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Non-Abelian fractional quantum Hall states at filling factor 3 /4
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Fractional quantum Hall states have been observed at filling factor v =3 /4 in GaAs hole system and bilayer graphene.
In theoretical bootstrap analysis, it was revealed that non-Abelian topological orders with Ising anyons can be realized at
v = 3/4, which exhibit 12 fold ground state degeneracy on the torus. The properties of v = 3 /4 states can be analyzed using
two complementary approaches. In the first one, they are treated as particle-hole conjugate of v = 1/4 Moore-Read types
states. In the second one, they are mapped to composite fermions with reverse flux attachment at effective filling factor 3 /2,
whose integral part realizes an integer quantum Hall state and the fractional part realizes v = 1/2 Moore-Read type states.
For bilayer graphene with appropriate Landau level mixing, numerical calculations have found 12 quasi-degenerate ground
states on the torus at v = 3/4. Chiral graviton spectral functions of these states have one low energy peak with negative
chirality and one high energy peak with positive chirality. This points to a specific member of the Moore—Read type states

and agrees with the deduction based on daughter states.
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1. Introduction

Fractional quantum Hall states constitute a prominent ex-
ample of strongly correlated topological phases.!!! In the most
common setting, electrons are confined to two-dimensional
space and exposed to a perpendicular magnetic field such that
dispersionless Landau levels (LLs) arise. An intricate inter-
play between the single-particle states and electron correla-
tions stabilize many fascinating states. While experimental
systems have underlying lattice structures, it is usually suffi-
cient to employ the continuum description without worrying
about lattice effects because Landau orbitals are much larger
than crystalline unit cells. Thouless et al. uncovered the topo-
logical underpinning of quantum Hall physics as they linked
the Hall conductance of non-interacting electrons to the Chern
number of occupied energy bands.!?! This description is in-
dependent of LLs and can be extended in various ways.*! In
principle, FQH states without magnetic field can be realized in
energy bands that satisfy certain conditions.*° A few ground
breaking experiments on twisted MoTe; and rhombohedral
multilayer graphene have indeed achieved this goal.[1%-13]

With or without magnetic fields, FQH states exhibit
many remarkable universal properties that are described in

[16

the framework of topological order (TO).[' It was predicted

shortly after the original observation of FQH states that they
possess anyonic excitations!'” and compelling evidence has

s [18-22

been reported in recent year ! The existence of non-

Abelian anyons was also proposed in the context of FQH
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states>>?#1 and has drawn considerable attention for their
intriguing nature and potential utility in topological quan-
tum computation. [>>%! The Moore—Read Pfaffian state and its
variants'?’~31 are an important class of non-Abelian states that
may be realized in multiple platforms.3!! A dramatic man-
ifestation of these states is that they occur at filling factors
v = p/q with denominator ¢ = 2 whereas most other FQH
states are found at odd ¢.13*) In two experiments on GaAs
hole system!33! and bilayer graphene (BLG),** v = 3/4 FQH
states have been reported. Another work found resistance dips
at v = 1/4 in GaAs hole system, but there is a highly insulat-
ing background. This may indicate the competition of FQH
state with Wigner crystals. >3] There was also one report about
1/2 and 1/4 states in monolayer graphene.*®! It was proposed
that they may be multi-component states with unpolarized val-
ley degrees of freedom. This scenario was examined in detail
for the 1/2 states*” but no conclusive results were found at
1/4.

