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The strong connection between braids and knots provides valuable insights into studying the topological state and
phase classification of various physical systems. The phenomenon of non-Hermitian (NH) two- and three-band braiding
has received widespread attention. However, a systematic exploration and visualization of non-Abelian braiding and the
associated knot transformations in four-band systems remains unexplored. Here, we propose a theoretical model of NH
four-band braiding, provide its phase diagram, and establish its trivial, Abelian, and non-Abelian braiding rules. Addition-
ally, we report on special knots, such as the Hopf and Solomon links in braided knots, and reveal that their transformations
are accompanied by and mediated through exceptional points. Our work provides a detailed case for studying NH multi-
band braiding and knot structures in four-band systems, which could offer insights for topological photonics and analog

information processing applications.
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1. Introduction

Recently, braiding has played a prominent role in

the fields of condensed matter physics,!!=0!

[7-11]

topological
quantum, and machine learning.!'">'* Braiding is a
branch of topology and an important tool for characterizing

[15-18

non-Hermitian (NH) band topology. I The development

of NH band theories has significantly broadened and deep-
ened the understanding of traditional Hermitian bands.[!-24]
Unlike Hermitian systems, NH bands exhibit abundant wind-
ing and braiding topologies in the complex energy—momentum
(E—k) space and can be represented by the braid group By.
When N = 2, By is an Abelian group, whereas when N >
3, By is a non-Abelian group.!>!>>-271 Braids and knots
are inextricably linked, and knots can be formed by twist-
ing the strings and joining their ends together.!?’-2"! Knots
have rich structures, including unlinks, 12131 unknots, 13-18]
Hopf links,?8=3% and Solomon links.*!3%) Tt is impossible
for different knots to transform into each other through direct
continuous deformation unless they experience a transition
state featuring one or multiple touch points.!'$33 In NH sys-
tems, braiding phenomena and knot structures are character-
ized by complex eigenvalues and non-orthogonal eigenvectors,

which exhibit complex winding evolution phenomena.34-37]

TCorresponding author. E-mail: jianjun.liu@hnu.edu.cn

CSTR: 32038.14.CPB.ae2265

Specifically, the braiding phenomenon is directly related to
the encirclement of exceptional points (EPs), where different
knot structures can transform into each other through these
EPs. [28.29.38,39]

In NH systems, it has been found both theoretically and

15,18,34.40.411 that single and double bands can

experimentally!
generate complex-energy windings, and double bands ex-
hibit rich braiding structures that can be represented by the
braid group B,. However, the braid group B, is merely
a simple Abelian group. The most attractive feature of
topological braid groups is the non-Abelian characteristic of
higher-order braid groups By (N > 3).1122742431 For NH
multiband braiding, non-commutative braiding and non-trivial
eigenvalue permutations greatly enrich the study of NH
band braiding.[>?%##! Currently, NH three-band braiding and
higher-order braid group B3 have been partially studied the-
oretically and experimentally,['%?743] but the study of NH
multiband braiding phenomena is still in its infancy. Braiding
and knots are inseparable, and NH multiband braiding, while
inducing rich braiding phenomena, also increases the com-
plexity and difficulty of distinguishing the various structures
of knots. While the general classification of 1D non-Hermitian

d.126-30

band braiding by the group By is well-establishe: lasys-
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tematic exploration and visualization of non-Abelian braiding
and the associated knot transformations in four-band systems
remains unexplored. Prior works have pioneered the study of
2-band and 3-band braiding.*®**! Our work extends this fron-
tier to the four-band case, providing a concrete and compre-
hensive platform that not only catalogues the achievable braid-
ing phases but also visually bridges the abstract braid group
theory, the physical parameter space, and the resulting knot
structure transformations.

In this paper, we propose a one-dimensional (1D) tight-
binding model to achieve NH four-band braiding, provide its
phase diagram controlled by hopping, and establish its trivial,
Abelian, and non-Abelian braiding rules, which can be rep-
resented by the braid group B4. By studying the knot struc-
tures corresponding to the phase diagram, we discover special
knots, such as the Hopf link and Solomon links, and reveal the
intrinsic connection between the braiding degrees of the phase
diagram and the knots. Furthermore, by studying the contin-
uous phase transitions in the phase diagram, we find evidence
for the occurrence of transformations between different knots
induced by EPs.

