the critical point.

The critical exponents derived from our study highlight
that the complex cSYK model can act as a microscopic statis-
tical representation of the classical liquid—gas phase transition.
Notably, Ferrari et al. provided a comprehensive examina-
tion of non-mean field criticality in cSYK models in Ref. [33].
Their analysis not only addresses the original cSYK model but

also explores two alternative variants, focusing on their ther-

modynamic properties. Interestingly, they demonstrate that
this non-mean field behavior persists even in certain higher-
q instances beyond the ¢ = 4 case. The core insight from
their research is that the effective action of the cSYK model
depends on functional relationships rather than a finite set of
variables, which leads to these unconventional critical phe-

nomena. This discussion specifically pertains to the four-body
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interaction scenario, or the ¢ = 4 variant of the cSYK model.
In contrast, another significant finding reported in Ref. [49]
shows that a suitably parameterized many-body SYK model
can exhibit mean-field theory behavior and present a Van der
Waals-like phase diagram when thermodynamic quantities are
appropriately scaled. This broadens the applicability of SYK
models in describing diverse phase transitions, bridging the
gap between non-mean field and mean-field behaviors in quan-
tum systems.

We present our numerical calculations on the critical ex-
ponents O+, Y+, g+, B+, s+, and G+ as shown in Fig. 6. It
is worth noting that . obtained in our calculations shows a
precision difference of up to 10~ compared to the results in
Ref. [33].

This section’s thermodynamic analysis has revealed the
characteristics of phase transitions driven by the chemical po-
tential in the complex Sachdev—Ye—Kitaev model. We have
discovered that variations in the chemical potential not only af-
fect the system’s phase state but also significantly regulate the
distribution of energy levels and the system’s entropy behav-
ior. These thermodynamic properties provide a crucial theoret-
ical foundation for further exploration of the system’s quantum
chaos features and energy level dynamics. Due to the vary-
ing influence of the chemical potential, the system can be di-
vided into two distinct phases. Taking this as inspiration, we
will next employ the exact diagonalization method to precisely
study the energy level distribution and chaotic behavior of the
c¢SYK model, and further explore how the chemical potential,
which induces thermodynamic phase transitions, specifically
affects their behavior.

3. Exact diagonalization and spectral form fac-
tor

In addition to the study of thermodynamic properties, it
is essential to delve deeper into the spectral characteristics
and dynamical behavior of the cSYK model. While the pre-
vious sections have focused on understanding the thermody-
namic phase transitions and critical phenomena, exploring the
spectrum and real-time dynamics can provide further insights
into the microscopic details of the model. In this section, we

present the numerical results obtained from the exact diago-
nalization method for the cSYK model with N = 16.31-32] The
focus will be on the spectral density and the SFF for different
values of the chemical potential . These investigations are
crucial for a comprehensive understanding of the system’s be-
havior. To achieve this, we employ the exact diagonalization
method to analyze the spectral density and spectral form factor
(SFF) of the cSYK model. These tools allow us to examine the
eigenvalue distribution. By investigating the concrete finite-
size model, we can gain a clear and deep understanding of the
quantum chaos and the statistical properties of the eigenvalues
in different phases of the model. The spectral form factor, in
particular, serves as a valuable indicator of quantum chaotic
behavior and can reveal important information about the dy-
namics and thermalization processes in the system. Specifi-
cally, we use the Jordan—Wigner transformation to express the
fermion operators as a series of Pauli string

c=o0; [[oi. cf=0"]]o:-

j<i j<i

(58)

Through these concrete Pauli matrices, the physical behavior
of interest can be studied by doing various operations on it,
such as diagonalizing the Hamiltonian matrix to obtain the en-
ergy spectrum or numerically calculating the exponential of
the Hamiltonian matrix to derive the time evolution operator
U(t) = e " and so on. The spectral density provides valu-
able information about the distribution of energy eigenvalues,
which is crucial for understanding the statistical properties of
the system. Figure 7 shows the spectral density for u = —0.5,
U =0,and g = 0.5, averaged over 1024 samples.

For u = —0.5, the spectral density exhibits a maximum
around E ~ 4, indicating a higher concentration of energy
eigenvalues in this region. The distribution shows a slight
skewness towards higher energy values.

For p = 0, the spectral density is symmetric and has a
maximum around £ = 0. This symmetry and the central peak
suggest that the system is neutral, with an equal distribution of
positive and negative energy states.

For u = 0.5, the spectral density has a maximum around
E ~ —4. Similar to the u = —0.5 case, but in the opposite di-
rection, the distribution is skewed toward lower energy values.
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Fig. 7. Normalized spectral density at N = 16 averaged over 1024 samples. The chemical potential causes a redistribution of the state density,
which significantly breaks the symmetry of the state density at E = 0, resulting in a skew state density distribution.
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These behaviors indicate that the chemical potential u
significantly affects the energy distribution, shifting the peak
of the spectral density accordingly for all three cases of chem-
ical potential. Another subtle detail is that an energy gap of
U = £0.5 exists in all cases virtually. All the samples of
U = =£0.5 possess the energy level E = 0, and the energy level
spacing between E = 0 and the next (u = —0.5) or previous
(1 = 0.5) energy level is significantly larger than that between
other energy levels.