The 3/4 states are very intriguing and call for detailed
investigations. We assume that the internal degrees of free-
dom are polarized so multi-component states are not relevant.
It has already been analyzed in the experimental papers, but
we will provide additional results about it. Based on a boot-
strap analysis, strong constraints can be placed on the possi-
ble TOs at v = 3/4.181 Tt was proposed that, if a system de-
fined on the torus has 12 degenerate ground states at v = 3/4,
one of four TOs with Ising anyons is realized. However, this
approach does not directly yield microscopic wave functions
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associated with these possibilities. It is quite plausible that
the two experiments have the same fundamental mechanism
that can be understood in two complementary ways. 3334 In
the first approach, one constructs v = 1/4 FQH states from
the usual Moore—Read type states and then performs particle—
hole conjugation to obtain 3/4 states. In the second approach,
electrons are turned into composite fermions (CFs) with ef-
fective filling factor 3/2 such that the 1/2 part form Moore—
Read type states.>®) Numerical calculations are performed in
the context of BLG to search for signatures of these states.
Using a microscopic model that takes into account both the
orbital characters of LLs and strong mixing between them, 12
quasi-degenerate ground states are found on the torus in a cer-
tain parameter regime. An inspection of the chiral graviton
spectral functions! 081 indicates that this system realizes the
anti-Pfaffian type TO.

2. Non-Abelian candidates

The two approaches for constructing non-Abelian FQH
states at v = 3/4 are illustrated in Figs. 1(a)-1(c). It is helpful
to begin with the extensively studied v = 1/2 states. The orig-
inal Moore—Read Pfaffian wave function written in the disk
geometry is

1
Pf —z)% 1
(z,»—zk> Q(ZJ %) (0

For an isolated LL with two-body interaction, there is an exact
particle-hole symmetry that relates filling factors v and 1 — v.
The exact solution of a many-body system at v = 1/2 should
be transformed to itself under this symmetry, but the Pfaf-
fian wave function does not satisfy this condition. This fact
motivated the construction of the anti-Pfaffian?’-?8! and the
particle-hole symmetric Pfaffian (PHS-Pfaffian) state.!?%-30]
Some wave functions have been proposed for the PH-Pfaffian

state[49-51

I but the anti-Pfaffian state has no simple real space
representation. It is possible to construct a parton wave func-
tion that has the same universal properties as the anti-Pfaffian

1521 For our purpose, it is convenient to denote all of them

state.
collectively as ‘Pll\/’IZR whenever there is no need to specify the
one under investigation. If they are multiplied by another Jas-
trow factor, we would obtain v = 1/4 states

=% [[ (-2 2)

i<k

This wave function can also be interpreted in the parton frame-
work that would be useful in later discussions.>3! In this ap-
proach, the same wave function (2) is analyzed but not from
the perspective of flux attachment. Instead, one electron is de-
composed to two partons, with one being fermionic and the
other bosonic. Additionally, emergent gauge fields are in-
troduced to glue one fermionic parton and one bosonic par-

ton to reproduce an electron. The fermionic partons form

v = 1/2 Moore-Read type states and the bosonic partons form
v = 1/2 Laughlin state. 1541 Tts low-energy properties are deter-
mined by the gauge fields because the partons are gapped. For
each v = 1/4 state, there is a counterpart at v = 3/4 obtained
through particle-hole conjugation

l1”31/4 = qu/lIM. 3

If the system respects particle-hole symmetry, the states at
v = 1/4 and 3/4 should appear together. Indeed, evidence
for a v = 1/4 FQH state in GaAs hole system was reported in
Ref. [35], but it competes with an insulating state. It is tempt-
ing to take them as particle-hole conjugates of each other, but
we believe that this identification is premature. As we will
demonstrate below in BLG, gapped state only arise at v =3/4
when LL mixing is strong. In such cases, v and 1 — v are
not related by exact particle-hole symmetry. Nevertheless,
the universal properties of 3/4 states can still be analyzed
in this way. Monte Carlo calculations have been performed
to study trial wave functions at v = 1/4 with Landau level
mixing.33% This is not feasible for the 3/4 state because
particle-hole conjugation could not be implemented in coor-
dinate space.
@ e oeosoeon
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Fig. 1. (a) Schematics of the v = 3/4 states constructed by the first ap-
proach. (b) Parton interpretation of the v = 1/4 states. (c) Schematics of
the v = 3/4 states constructed by the second approach. (d) Schematics of
the microscopic model used in numerical calculations.