2. Model and theory

In NH multiband systems with nonreciprocal hopping,
the NH bands experience topological braiding induced by non-
reciprocal hopping as well as phase transitions when they cross
boundary lines. Based on previous theoretical studies on NH
band braiding and knot structures,?’#%61 we propose a 1D
NH tight-binding model that can be used to study NH four-
band braiding. Taking m = 1 and n = 2 as an example, we il-
lustrate the phase diagram of this NH four-band braid in Fig. 1.

v=0
v=1
v=2
v=3
v=4

v=>5
i v=06

L
020201 O3 g
I

—2 -1 0 1 2

Fig. 1. A 1D NH tight-binding model and an example of its phase dia-
gram. (a) 1D NH tight-binding model. s represents the lattice position,
tm, th € R; n>m > 0. (b) Phase diagram for m = 1 and n = 2. The ar-
eas of different colors represent different braiding degrees, and the solid
lines of different colors denote the boundary lines.

The 1D NH tight-binding model shown in Fig. 1(a) con-
sists of a unit cell that includes four atomic sites (with zero
on-site energy). The neighboring atomic sites are coupled by
the reciprocal intracell hopping 7y, and the two nonreciprocal
intercell hoppings #,, and t,, represent the long-range hoppings
that span m and 7 unit cells, respectively. The Hamiltonian can
be expressed as

0 tp 0 O
_ fo 0 1n O
H(k) = 0 0w 0 fo]° (1)

tmei;nk+tneink 0 7 O

To study NH four-band braiding, we introduce an integer
topological invariant v to represent the braiding degree of the
NH bands,['518] which is expressed as

4 .

L 1 d lnE,-,j

0= Y o % a9 @
b= BZ

where E; j = [Ei(k) — E;(k)]/2 (i # j).

Therefore, we can classify different braiding types ac-
cording to the braiding degrees and encapsulate them in a
phase diagram controlled by intracell and intercell hoppings.
For convenience, we set fop = 1 so that the phase diagram is
completely controlled by the intercell hoppings #,, and #,,. Our
work focuses on showing the phase diagram and the corre-
sponding band braiding for m = 1 and n = 2, as shown in
Fig. 1(b) (see Section A of the supplementary material*’]
for the details of its derivation). According to the phase di-
agram in Fig. 1(b), we can achieve NH band braiding with a
specific braiding degree by selecting appropriate values of 7,
and #,. It should be noted that during the braiding process,
the momentum k must evolve over a complete period, i.e.,
k € [ko,ko + 2x]. The braiding process depends on the initial
momentum ko. Considering the positions where the NH bands
experience swapping, in order to better present the braiding
characteristics of the bands in complex E—k space, we assume
ko = /4 in this work.

3. Results and discussion
3.1. NH four-band braiding

Firstly, the NH four-band braid belongs to the fundamen-
tal braid group By (see Section B of the supplementary mate-
rial*7! for the details of the definition and characteristics of
the braid group B4). We can represent the braiding relations
mentioned in this work using a combination of the basic ele-
ments Gy, 02, and 03 in the braid group By4. Next, based on the
phase diagram shown in Fig. 1(b), we introduce the NH band
braiding phenomenon corresponding to different braiding de-
grees and summarize its braiding characteristics, as shown in
Fig. 2.
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Fig. 2. NH four-band braids corresponding to different braiding degrees
form=1andn=2. (a) V=0 (¢#; =0.1 and 1, = 0.2), braid: trivial.
b)yv=1( =1.3 and r, = 0.6), braid: 0. (¢c) v =2 (f; = 0.1 and
tp = —1.1), braid: 6,0,. (d) v =2 (t; = —1.4 and 1, = —0.5), braid:
0103. () V=3 (t; = —1.8 and 1, = 0.3), braid: 0r0103. (f) v =3
(t) = 1.8 and 1, = 0.3), braid: 070302. (g) V=4 (tj = —1.5 and
th = —1.2), braid: 6,0,003. (h) v=4 (t = 1.5and t, = —1.2), braid:
0,01030;. In the Re(E)-Im(E) plane, the solid lines of different colors
represent the projections of the four bands E1, E,, E3, and E4 evolving
from k = 0 to k = 2x. The inset is a schematic of the four-band braid,
which is marked in the phase diagram of Fig. 1(b).