Besides the overall shift and skewness of the spectral den-
sity, Fig. 7 also contains a sharp and isolated peak pinned
at E = —u for all values of u. This feature has a simple
microscopic origin: it comes from the charge Q < 1 —N/2
sectors. For the cSYK Hamiltonian, the quartic interaction
term cfc;ckcl necessarily contains two annihilation operators.
Therefore, it annihilates any one- or zero-particle state and
acts trivially in the Q < 1 — N/2 subspace. As a result, all
eigenstates with O = 1 — N /2 have exactly the same energy
E = —u, independent of the disorder realization J; ;. The de-
generacy of these sectors is dimHp<_y/2 = (1) +1=N+1,
which produces a §-like contribution to the density of states
at E = —u. This is a finite-size effect that is special to the
complex SYK model with a conserved U(1) charge; it is ab-
sent in the Majorana SYK model where the Hilbert space is
not decomposed into fixed Q sectors in the same way. In the
large N limit, the relative spectral weight of this contribution
scales as N/2V in the full Hilbert-space-normalized DOS and
therefore becomes negligible compared to the bulk spectrum,
but it remains visible in exact diagonalization at small V.

A complementary probe closely tied to the spectrum is the
nearest-neighbor level-spacing distribution, which provides a
direct diagnostic of spectral correlations and quantum chaos.
Figure 8 shows the unfolded level-spacing distribution P(s)
and the corresponding gap ratio 7 for the cSYK model at differ-
ent chemical potentials. Here 7 denotes the average adjacent-
gap ratio, defined from the ordered energy levels {E, } by

$n = Ens1 — En, rn:we[&l]. (59)
max (Su, Sp-+1)

1.0¢
0.9}
0.8
0.7+
0.6t
T 0.5
0.4}
0.3}
0.2}
0.1}
0 n n L L L Lo ssess s
0 2 3 4
s/(s)

——pn =0, 7=0.3882
n=10.5, 7=0.3904

— ——p=-05, 7=0.3905

---------- Poisson, 7 = 0.3863

If one naively analyzes the full spectrum in Fig. 8(a), the dis-
tribution appears close to the Poisson prediction, which might
misleadingly suggest an integrable or uncorrelated spectrum
without level repulsion. However, this Poisson-like behavior
is largely a consequence of symmetry-induced sector mixing:
the cSYK Hamiltonian conserves the global U(1) charge, and
therefore the Hilbert space decomposes into a direct sum of
fixed-charge sectors,

H=EPHo, dimHg= (g)
o

(60)

so that the full spectrum is effectively a superposition of sta-
tistically almost independent subsequences from different Q
sectors. It is well known that superposing independent spectra
can wash out level repulsion and drive the combined spacing
statistics toward Poisson, even if each subsector is individu-
ally a Wigner-Dyson distribution.%>!1 To uncover the intrin-
sic chaotic correlations, one should therefore restrict the anal-
ysis to a single symmetry sector. Indeed, when we compute
the level-spacing statistics within a fixed-charge subsector in
Fig. 8(b) — here we choose Q = 0 (equivalently n = N/2)
— the distribution follows the GUE Wigner—Dyson form and
the gap ratio approaches the GUE value, demonstrating robust
level repulsion and quantum chaotic behavior within each sec-
tor.

Finally, the independence of the spacing statistics on L
within a fixed Q subsector admits a simple explanation. The
chemical potential term shifts all energies in a given charge
sector by the same amount

EY) :Eéo)—u(Q—&—g), 61)
which is a sector-dependent constant shift and thus leaves lo-
cal level spacings unchanged. Therefore, u predominantly
reweights and shifts different charge sectors in the full spec-
trum, while the universal Wigner—Dyson correlations inside
each fixed charge subsector remain intact.

1.0
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Fig. 8. Level-spacing statistics of the cSYK model. Level-spacing distributions for N = 16 averaged over 1024 disorder realizations. (a) Full-spectrum
nearest-neighbor spacing distribution P(s) (after unfolding by (s)) for u = 0, +0.5, compared with the Poisson prediction Pp(s) = e * (dotted line). The
corresponding disorder-averaged gap ratio 7 is reported in the legend. (b) The same analysis restricted to a fixed charge subsector (here Q = N/2 = 8),

where the spacing distribution follows the GUE Wigner surmise PGug(s) =

%sz e/ (dotted line) and 7 approaches the GUE value 7gug =~ 0.60266.

The near-independence of p indicates that the chemical potential primarily shifts energies without modifying level spacings within a given subsector.
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Fig. 9. (a) Unregularized SFF Z(f + it)Z(B — it) (log scale), illustrating that the chemical potential strongly changes the overall magnitude through
reweighting of charge sectors. (b) Normalized SFF with the average of 1024 samples at N = 16, where 8 = 5. The fluctuation of plateau stage of neutral case
is obviously less than the others. (c) The same normalized SFF at higher temperature, the ramp-plateau structure becomes clearly visible even for yt = £0.5.