We can also construct v = 3/4 states using the CF

1391 An electron binds two fluxes to become a CF. FQH

theory.
states of electrons are interpreted as integer quantum Hall
(IQH) states of CFs.
v = 1/2 Moore-Read type states, but they can be attributed

to CF pairing.’7-%) To obtain a v = 3/4 state, the CFs should

This scenario does not work for the

have filling factor v* = —3/2 according to the relation
v*
=3/4. 4
2v¥+1 / @)

The minus sign means that the CFs form Landau-like levels
in negative effective magnetic field as shown in Fig. 1(b). An
IQH state is realized in the fully occupied lowest level whereas
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Moore—Read type states appear in the half-filled second level.
This analysis leads to the wave function

¥y = [‘1’1“/“5 ® ‘PJQH} Tl -0 )
i<k

where complex conjugate appears due to the reversed effective
magnetic field. A similar picture has been proposed to under-
stand the FQH states at v = 3/8 and 3/10.15%6% This approach
does not rely on particle-hole transformation but requires the

presence of residual interaction between the CFs.
The final states generated by these two approaches should
When
Egs. (3) and (5) are said to be equivalent, it does not neces-

have a one-to-one correspondence with each other.

sarily mean that they have very high overlaps. Instead, the
TOs represented by the two wave functions are the same. This
equivalence cannot be proved rigorously, but there are good
reasons to believe it. In general, we may ask how to under-
stand FQH states at filling factor larger than 1/2. It is pos-
sible to understand them from particle-hole counterparts at
v < 1/2. One can also apply the CF theory directly, which
leads to negative effective magnetic field for them. If a state
has v = p/(2p — 1) with p € N, the CFs have integer ef-
fective filling factors. For other cases such as v = 4/5, the
CFs have fractional effective filling factors, so residual inter-
actions between them must be incorporated.[%!! As long as the
state is Abelian, Chern—Simons theory can be constructed in
both approaches, which points to the same TO. It is natural to
speculate that non-Abelian states at v > 1/2 given by the two
approaches are also equivalent. However, non-Abelian topo-
logical field theory is generally much more difficult to study,
and we cannot reach the same level of rigor as before.

To substantiate the equivalence, we may study how to de-
fine Egs. (3) and (5) on the sphere.[?] In this case, a magnetic
monopole is placed at the center of the sphere to generate a
magnetic field. Let us denote the number of electrons as N
and the number of monople fluxes as 2Q. In finite systems,
we generally have 2Q = N, /v — S. The shift S is an important
quantity related to spatial curvature. %% For the wave functions
‘1’31 /4 and 'Pg} 4» we need to have a more refined description. If
Eq. (2) with the Pfaffian factor is used to construct '1131/ 4> the
ground state has No = 6N — 4 and 2Q = 8N — 5 with N € NT.
These numbers are reproduced in the other candidate ‘I’J} 4 if

the number of CFs in the second effective level is 2N. For
the other two members, similar connections can also be es-
tablished. Going beyond the ground state, excitations of these
states can also be analyzed. If one flux is added, six quasiholes
are created, so the fundamental charge is ¢/8. Another support
for the equivalence was gleaned from an inspection of the edge
physics.**! We thus name the three states as %—Pf, %—an, and
%-PHS-Pf if Eq. (3) contains the Pfaffian, anti-Pfaffian, and
PHS-Pfaffian wave function, respectively. Table 1 summarizes
N, and 2Q on the sphere, chiral central charge ¢~ of the edge
modes, and graviton properties (see below).