Similarly, when v = 2, the four bands are braided twice,
but there are two different types of braiding processes (related
to the phase diagram in Fig. 1(b)). (1) The bands E, and E3
are braided twice, resulting in [Ey, Ey, E3, E4] — [E1, E3,
E5, E4], with the corresponding braid being represented by
0,0,, as shown in Fig. 2(c). (2) The pairs of bands E;/E;
and E3/E4 are braided once each, resulting in [E}, E,, E3, E4]
— [Ea, E1, E4, E3], with the corresponding braid being rep-
resented by 0703, as shown in Fig. 2(d). Although the three
types of braiding processes in Figs. 2(b)-2(d) yield different
results, essentially, they can be regarded as simple Abelian
braiding processes involving only two bands. After two con-

tinuous identical braiding processes, the eigenvalue permuta-
tion returns to the initial state. However, non-Abelian braid-
ing occurs when the number of bands involved in the braiding
exceeds two. For example, when v = 3, the four bands are
braided three times. Like for the case with v = 2, also in this
case there are two different types of braiding processes, as il-
lustrated in Figs. 2(e) and 2(f). Unlike for the two types of
braiding processes for the case with v = 2, which have differ-
ent braid group elements, both types of braiding processes for
the case with v = 3 are represented by the same braid group
elements o1, 07, and 03, with the braids being 6,0103 and
01030, in Figs. 2(e) and 2(f), respectively. Similarly, when
U = 4, the increase in braiding degree merely results in the
addition of another braid group element, namely, 6,, which
still exhibits non-Abelian braiding characteristics, as shown in
Figs. 2(g) and 2(h). Therefore, different braid orders result
in different eigenvalue permutations, ultimately giving rise to
non-Abelian braids. Importantly, the above discussion sheds
light on the relationship between braiding degree and braid
group. Specifically, the braiding degree matches the number
of braid group elements, e.g., for v = 3, there are three cor-
responding braid group elements, namely, 6, 07, and 03, as
shown in Fig. 2(e).

In the same phase diagram, the two different types of
braiding processes corresponding to the same braiding degree
are related to the distribution of EPs in the NH four-band
eigenenergy spectrum. In other words, NH four-band braid-
ing is directly related to the evolution paths of the four bands
encircling the EPs. Next, we discuss braiding and nontriv-
ial eigenvalue swapping by studying the encirclement of EPs
on Riemann surfaces.[*84) We replace the k-space Hamil-
tonian H (k) in Eq. (1) with a parameter-space Hamiltonian
H(cos(k),sin(k)) governed by cos(k) and sin(k).[!33% After
transformation, the momentum k can be mapped to a unit cir-
cle described by (cos(k),sin(k)), i.e., cos(k)? + sin(k)? = 1.
Now, we select four cases from Fig. 2 with v = 0 (Fig. 2(a)),
v = 2 (Fig. 2(c)), v = 3 (Fig. 2(e)), and v = 4 (Fig. 2(g)) to
illustrate the evolution of the eigenvalues on the Riemann sur-
face corresponding to different braiding phenomena, as shown
in Fig. 3.

The parameter-space Hamiltonian H(cos(k),sin(k)) de-
fines the four planes that constitute the Riemann surface shown
in Fig. 3. The eigenvalues evolve along different paths on the
Riemann surface as the momentum k changes, and their pro-
jection onto the cos(k)-sin(k) plane clearly shows the eigen-
value evolution paths crossing the EPs and their branch cuts.
Note that due to the distribution of EPs in complex E—k space,
there are cases where the projections of two EPs overlap in this
plane: In Figs. 3(b) and 3(d), the red dot 1 and red line 1 rep-
resent the projections of EP; and EPs, along with their branch
cuts, and the red dot 3 and red line 3 represent the projections
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of EP, and EPg, along with their branch cuts. In Fig. 3(c), the
red dot 2 and red line 2 represent the projections of EP; and
EP3, along with their branch cuts. Different braiding degrees
correspond to different evolution paths of the bands encircling
the EPs, leading to different eigenvalue permutations. 337 In
Fig. 3(a), the eigenvalues are not swapped since the evolution
paths do not cross the EPs, which corresponds to the inde-
pendent and trivial evolution of the four bands illustrated in
Fig. 2(a) for v = 0. By contrast, when the evolution paths of
the bands encircle the EPs, it is inevitable that the branch cuts
cross on the Riemann surface, which leads to the eigenvalues
being swapped. As shown in Fig. 3(b), the evolution paths of
the bands sequentially cross the branch cut red lines 4 and 2,
encircling two EPs (EP; and EP4). The eigenvalues change
from [E}, E», E5, E4] to [E}, E3, E>, E4] and then back to [E],
E», E3, E4], which corresponds to the braid 0,0, displayed
in Fig. 2(c). Similarly, in Figs. 3(c) and 3(d), the evolution
paths of the bands encircle three EPs (EP;, EP;, and EP3) and
four EPs (EP3;, EP4, EP;, and EPg¢) in sequence, resulting in
three and four braids, respectively. These braids correspond
to Figs. 2(e) and 2(g), respectively. Thus, NH band braiding
is closely related to the evolution paths of the bands encircling
the EPs, and the number of EPs encircled determines the value
of the braiding degree v.