This special spectral structure resulting from the U(1)
symmetry prompts us to further study how the chaotic behav-
ior of the cSYK model will be affected by the chemical po-
tential. In this context, we analyze the spectral form factor,
which is a powerful tool for studying quantum chaos and the
dynamical properties of the system. The SFF is defined as

F(t) = Z(B+i1)Z(B —ir)
_ Ze (Em+Eg)+it(Em— Ek) (62)

where Z(3 + ir) is the partition function at complex time. We
first note that the unnormalized SFF in Fig. 9(a) exhibits a dra-
matic 4 dependence in its overall magnitude. This is expected
because F(0) =
tially reweights charge sectors. Using H () = Hiy —

|Z(B)|* and the chemical potential exponen-
un and
the shifted charge O = /i — %, the complex-time partition func-

tion can be decomposed as

Zy(B +ir) Ze (B+iK(Q+N/2) 7

(ﬁ +it),

25 (B + ir) = Tryy, e F+10Hm, (63)
where dimHg = (/) and Hin is the Hamiltonian with
zero chemical potential. At low temperature, the factor
ePr(Q+N/2) strongly biases the sector sum toward extreme
charges. For instance, for § =5, u = 0.5, and N = 16, the
0~ 10" at

Q = 8 (fully occupied sector), and neighboring sectors differ

maximal sector weight reaches ePH(@+N/2) — o4
by a factor eP# = 25 ~ 12. This exponential bias explains the
huge orders of magnitude separation in Fig. 9(a). Conversely,
when considering a negative chemical potential, u = —0.5, the
maximum contribution of SFF comes from the subsector with
0=-N/2.

More importantly, the same sector reweighting also dra-
matically affects the structure in the normalized SFF. As
shown in Fig. 9(b) at § = 5,
displays a clear dip-ramp-plateau behavior, consistent with

the neutral case u =0

the GUE level statistics found previously within a fixed Q
sector. 313992331 In contrast, for p = +0.5, the normalized
SFF does not exhibit a clean ramp within our accessible

system size and disorder averaging, and the late-time sig-
nal shows much stronger oscillations/noise even after aver-
aging over 1024 samples. This is because the grand canoni-
cal sum (63) becomes dominated by charge sectors near the
edges (Q ~ +£N/2), whose Hilbert space dimensions are very
small (e.g., dimH .y, = 1). In such small blocks, the spec-
trum is too sparse for random matrix universality to be re-
solved at finite N. Consequently, extremely large disorder en-
sembles would be required to reveal a possible ramp, and the
late-time behavior is instead dominated by finite-size fluctu-
ations. Equivalently, although each individual fixed Q block
exhibits Wigner—Dyson correlations when the block is suffi-
ciently large, the u biased grand canonical weighting can ef-
fectively project the dynamics onto very small sectors where
chaotic spectral rigidity is not observable. On the other hand,
this bias can be significantly reduced by increasing the temper-
ature. In Fig. 9(c) we show F (¢) at a higher temperature, where
eP! is close to unity and charge sectors around Q ~ 0, which
have the largest dimensions, contribute appreciably again. In
this regime, the ramp-plateau structure becomes clearly vis-
ible for u = 0 as well as for u = £0.5, indicating that the
system exhibits robust chaotic behavior once the dynamics is
This
trend is also consistent with our thermodynamic analysis, i.e.,

not dominated by the small-dimensional edge sectors.

at higher temperature the interacting quartic term plays a more
prominent role, while at low temperature and large |Bu| the
grand canonical ensemble is biased toward nearly empty/full
sectors where finite-size effects and sparse spectra obscure the
usual signatures of quantum chaos. We must stress that this
does not mean that by changing the temperature, we can ob-
serve a clear phase transition structure as we do in thermody-
namics, because the phase transition structure discussed in the
first half of this article is based on the thermodynamic limit,
that is, the case where N approaches infinity. In the case of a
finite N, we can only say this crossover is qualitatively con-
sistent with the thermodynamic trends; it does not by itself
establish a sharp phase boundary at finite N.

In Fig. 10 we study the finite-size dependence of the nor-
malized SFF at fixed inverse temperature 3 = 5 by exact diag-
onalization for N = 10, 12, 14, 16. For smaller system sizes
we average over a larger number of disorder realizations (see
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legends) to reduce statistical fluctuations. For the neutral case
u =0 in Fig. 10(a), all four system sizes exhibit a clear dip-
ramp-plateau structure, consistent with the GUE-type spectral
correlations observed previously within a fixed Q subsector.
We further observe that the ramp extends to later times as N
increases. This trend is expected from a random matrix per-
spective: the ramp typically persists up to the Heisenberg time
scale ty ~ 1/A, where A is the mean level spacing in the ef-
fectively contributing part of the spectrum. As N grows, the
relevant subsectors (centered around Q ~ 0 in the grand canon-
ical ensemble at 4 = 0) have rapidly increasing Hilbert space
dimensions, making the spectrum denser and pushing 7y to