For a specific system that supports half- or quarter-filled
FQH states, considerable efforts are required to determine if
they are indeed Moore—Read type states and distinguish be-
tween the three members. One fruitful probe is the thermal

el6466] that directly reveals the chiral cen-

Hall conductanc
tral charge of edge states.[®”) Tt is also helpful to analyze
the daughter states associated with a particular non-Abelian
state.[%8-701 The existence of daughter states provides indirect
yet powerful evidence.**! Here we study the spectral func-
tions of chiral gravitons. This concept was introduced to
describe the long wavelength limit of neutral excitations in
FQH states that arise from dynamical oscillation of intrinsic
metrics. [**#2] These excitations have spin-2 and definite chi-
ralities that could reveal the nature of FQH states. For some
two-flux CF states in GaAs, they have been observed in exper-
iments using circularly polarized light.[*8) Tt was confirmed
that gravitons at v < 1/2 (v > 1/2) have negative (positive)
chirality. This is a bulk probe very suitable for studying the
v = 1/2 Moore-Read type states.[*}] The dominant chiral-
ity is negative (positive) for the Pfaffian (anti-Pfaffian) state,
whereas both chiralities should appear in the PHS-Pfaffian
state. In the vicinity of v = 1/4, the graviton physics becomes
even more intricate: the CF states at v < 1/4 have two gravi-
ton modes with negative chirality, the CF states at v > 1/4
have one graviton mode for both positive and negative chiral-
ities, and the 1/4 CF liquid has one graviton mode with neg-
ative chirality.[**~#7! It has been proposed that four-flux CF
states can be recast as parton states such that the higher energy
mode corresponds to excitations of bosonic partons.*®! These
results will serve as valuable guidance when graviton modes
of the v = 3/4 states are analyzed below.

Table 1. Information about the three candidates at v = 3/4.

State Ne 20 c” Gravtion energy and chirality

%—Pf 6N —4 8N -5 —1/2 one lower positive, one higher positive

%-an 6N 8N —1 3/2 one lower negative, one higher positive
%—PHS—Pf 6N —2 8N -3 1/2 one lower negative, one lower positive, one higher positive
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3. Numerical results

We proceed to numerical calculations of the 3/4 state in
BLG. It is certainly desirable if an accurate model for BLG
is employed, but the essential physics can be unveiled using a
simplified model that is more amenable to numerical investi-
gations. The two layers in BLG are labeled as 1,2 and each
one hosts two sublattice sites A and B. In the tight-binding
description of BLG, each lattice site contributes one state so
we have a four-dimensional Hamiltonian.!”!! Based on the
Slonczewski—Weiss—McClure scheme, four hopping parame-
ters %; (i = 0,1,3,4) are used. An additional parameter 0 is
introduced to characterize the onsite potential of the By and
A, sites. In the presence of a displacement field, there is a po-
tential difference between the top and bottom layers. The band
structure has two valleys K. and the Landau problem can be
studied in each valley.

It is convenient to define the ladder operators 3 and a°.
The number operator a'a has eigenstates |S,) that are non-
relativistic Landau orbitals. In the K valley, the single-
particle Hamiltonian is

i A 3ay 5 _ 3ay, 5 3ay; 37:
V20p V20p V20p
3ayy . 3ays
——a' A+ " - a
V20p V20p ©)
3ays 3ay
— a —A+0 a
V20 n V2p
_ 3ay; 5 _ 3ay, 5t 3ay 5t _A
L V20 V20 /2Up -

with a = 0.142 nm. ¢ = \/li/(eB) is the magnetic length.
Based on ab initio calculations, it was found that ¥ = 2.61,
% =0361, 5 =0, 15 = 0.283, 7 = 0.138, 75 = 0, and
8 = 0.015 (in units of eV).[”!] The single-particle eigenstates
can be written as

foolSo) + fo1]S1) + fo[S2

) ) )+
f10/S0) + f11S1) + f12|S2) + - -- o
f20|S0) + f211S1) + f»2[S2) +

)

30(S0) + f31[S1) + f32/S2) + -

Since each row is an infinite summation, the coefficients fi,
can only be computed numerically using proper truncation.