S]n(&‘)

Fig. 3. Evolution of the eigenvalues on Riemann surfaces for different
braiding degrees. (a) v =0 (t; =0.1 and t, =0.2). (b) v =2 (¢; = 0.1
andy=—1.1). c)v=3(=—18and, =0.3). ) v=4(/, =—-1.5
and 1, = —1.2). The solid lines of different colors on the Riemann sur-
face represent the eigenvalue evolution paths, and the red dots represent
the EPs on the Riemann surface. In the cos(k)-sin(k) plane, the black
circles represent the projection of the eigenvalue evolution path, and the
red dots and red lines represent the projections of EPs and their branch
cuts, respectively, with numbers indicating them.

3.2. Formation and transformations of knot structures

NH band braiding is accompanied by the emergence of
knot structures. The NH band braiding discussed in this work

is based on the evolution of the momentum k over one pe-
riod. Howeyver, if the ends of the braided bands are connected,
their knot structures can be determined. Taking the braiding
example with v = 4 in Fig. 2(g), we demonstrate how the
knot structures are generated, and we summarize the transi-
tions corresponding to different braiding degrees shown in the
phase diagram of Fig. 1(b), as presented in Fig. 4.

1
Unlink

Unknot Hopf link Solomon link

Fig. 4. Example of the formation of knot structures and their corre-
spondence to braiding degree. (a) Formation of the knot structures for
v =4. The solid grey lines in the middle subfigure indicate the connec-
tion of the ends of the bands. (b) Different braiding degrees correspond
to different knot structures. The red dashed lines indicate several special
knots.

In Fig. 4(a), the left subfigure shows NH four-band braid-
ing with v = 4, which is represented by the braid 6,0,0]03.
To illustrate the transition from band braiding to a knot, we
have added additional auxiliary lines to the diagram of the
braid represented by 6,0,07103, as shown in the middle sub-
figure of Fig. 4(a). We use two different lines (of different
gray colors) to connect the ends of the bands where the evo-
lution finishes, eventually forming a knot. Lines of the same
color indicate that a ring can be formed after connection. For
example, the light-gray lines connect the ends of the red and
blue braiding bands, which thus form a ring; this ring is then
combined with the ring formed by the yellow and green braid-
ing bands (connected by the dark-gray lines) to give rise to a
Hopf link, as shown in the right subfigure of Fig. 4(a). Thus,
in NH multiband systems, by utilizing auxiliary lines, one or
multiple bands collectively form a ring, and then the individual
rings wind around each other to form a unique knot.[!3-28]

Based on the phase diagram with m = 1 and n = 2 shown
in Fig. 1(b), we study the knot structures corresponding to each
braiding degree, as shown in Fig. 4(b). When v = 0, due to
the trivial braiding, the four bands evolve independently, and
the resulting knots are four separate rings, known as unlinks.
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However, with increasing braiding degree, the obtained knot
constantly changes. From v = 0 to v = 6, the braided knot
transforms from the initial four separate rings, which are un-
links, through continuous evolution, to a final complex knot
structure, known as the Solomon link. Simultaneously, during
this process, other knots appear, such as an unknot for v = 3,
and a Hopf link for v = 4. For a given phase diagram, the
knot structures obtained through band braiding can vary con-
tinuously with the braiding degree, enabling continuous tran-
sitions between different knots.

Next, we clarify the nature of transformations between
different knot structures for a given phase diagram. We select
five representative cases on the black dashed line in the phase
diagram of Fig. 1(b) to analyze and explain the transforma-
tions between the knot structures, as shown in Fig. 5.

4 \
4 \ e
'I \ Solomon link
[ 3 !
I _Y )
\\ / (0 v;

S oll . &

H _pf link

Fig. 5. Knot structure transformations and transition states. The four solid
lines inside the blue dashed circle indicate the evolution of the four bands
with momentum £ in polar coordinates. The red dashed line indicates the
starting point of the evolution of the momentum k. The evolution proceeds

in the direction of the black arrow. Stages (D (1 = —1.0 and 1, = —1.5)
and @ (1; = 1.0 and t, = —1.5) result in a Hopf link, stage @ (r; = 0 and
tp = —1.5) corresponds to a Solomon link, and stages ) (1 = —0.25 and

tp = —1.5) and @ (t; = 0.25 and 1, = —1.5) represent the transition states
between stage () and stage (3), and between stage 3 and stage (), respec-
tively, Both these transition states contain two EPs. Stages (D and () expe-
rience continuous phase transitions along the peripheral blue (red) arrows in
a clockwise (counterclockwise) direction.