100 100

larger values.
For the u = 0.5 case in Fig. 10(b),

comes much less pronounced and the late-time signal exhibits

the ramp be-

stronger oscillations than in the neutral case. This is a con-
sequence of the grand canonical sector reweighting discussed
around Eq. (63): at low temperature and finite |3 |, the sector
weights become biased toward edge charge sectors with much
smaller Hilbert space dimensions. As a result, the effective
number of levels contributing to Z(f + ir) is significantly re-
duced, so finite-size fluctuations dominate and can obscure the

universal ramp behavior at accessible N.
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Fig. 10. Finite size dependence of the normalized SFF at = 5 for various system sizes N =
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t

10,12,14,16. Panels (a)—(c) correspond to

chemical potentials = 0, 0.5, and —0.5, respectively. The number of samples marked in the legend increases exponentially as N decreases.

Interestingly, for ¢ = —0.5, Fig. 10(c) shows that the
late-time oscillations are even more pronounced. Beyond
the generic bias toward small-dimensional edge sectors, this
asymmetry between y = 0.5 at finite N is enhanced by the
special pinned peak in the density of states at £ = —u origi-
nating from the Q < 1 —N/2 sectors discussed above. Because
these sectors are exactly N + 1-fold degenerate, their contribu-
tion can be exponentially enhanced or suppressed depending
on the sign of u at low temperature. The dynamics are ef-
fectively dominated by even smaller-dimensional degeneracy
sectors, which amplifies finite-size oscillations and makes the
ramp harder to resolve.

In addition, we also find that for any chemical potential
configuration, the late-time plateau height decreases as N in-
creases. To understand this phenomenon in detail, we recast
the SFF as follows:

|Z(B +it)|? —it(Em—Ey)
F(t)/F(0) = |Z(B)|2 r;lpnpm )
efﬁEn
Pn= Z(B) (64)

In the long-time limit, the phases for m # n fluctuate rapidly,
whereas the phase of m = n terms is always one; the approx-
imate height of the plateau mainly stems from the case where
m = n oscillates around it.

F(t —)/F(0) an Z(2B)/Z(B)* =Tr(p§). (65)

An intuitive mechanism is that at a fixed temperature, as N
increases, the energy levels in the cSYK model become more
densely packed. The thermal state will be contributed by a
greater number of effective energy levels, thus pg becomes
more mixed, with a lower purity.

4. Real-time dynamics and spectral functions

In the real time dynamics, the behavior of the model also
has two completely different sets of patterns.!!>*3] Through
the analytical continuation of Euclidean time and frequency
T — it, W, — im, we derive the real time and real frequency
SD equations

1
-0 —u—XR(w)’
—I*G” (t)°G” (—1), (66)

GR(w) =
o) =

where the retarded Green functions and self-energy are defined
by

GR(1) =
IR() =

0(1)(G™(1) = G=(1)), (67)
0()(Z7 (1) +Z7(1)). (68)

Furthermore, the spectral function can be extracted from
the retarded Green’s function

p(w)=—2Im [GR(w)] . (69)

The iteration algorithm we explained before is also avail-

able for the functions above. However, the conditions are
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slightly different here; differently from the Fourier series
transformation under the Euclidean signature, in the Loren-
zian signature the integral of the Fourier transform is continu-
ous, with frequency and time ranging from negative infinity to
infinity.

0.30F
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Fig. 11. (a) The real and imaginary parts of the gapless phase greater Green’s
function where T = 0.055, 1 = 0. (b) The real part of gapped phase greater
Green’s function where 7' = 0.055, pt = 0.33, the subgraph in the upper right
represents a local zoom of the main graph near r = 0. A clear harmonic
oscillator-like oscillation mode can be observed.

In Fig. 11, we compare the behavior of the greater Green’s
function in the gapless and gapped phases. Figure 11(a) shows
a rapid disappearance of the propagator in the absence of
chemical potential after the excitation. On the other hand,
for the gapped phase where the chemical potential is not van-
ishing, the oscillation lifetime of propagators is significantly
enhanced from the original 10! to 10° orders of magnitude.
The gapless phase dominated by the chemical potential term
enhances the propagation on sites. In this sense, the gapped
phase is similar to a fermionic version of a harmonic oscillator