We would like to make some further approximations for two
reasons. Firstly, the existence and properties of FQH states are
strongly affected by the single-particle wave functions. The
parameters ¥ and 6 may not be perfectly accurate for a spe-
cific sample. It would be premature to rule out the existence
of a FQH state simply because numerical calculations using
these parameters fail to produce this state. As the 3/4 state
only appears in a small regime in the experiment,** a more
reasonable approach is to search for the parameters that can
accomplish this. Secondly, this model does not have full rota-
tional symmetry due to the trigonal wrapping term 3. While
the existence of FQH states does not require rotational sym-
metry, it is often more convenient to explore the nature of a
state when it does possess this symmetry.

The filling factor range [—4,4] in BLG is spanned by the
zeroth and first LLs from each valley and spin. It is reason-
able to assume that the 3 /4 state is spin-valley polarized given
the experimental results and previous experience. For mod-
erate magnetic and displacement fields, numerical solutions
indicate that the dominant coefficient is f39 ~ 1.0 in the zeroth
LL and f3; ~ [0.90,0.95] in the first LL. We thus employ the
simplified single-particle eigenstates

0 0
o 0 . Coa‘())
|(P0> 1ol |(P1> = cOb‘()) @
0) cill)

in our calculations. An energy separation /7 between the
two LLs is introduced. The electrons interact via the screened
Coulomb potential in momentum space

82 27[@3

Vie(q) = MW

tanh(|g|d) ©
with d being the screening distance. Exact diagonalization of
the many-body system is carried out on a rectangular torus
whose two sides have lengths L, and L,. The number of mag-
netic fluxes Ny enclosed by the torus is quantized according to

the relation L,L, = 27m(3N,. We assemble these ingredients to
obtain the second quantized many-body Hamiltonian

: 1 Z 1 .27qy
H = hQC|,Cim+ T Y Y Vie(g)exp _§|q‘24§—1 Nq (my —my)
XY Lo=0,1} {m;} 91,92 ¢
Xfalas (—41 ’ —Q2) ﬁazom (q] ’92) 6’"17'"3*% 6m2;m4+q2 Cgclmlcgzzmzcmmzacwmr (10)

Here C&m (Cam) 1s the creation (annihilation) operator with the
first index for the two LLs and the second index for different
orbitals within each level and ga.b is a generalized Kronecker
function that equals 1 if @ mod Ny = b mod Ny. The momen-

tum q is expressed using two integers as

27 21
q= fquex+fyq2€ya (11
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and the interaction form factors are

IFOO(CIIMIZ) = 17

7 ( )= c1 (2 2&m
01\41,92) = \ﬁ Ly q27qu1 ;

Fio( )fﬁ _2m 21
10\4q1,492) = \/i LyQZvaCII )

5 _ 2 2 2 2
Fi1(q1,92) = |coa|” + [con|” + |c1|*(1— |q[7/2).  (12)
T T —7.105 r—T T T T T T
a) M,=1 b) M, =2 —7.164}F c) M,=3
~6.976 (=) — ] () Me=2__ — (c)
-_— - —7.107} E
— —— = | —7.166f
=&
T —6.978 | N,=24 4 —7.109} 1 —
E —7.168F
< — —
R —7.111}f E
- —6 ) — —7.170F
o —6.980F= —
— —7.113} — 1 7172k —
—6.982 | g
M sl L
01 2 3 45 TS s 4 s 01 2 3 4 5
Y Y Y
Coss0) = (d) M,=0 (e) M,=1
N, =32 —9.769
= —9.585
2
£ — — — —
£ — —9.771 | =
£ ——
< -9.59
R — —
R 9595 —9.773
—9.600 —
— — —9.775
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
Y Y

Fig. 2. (a)—(c) Energy spectra of the system with 18 electrons and
Ny = 24. (d)~(e) Energy spectra of the system with 24 electrons and
Ny = 32. The parameter M, is given in each panel and other parameters
are given in the main text.