We change the evolution of momentum k and transform
the band from the complex E—k space braiding to a two-
dimensional (2D) knot structure (see Section D of the supple-
mentary material*’! for the details of the complex E—k space
braiding). The NH four-band braiding in stages (), 3, and )
in Fig. 5 corresponds to a Hopf link, Solomon link, and Hopf
link, respectively, which is consistent with the knot structures
obtained for v = 4 and v = 6 in Fig. 4. Next, we analyze
the knot structure transformation in the transition state, tak-
ing the transformation from stage () (Hopf link) to stage (3
(Solomon link) as an example (indicated by the blue arrow

in Fig. 5). From the phase diagram in Fig. 1(b), we can ob-
serve that during the transition from stage (1) to stage (3), the
nonreciprocal hopping #, remains constant, while #; changes
continuously and crosses the boundary line where stage 2) is
located. In Fig. 5, stage (2) serves as a transition state from
stage (D) to stage (3), featuring two degenerate points, namely,
EP] and EPz.
from stage (D) to stage () is the braided phase transition of NH

Therefore, the essence of the transformation

bands when the nonreciprocal hopping #; crosses EPs. Simi-
larly, there are two degenerate points in stage (4), namely, EP3
and EP4. The phase transition in this case also occurs when
the nonreciprocal hopping #; crosses these two EPs. The non-
reciprocal hopping #; in stages ) and (@) crosses different EPs,
resulting in different ways in which the bands in stages (I) and
() can be connected, although both result in the formation of
Hopf links. Although stages (2) and (%) in Fig. 5 do not give
rise to any special knot, they are key evidence demonstrating
the transformations of the knot structures. Not only can this
prove that the value of v is related to the number of times the
EPs are encircled (consistent with the conclusion in Fig. 3),
but it can also indicate that the boundary lines of the phase di-
agram are composed of different numbers of EPs (consistent
with the conclusion in Section A of the supplementary mate-
rial*’1). Additionally, if we change the transformation direc-
tion in Fig. 5 so that stage (5) continuously evolves to stage (1)
(along the direction of the red arrow), the above conclusions
are still valid because the encircling EPs are the same. There-
fore, our work provides evidence that transformations between
different knot structures are induced by EPs.

4. Conclusion

In summary, we presented a systematic investigation of
NH four-band braiding, provided its phase diagram, and es-
tablished its trivial, Abelian, and non-Abelian braiding rules,
which can be represented by the braid group B4. Additionally,
we discovered special knots, such as the Hopf and Solomon
links, by showing the knot structures corresponding to differ-
ent braids and unveiled that the transitions between these dis-
tinct knot structures occur at parameter boundaries defined by
exceptional points. Our results provide a concrete and visual-
izable platform for the study of NH multiband braiding and the
non-Abelian characteristics of higher-order braid groups. The
controllable manipulation of topological knots via system pa-
rameters may inspire novel approaches in topological photonic
devices and classical information processing schemes based
on topological invariants. For instance, in topological pho-
tonics, such EP-driven knot transformations could be lever-
aged to design reconfigurable optical devices!! or switching
schemes[®?] where the knot type serves as a robust topologi-
cal state variable. Furthermore, the principles of our 1D tight-
binding model are not limited to four bands. The approach can
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be generalized to systems with N > 4 bands, where the braid
group By exhibits even richer non-Abelian structures. Explor-
ing these higher-band systems could uncover more complex
knots and braiding phenomena, offering a fertile ground for
future theoretical and experimental work in topological meta-
materials.

The proposed 1D NH tight-binding model is amenable to
experimental implementation in several advanced platforms.
For example, photonic waveguide arrays!>3! offer precise con-
trol over hopping amplitudes and engineered losses, providing
an ideal setting to map our Hamiltonian and directly observe
the complex energy braids and their associated knot struc-
tures. Similarly, synthetic dimension lattices implemented in

[15,16,54]

photonic systems or with ultracold atoms can emulate

the multi-band tight-binding dynamics and probe the requisite
momentum-space topology. Additionally, acoustic or electri-

cal circuit networks have emerged as versatile and highly con-

S [18,27-29,36,55

trollable testbeds for non-Hermitian physic I'and

could be tailored to realize the non-reciprocal hopping terms
and detect the knot structure transformations predicted in our
work.
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