44541 We further study the behavior of spectral

dynamically.
functions (69). In Fig. 12(a), the spectral function of the gap-
less phase with no chemical potential is continuous and even-
parity. The cSYK model’s spectral features with no chemical
potential show a broad, Gaussian-like distribution, analogous
to the spectral characteristics observed in the real SYK model
at the same temperature. This similarity underlines the robust-
ness of the SYK model’s core spectral features, irrespective
of the fermion type (Majorana vs. complex) when external

parameters like chemical potential are neutral. Thus, one can

argue that the behavior of a cSYK model with zero formula is
consistent with that of a real SYK model from this perspec-
tive, just as a zero-charge RN black hole degenerates back to
a Schwarzschild black hole. Overall, the distribution of the
spectral function is relatively broad, but as the temperature in-
creases, the spectrum can be narrower and higher. This indi-
cates that the system does not have a significant energy gap
between excitations. The emergence of the gapped phase sig-
nifies the presence of an energy gap in the system’s low-energy
region. This phenomenon results from the redistribution of
the quasiparticle spectrum, caused by the combined effects of
interactions and chemical potential. As shown in Fig. 12(b),
when the chemical potential increases to a certain extent, it in-
duces a phase transition to a gapped phase, resulting in a single
peak appearing in the spectral function. This phenomenon in-
dicates a transition of the system from a continuous spectrum
to discrete energy levels.
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Fig. 12. (a) The spectral function of gapless phase of the cSYK model
at different temperatures (solid line) and spectral function of real SYK
model as a comparison (dashed line). (b) The comparison of the spec-
tral function between the gapless phases (4 = 0,0.1) and the gapped
phase of the cSYK model (1 = 0.33), where the temperature is set to
T = 0.055 and the spacing of frequency is as low as 10~ to ensure the
numerical accuracy of the gapped phase.

5. Discussion and conclusion

In summary, this study has probed the intricate thermody-
namic phase structures of the microscopic cSYK model. On
the cSYK front, the free-energy versus temperature plot re-
veals a clear hysteresis pattern, emblematic of a first-order
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phase transition culminating at a critical point. The realm
of large chemical potential y corresponds to an insulating,
gapped phase, while the domain of small t manifests a gapless
metallic phase. The distinction between these gapped and gap-
less regimes is underscored by the variation in charge-density
difference, denoted by AQ, and intriguingly, along the coexis-
tence line, there exist dual possibilities for charge polarization
configurations. Remarkably, this phenomenon bears a strik-
ing resemblance to the archetypal liquid—gas phase transition,
wherein there is no underlying symmetry change across the
two phases — a feature that highlights the universal nature of
the transition dynamics across various physical systems.

In addition to thermodynamic analysis, the study em-
ployed exact diagonalization for the cSYK model with N = 16
to delve deeper into the spectral characteristics and quantum
chaos indicators. The chemical potential skews the density of
states, and a sharp peak pinned at E = —u emerges as a finite-
N consequence of the conserved U(1) charge. The vacuum
and one-particle sectors are annihilated by the quartic interac-
tion, yielding an (N + 1)-fold degeneracy. This block structure
strongly impacts spectral statistics: full-spectrum level spac-
ings appear Poisson-like due to sector superposition, while a
fixed-charge subsector exhibits GUE Wigner—Dyson statistics,
with weak pt dependence because ¢ mainly produces sector-
dependent energy shifts. We also studied the spectral form
factor. Its unnormalized magnitude varies strongly with u
due to grand-canonical sector reweighting. At low tempera-
ture, the normalized SFF shows a clear dip-ramp-plateau for
u = 0, whereas for g = +£0.5 the ramp is obscured by finite-
size fluctuations from p-biased, small-dimensional edge sec-
tors; at higher temperature this bias weakens and the ramp-
plateau structure re-emerges. These finite-N temperature ef-
fects should therefore be viewed as a crossover.

Furthermore, the real-time dynamics and spectral func-
tions were explored through the analytical continuation of the
SD equations. The greater Green’s function showed rapid de-
cay in the gapless phase, while in the gapped phase, the oscil-
lation lifetime was significantly extended, akin to a fermionic
harmonic oscillator. Spectral function analysis indicated a
continuous and broad distribution in the gapless phase, and a
single peak in the gapped phase, highlighting a transition from
a continuous spectrum to discrete energy levels driven by the
chemical potential. These results underscore the critical role
of chemical potential in shaping the system’s spectral proper-
ties and energy gap formation.

Overall, this comprehensive investigation into the cSYK
model’s thermodynamic, spectral, and dynamical properties
sheds light on the profound similarities between quantum sys-
tems and classical thermodynamic transitions, providing a
deeper understanding of quantum dynamics and phase tran-
sitions in strongly correlated systems.

Appendix A: The effect of chemical potential in
q =2 complex SYK model

In this appendix, we focus on the analytical solution of
the Schwinger-Dyson equations for the g = 2 case to study
more clearly how the chemical potential affects the behavior of
the system. This will provide some implications for the phase
transition behavior of the unsolvable g = 4 model. First, the
Schwinger—Dyson equations for the ¢ = 2 case in Euclidean

space read
1
(1) =J%G(1), Gliw,) = — —. (Al
(=76, Glion) = s, (AD
The analytical solutions are given by
, —iw, —p++/(io 2-4)2
Glim,) = @ —H \/(12n+u) _ (A2)

2J
The solution with a positive sign is valid for all cases of non-
vanishing chemical potentials, whereas it is invalid for the neu-
tral case 4 = 0 or the negative sign. As illustrated in Fig. Al(a)
for the case of various chemical potentials, the Green’s func-
tion in frequency space diverges at infinity for the neutral case
1 = 0, which is considered a non-physical solution. And the
numerical iteration algorithm will not converge at zero chem-
ical potential either, since we have introduced a UV cutoff for
the high frequency, i.e., assuming G(i®,) = 0 for |n| > npax.
The fix is to manually introduce a sign function in front of the
square root’]

—i )/ —0F —4J?