Since the lower level in our model is the same as the non-
relativistic lowest LL, no FQH state is expected at v =3/4 in
the absence of LL mixing. It is essential to keep both levels,
but then numerical calculations become quite difficult. To this
end, an upper bound M, is imposed on the number of electrons
that can escape from the lower level to enter the higher one.
This strategy has been employed in previous works.[”>73] We
choose the parameters to be Q2 = 0.15¢% /(4melp), c; = 0.95,
and d = 6/p. By summing the momentum m of each particle,
we obtain a conserved total momentum Y € [0,Ny — 1]. For a
filling factor v = p/q, the energy spectra in two sectors with
Y and Y 4+ Ny /q are identical.l’¥ In other words, there is a
trivial g fold degeneracy and it is sufficient to do calculations
for 0 <Y < Ny/q. The results for 18 electrons and Ny = 24
are displayed in Figs. 2(a)-2(c) and those for 24 electrons and
Ny = 32 are displayed in Figs. 2(d)-2(e). Because the Hilbert
space dimension grows very rapidly with M., we can only
reach M, = 3 for 18 electrons and M, = 1 for 24 electrons. The
3/4 state is fragile and finite-size effects are quite strong. For
12 electrons, there is no clear quasi-degeneracy for M. up to
4. For 18 electrons, three quasi-degenerate ground states grad-
ually emerge, so the total GSD is 12. While the desirable de-
generacy does not appear at M, = 1, three states detached from
others at M. = 2, and they get closer when M, increase to 3.

For 24 electrons, it is quite remarkable that quasi-degeneracy
already appears at M. = 1. To quantify this quasi-degeneracy,
Table 2 presents the ratio between two quantities: the energy
splitting &, within the quasi-degenerate ground states and the
energy gap Eg,p from the ground states to higher excited states.
When the ratio is small, the quasi-degeneracy is good. We note
that &, cannot be defined properly at M. = 0 since the second
states at Y = 3 (for 18 electrons) and 4 (for 24 electrons) have
very high energies. Based on general bootstrap analysis, 38!
this system should support non-Abelian Ising anyons. It is also
observed that the 3/4 state deteriorates as ¢; decreases in the
sense that the GSD is less pronounced. This may be partially
responsible for its absence in previous experiments! =781 until

the most recent one.?4

Table 2. The ratios &g /€g,p for the energy spectra. Here ND means not
defined and NA means not available.

System M.=0 M. =1 M. =2 M.=3
18 electrons ND 4.289 1.223 0.380
24 electrons ND 0.268 NA NA
Ny =24 M.=3
0.5
— 0.4 = Y=0
3 mm Y =3a
=03t | vy —3p
ol T ®)
0.1
s e
00 01 02 03 04 05
w
0.5
0.4 = Y=0
303 ==
~ 02 @
0.1
e | N T L
00 01 02 03 04 05 00 01 02 03 04 05
w w

Fig. 3. (a)—(b) Chiral graviton spectral functions of the three quasi-
degenerate ground states in Fig. 1(c). (c)—(d) Chiral graviton spectral
functions of the three quasi-degenerate ground states in Fig. 1(e). When
there are two states in the same momentum sector, they are distinguished
by the labels a and b. The chirality is negative in panels (a) and (c) and
positive in panels (b) and (d).

The nature of this system can be further probed using the
chiral graviton spectral functions. While the v = 3/4 FQH
states only emerge in the presence of LL mixing, chiral gravi-
ton modes are easier to investigate if the ground states are pro-
jected to the lower level. In this case, the chiral graviton oper-

ators for the lower level are

1 1 /2n o \?
Or=—-Y Y —- (q13Fi612> Vee(q)
ZLXLY {m;}4q1.92 2\ L Ly
1 2m
X exp [—Zq% - ITZI("H —m)}

X 8y M3 5m23m4+q2 Cg,ml Cg,m2C07'"4C07m3 - (13)