G(imn, = 0) = 10, +sgn(o) n .
2J2

But more importantly, no matter how small the chemi-

(A3)

cal potential is, the originally diverging, non-physical solution
can naturally converge. This implies that in the cSYK model,
by adjusting the chemical potential, it is possible to transform
some originally non-physical solutions into physical ones.
Additionally, one can also observe that the Green’s func-
tion becomes smooth and analytic around the origin when u >
2J in Fig. A1(b), and that this mechanism persists between the
gapped and gapless phase transitions of the ¢ =4 cSYK model
as illustrated in Fig. A2(a). Under the same parameters 7 and
1 of the gapped and gapless phase, the main characteristic dif-
ference between the two different phases of the Green’s func-
tion is consistent with the ¢ = 2 cSYK model: compared with
the gapless phase, the Green’s function is smoother and ana-
Iytic around the origin. For the g = 2 case, this transition is
due to the analytical property near u = 2J of G(iw, = 0%),

ie.,
. o —uiA2— . .
iw{llinw Glion) = 2J2 7 iai,lgnof Glion)
7“ — 1 /4]2 _ ”2
= o7 for |u| <2,
lim G(iw,) = lim G(iw,)
iw,—0t iw,—0~
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Fig. Al. The ¢ = 2 Green’s function G(i®,) in Matsubara frequency
space from the solution (A2) (a) with chemical potential 4 = 0, 0.001
and (b) higher chemical potential cases. Here and below, for conve-
nience, we set J = 1.
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Fig. A2. (a) The numerical result of ¢ = 4 Green’s function G(i®,) in
Matsubara frequency space with 7 = 0.001, 4 = 0.1 for both gapped
phase and gapless phase. (b) The corresponding gapped and gapless
Green’s functions in imaginary time G(7). The imaginary part of G(7)
is not shown here, because Green’s function is pure real in imaginary
time space for either ¢ = 2 or ¢ = 4, non-zero chemical potential or zero
chemical potential.

From this point of view, we propose that the property of
the left and right limits of the Green function being equal can
serve as a criterion for determining whether the system is in a
gapped or gapless phase. For the case of ¢ = 2, when |u| < 2,
the system behaves more like the real SYK model and is in
the gapless phase, whereas when (| > 2, it is in the gapped
phase. However, since this transition is continuous and the
system’s SD equations do not allow multiple physically ac-
ceptable solutions for the same parameter, there should not
be a sharp transition. We further investigated the behavior of
the free energy for ¢ = 2 as a function of the chemical po-
tential, as shown in Fig. A3. As expected, the transition of
the free energy is smooth with no obvious turning point; as
the chemical potential increases, the nonlinear behavior of the
free energy gradually transitions to linear behavior, which is
consistent with the numerical results presented in Section 2.
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Fig. A3. The free energy F/N as a function of chemical potential of the
g =2 cSYK model with temperature 7 = 0.01.

The mechanism behind this process lies in the chemi-
cal potential introducing an additional energy shift, which af-
fects the system’s energy level distribution and particle fill-
ing, thereby stabilizing solutions that would otherwise diverge
due to a lack of energy balance. Specifically, the introduc-
tion of the chemical potential modifies the self-energy term in
the Schwinger—Dyson equations, effectively suppressing the
terms that cause the Green’s function to diverge. In this man-
ner, the chemical potential not only ensures the physical valid-
ity of the solutions but also provides a crucial control mecha-
nism for the system’s phase transition behavior.

Acknowledgements

We would like to thank Pengfei Zhang, Shao-Kai Jian,
Jan Louw, Tian-Gang Zhou and Shao-Feng Wu for helpful dis-
cussions. We are especially grateful to Jinwu Ye for valuable
comments on the manuscript. This work is partly supported
by the National Natural Science Foundation of China (Grant
Nos. 12275166 and 12311540141).

References

[1] Sachdev S and Ye J 1993 Phys. Rev. Lett. 70 3339
[2] Kitaev A 2015 A simple model of quantum holography talks at KITP, 7
April 2015 and 27 May 2015

060512-18


http://dx.doi.org/10.1103/PhysRevLett.70.3339

Chin. Phys. B 35, 060512 (2026)

[3]
(4]
(3]
(6]
(71
(8]

[9]
[10]

[11]
[12]

[13]
[14]

[15]
[16]

[17]
[18]

[19]
[20]
[21]
[22]
[23]
[24]

[25]
[26]

Maldacena J and Stanford D 2016 Phys. Rev. D 94 106002

Jensen K 2016 Phys. Rev. Lett. 117 111601

Maldacena J and Qi X L 2018 arXiv: 1804.00491 [hep-th]
Garcia-Garcia A M, Loureiro B, Romero-Bermudez A and Tezuka M
2018 Phys. Rev. Lett. 120 241603

Chen X, Fan R, Chen Y, Zhai H and Zhang P 2017 Phys. Rev. Lett. 119
207603

Azeyanagi T, Ferrari F and Massolo F I S 2018 Phys. Rev. Lett. 120
061602

Wang Y and Chubukov A V 2020 Phys. Rev. Res. 2 033084

Wang W, Davis A, Pan G, Wang Y and Meng Z Y 2021 Phys. Rev. B
103 195108

Sahoo S, Lantagne-Hurtubise E, Plugge S and Franz M 2020 Phys. Rev.
Res. 2 043049

Gu Y, Kitaev A, Sachdev S and Tarnopolsky G 2020 J. High Energy
Phys. 2020 157

Jian S K, Swingle B and Xian Z Y 2021 J. High Energy Phys. 2021 14
Cai W, Cao S, Ge X H, Matsumoto M and Sin S J 2022 Phys. Rev. D
106 106010

Cao S and Ge X H 2024 Phys. Rev. D 110 046022

Ge X H, Jian S K, Wang Y L, Xian Z Y and Yao H 2020 Phys. Rev.
Res. 2 023366

Cai W, Ge X H and Yang G H 2018 J. High Energy Phys. 2018 76

Garcia-Garcia A M, Sa L, Verbaarschot J J M and Yin C 2024 Phys.
Rev. D 109 105017

Garcia-Garcia A M, Verbaarschot J J M and Zheng J P 2024 Phys. Rev.
D 110 086010

Dai X, Jian S K and Yao H 2019 Phys. Rev. B 100 235144

Nayak P, Sonner J and Vielma M 2019 J. High Energy Phys. 2019 19
Fu W, Gaiotto D, Maldacena J and Sachdev S 2017 Phys. Rev. D 95
026009

Peng C, Spradlin M and Volovich A 2017 J. High Energy Phys. 2017
202

Bulycheva K 2017 J. High Energy Phys. 2017 69

Mertens T G and Turiaci G J 2019 J. High Energy Phys. 2019 127
Cveti¢ M and Papadimitriou I 2016 J. High Energy Phys. 2016 8

[27]

[28]
[29]

(30]
[31]

(32]
[33]
[34]
[35]
[36]
(371
[38]
[39]
[40]
[41]
[42]
[43]

[44]
[45]
[46]
(471
(48]

[49]
[50]
[51]

[52]
[53]

[54]

060512-19

Afshar H, Gonzédlez H A, Grumiller D and Vassilevich D 2020 Phys.
Rev. D 101 086024

Godet V and Marteau C 2020 J. High Energy Phys. 2020 20
Chaturvedi P, Papadimitriou I, Song W and Yu B 2021 J. High Energy
Phys. 2021 142

Louw J C, Cao S and Ge X H 2023 Phys. Rev. D 108 086014

Cotler J S, Gur-Ari G, Hanada M, Polchinski J, Saad P, Shenker S H,
Stanford D, Streicher A and Tezuka M 2017 J. High Energy Phys. 2017
118

Fu W and Sachdev S 2016 Phys. Rev. B 94 035135

Ferrari F and Schaposnik Massolo F 12019 Phys. Rev. D 100 026007
Kubiznak D and Mann R B 2012 J. High Energy Phys. 2012 033
Bhattacharya K and Majhi B R 2020 Phys. Rev. B 802 135224
Lantagne-Hurtubise E, Li C and Franz M 2018 Phys. Rev. B 97 235124
Cheng L, Ge X H and Sin S J 2014 J. High Energy Phys. 2014 83

Wei S W and Liu Y X 2015 Phys. Rev. Lett. 115 111302

Saad P, Shenker S H and Stanford D 2019 arXiv: 1806.06840 [hep-th]
Altland A and Bagrets D 2018 Nucl. Phys. B 930 45

LiuJ 2018 Phys. Rev. D 98 086026

Wei C and Sedrakyan T A 2021 Phys. Rev. A 103 013323

Plugge S, Lantagne-Hurtubise E and Franz M 2020 Phys. Rev. Lett. 124
221601

Nosaka T and Numasawa T 2021 J. High Energy Phys. 2021 150
Maldacena J and Milekhin A 2021 J. High Energy Phys. 2021 258
Kitaev A and Suh S J 2018 J. High Energy Phys. 2018 183

Nosaka T and Numasawa T 2020 J. High Energy Phys. 2020 81
Tikhanovskaya M, Guo H, Sachdev S and Tarnopolsky G 2021 Phys.
Rev. B103 075141

Louw J C and Kehrein S 2023 Phys. Rev. B 107 075132

Berry M V and Robnik M 1984 J. Phys. A: Math. Gen. 17 2413

Guhr T, Miiller—Groeling A and Weidenmiiller H A 1998 Phys. Rep.
299 189

Bohigas O, Giannoni M J and Schmit C 1984 Phys. Rev. Lett. 52 1
Haake F, Gnutzmann S and Ku M 2019 Quantum Signatures of Chaos,
4th edn. (Cham: Springer) pp. 123-130