To derive them, we may perturb the single-particle Hamil-
tonian using a small anisotropic metric!*!! or analyze light-
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matter coupling using the Luttinger model.*?! In each mo-
mentum sector, the many-body eigenstates are denoted as |'¥,)
and the associated eigenstates are E, (n = 0 is the ground
state). Using the Lanczos method of Ref. [79], we compute
the normalized spectral functions

Z' moi'% | 8(w—E,+Eg) (14)

with Wy = (¥|OL O+ |¥). There is one lower energy mode
with negative chirality in Fig. 2(d) and one higher energy
mode with positive chirality in Fig. 2(e). This suggests that
the ground states of our model belong to the %—an universal-
ity class. As we have mentioned, the v = 1/2 anti-Pfaffian
state has one graviton mode with positive chirality. It is ex-
pected to be inherited when the v = 1/2 state is converted
to v = 1/4. Moreover, a higher energy graviton mode arises
from the bosonic partons in Eq. (2), similar to what occurs
in the four-flux CF states.[*°! When particle—hole conjugation
is performed on the v = 1/4 anti-Pfaffian state, the chirali-
ties of both graviton modes are reversed. Based on the same
%-Pf and %-PHS—Pf states can
also be deduced. The results are summarized in Table 1. It is

picture, graviton modes in the

also possible to understand these results using the second ap-
proach that maps the 3/4 state to CFs with v* = —3/2. After
the attaching of two fluxes, the CFs in the half-filled second
level undergo another flux attachment process to generate 1/2
Moore—Read type states. This paves the way for two chiral

graviton modes.

4. Discussion

In summary, we have studied the possible TOs of v =3/4
FQH states and revealed that the one observed in BLG is of the
%—an type based on numerical results. One may whether our
results also shed some light on the GaAs hole system. 33 It has
an intricate LL diagram with many crossings and LL mixing
is strong in the vicinity of v =3 /4. The single-particle eigen-
states of these LLs are also complicated multi-component vec-
tors. A simple estimate shows that LL mixing is likely to have
significant impact and at least two LLs should be included
when studying the 3/4 state. The lower level that is relevant
at 3/4 is also primarily made of the non-relativistic lowest LL

orbitals. [80:81]

If the higher level can be approximated in the
way that we have considered, then the 3/4 state in the GaAs
hole system should be essentially the same as the one in BLG.
As the stability of the 3 /4 state depends quite sensitively on ¢,
one should perform numerical calculations using microscopic
models of the GaAs hole system to address this issue.
Besides the 3/4 state, even-denominator states at
= 1/4,3/8,3/10 have also been found in GaAs hole

systems.[333% Since LL mixing plays an essential role at

v = 3/4, its existence does not necessarily imply that FQH
state also appears at v = 1/4. Indeed, the experiment on BLG
did not find a state at v = 1/4,1** nor do our theoretical model
described above. FQH states due to anti-Pfaffian pairing of
CFs were predicted at v = 3/8,3/10,05%1 but they have never
been confirmed unambiguously in GaAs electron systems. Itis
possible that stronger LL mixing in GaAs hole systems helps
to stabilize them.!®?] As for the v = 1/4 state in GaAs hole

[35]

systems, more studies are needed to understand the com-

petition between different phases. Further investigations are

required to address and clarify the nature of these states. One
particularly intriguing question is whether different Moore—
Read type states could be realized by tuning LL mixing. More
generally, many van der Waals materials have LLs that are
close in energy. For Bernal stacking trilayer graphene, half-
filled FQH states have been observed,®*! whose properties
are determined by details of LL mixing and may evolve with

applied external fields. In rhombohedral N-layer graphene,

there could be N nearly degenerate LLs in certain parameter
regimes, which is favorable for realizing some non-Abelian
FQH states given by the parton construction. [8483]

Note Added Before posting the first version of this
manuscript, we became aware of the preprint version of
Ref. [86] that also studies the 3/4 state. Its method and em-
phasis are different from ours.
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