Qi X L and Zhang P 2020 J. High Energy Phys. 2020 129


http://dx.doi.org/10.1103/PhysRevD.94.106002
http://dx.doi.org/10.1103/PhysRevLett.117.111601
http://dx.doi.org/10.1103/PhysRevLett.120.241603
http://dx.doi.org/10.1103/PhysRevLett.119.207603
http://dx.doi.org/10.1103/PhysRevLett.119.207603
http://dx.doi.org/10.1103/PhysRevLett.120.061602
http://dx.doi.org/10.1103/PhysRevLett.120.061602
http://dx.doi.org/10.1103/PhysRevResearch.2.033084
http://dx.doi.org/10.1103/PhysRevB.103.195108
http://dx.doi.org/10.1103/PhysRevB.103.195108
http://dx.doi.org/10.1103/PhysRevResearch.2.043049
http://dx.doi.org/10.1103/PhysRevResearch.2.043049
https://doi.org/10.1007/JHEP02(2020)157
https://doi.org/10.1007/JHEP02(2020)157
https://doi.org/10.1007/JHEP03(2021)014
http://dx.doi.org/10.1103/PhysRevD.106.106010
http://dx.doi.org/10.1103/PhysRevD.106.106010
http://dx.doi.org/10.1103/PhysRevD.110.046022
http://dx.doi.org/10.1103/PhysRevResearch.2.023366
http://dx.doi.org/10.1103/PhysRevResearch.2.023366
https://doi.org/10.1007/JHEP01(2018)076
http://dx.doi.org/10.1103/PhysRevD.109.105017
http://dx.doi.org/10.1103/PhysRevD.109.105017
http://dx.doi.org/10.1103/PhysRevD.110.086010
http://dx.doi.org/10.1103/PhysRevD.110.086010
http://dx.doi.org/10.1103/PhysRevB.100.235144
https://doi.org/10.1007/JHEP10(2019)019
http://dx.doi.org/10.1103/PhysRevD.95.026009
http://dx.doi.org/10.1103/PhysRevD.95.026009
https://doi.org/10.1007/JHEP05(2017)062
https://doi.org/10.1007/JHEP05(2017)062
https://doi.org/10.1007/JHEP12(2017)069
https://doi.org/10.1007/JHEP08(2019)127
https://doi.org/10.1007/JHEP12(2016)008
http://dx.doi.org/10.1103/PhysRevD.101.086024
http://dx.doi.org/10.1103/PhysRevD.101.086024
https://doi.org/10.1007/JHEP12(2020)020
https://doi.org/10.1007/JHEP05(2021)142
https://doi.org/10.1007/JHEP05(2021)142
http://dx.doi.org/10.1103/PhysRevD.108.086014
https://doi.org/10.1007/JHEP05(2017)118
https://doi.org/10.1007/JHEP05(2017)118
http://dx.doi.org/10.1103/PhysRevB.94.035135
http://dx.doi.org/10.1103/PhysRevD.100.026007
https://doi.org/10.1007/JHEP07(2012)033
https://doi.org/10.1016/j.physletb.2020.135224
http://dx.doi.org/10.1103/PhysRevB.97.235124
https://doi.org/10.1007/JHEP08(2014)095
http://dx.doi.org/10.1103/PhysRevLett.115.111302
http://dx.doi.org/10.1016/j.nuclphysb.2018.02.015
http://dx.doi.org/10.1103/PhysRevD.98.086026
http://dx.doi.org/10.1103/PhysRevA.103.013323
http://dx.doi.org/10.1103/PhysRevLett.124.221601
http://dx.doi.org/10.1103/PhysRevLett.124.221601
https://doi.org/10.1007/JHEP02(2021)150
https://doi.org/10.1007/JHEP04(2021)258
https://doi.org/10.1007/JHEP05(2018)183
https://doi.org/10.1007/JHEP08(2020)081
http://dx.doi.org/10.1103/PhysRevB.103.075141
http://dx.doi.org/10.1103/PhysRevB.103.075141
http://dx.doi.org/10.1103/PhysRevB.107.075132
http://dx.doi.org/10.1088/0305-4470/17/12/013
http://dx.doi.org/10.1016/S0370-1573(97)00088-4
http://dx.doi.org/10.1016/S0370-1573(97)00088-4
http://dx.doi.org/10.1103/PhysRevLett.52.1
https://doi.org/10.1007/JHEP05(2020)129

	1. Introduction
	2. The complex SYK model and thermodynamics
	2.1. Replica trick and partition function
	2.2. Particle–hole symmetry breaking and phase transition
	2.3. Numerical solution of Schwinger–Dyson equations 
	2.4. Thermodynamic properties of the cSYK model
	2.5. Deriving the energy functional
	2.6. Critical exponents

	3. Exact diagonalization and spectral form factor
	4. Real-time dynamics and spectral functions
	5. Discussion and conclusion
	References

