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We study the interaction of a uniform, cold and collisional plasma with a test charged particle moving off-axis at
a constant speed down a cylindrical tube with a resistive thick metallic wall. Upon matching the electromagnetic
field components at all interfaces, the induced monopole electromagnetic fields in the plasma are obtained in
the frequency domain. An expression for the plasma electric resistance and reactance is derived and analyzed

numerically for some representative parameters.

Near the plasma resonant frequency, the plasma resistance

evolves with frequency like a paralle]l RLC resonator with peak resistance at the plasma frequency wpe, while the
plasma reactance can be capacitive or inductive in nature depending on the frequency under consideration.

PACS: 51.50.+v, 52.50.Gj, 52.50.5w, 52.25.Mq

Growing waves could be generated in plasma by
injecting charged particles at a velocity near the
plasma wave phase velocity. In the plasma microwave-
frequency spectrum, the motion of the plasma ions
is not important and it is convenient to treat the
ions as a neutralizing background of positive charge.
In the simplified treatment of a plasma as a di-
electric medium, convection currents resulting from
the plasma electrons and ions are accounted for in
the derivation of the equivalent dielectric permittiv-
ity tensor AN general, the plasma becomes an
anisotropic medium when its electric properties vary
with direction. For example, in the presence of an
external magnetic field, the plasma particles gyrate
about the field lines in one direction, and therefore
make the plasma behave like an anisotropic dielectric
with an equivalent dielectric tensor, which accounts
for such anisotropy.

It is well known that electromagnetic waves can-
not propagate in an overdense plasma if the plasma
frequency is above the excitation frequency. Waves
are reflected at the bulk plasma frequency and become
evanescent waves.[' %! This may give rise to heating
of the plasma and then waves do not travel any more
in the radial direction, but rather propagate along the
plasma-vacuum or plasma-metal interfaces. The wave
energy is then transferred to the plasma by the evanes-
cent wave, which enters the plasma perpendicular to
its surface and decays exponentially.

In a collisionless cold plasma, waves are reflected
at the bulk plasma frequency wpe. There will be a
stopband for wave propagation for frequencies below
Wpe, and a passband for w > wpe.l""% In the presence of
collisions, the propagation characteristics are altered
considerably if the collision frequency v approaches
or superpasses the plasma frequency. Higher collision
frequencies can lead to stronger reflection and weaker
absorption. Waves are then allowed to propagate in
the plasma at frequencies below wy,e and the stopband
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becomes narrower as v increases and disappears at
wpe ~ v. For v > wpe there will be no stopband,
and waves will propagate, although attenuated, at all
frequencies.[' ]

The monopole longitudinal effects of a homoge-
neous, cold, and collisional plasma, which is filling the
interior of a resistive cylindrical tube, are considered
in the present work. Knowing the plasma response as
a dielectric medium to an external excitation by find-
ing the resistance and reactance of the plasma as func-
tions of source-plasma-environment parameters allows
for a better choice of the configuration of a microwave-
plasma transmission system to couple waves to plas-
mas with high efficiency.[” 2

Thick resistive wall

Plasma

Fig. 1. Plasma-pipe geometry.

Cold plasmas compared with metals are considered
as poor conductors and are often used for propagation
of high-current particle beams. Plasma impedance can
lead to returning current perturbations, which inter-
rupt the directed plasma electron motion.['”] In ac-
celerators, electron clouds may be idealized as cold
uniformly distributed nonneutral plasmas, which af-
fect the dynamics of beams and their wakefields, and
finally the coupling impedance of such fields to their
environment.!'*'?] Such clouds can be generated in
the pipe due to the ionization of the residual gas that
may accumulate to a certain level.l'] Resistance re-
sults from collisions that interrupt the directed plasma
electron motion. Collisions with neutrals are impor-
tant in weakly ionized plasmas at high current density
electrons and can exchange momentum with plasma
ions through collective instabilities.
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We consider a test particle of charge gy at position
r = a, which travels at velocity vZ down a cylindri-
cal pipe of radius b, as shown in Fig.1. We assume
an isotropic collisional and unmagnetized plasma fill-
ing the cylindrical pipe. The corresponding lowest
monopole charge and current densities arel'” !9

po(r,t) = %5(7“—&)5(2—500, Jo(r,t) = pofcz,(1)
where c is the speed of light in free space, and 8 = v/c
is the relativistic factor. Upon treating the plasma as
an isotropic dielectric medium in the absence of an
external magnetic field, and by combining Maxwell’s
curl equations for a medium with conductivity g, we
obtain the following general equation that governs the

electric field with O; = V2 — Mog% — uoeog%’
3 OJo (Tt
O1E(r,t) —V(V-E(r,t)) = HO%, (2)

where ¢ is the longitudinal dielectric function, and pg
and €y are the permeability and permittivity of the
vacuum, respectively. Fourier time-transform of the
wave equation for the electric field results in the fol-
lowing equation in the frequency domain with Oy =

V2 = jpogw + 4,

wz
Jfé

W)= JHowqod(r —a)e”

O2E(r,w) oy (3)

—V(V - E(r,

The z-components of Eq. (3) in each region of interest
take on the following forms

d
2, (1) .
[v2+ ap}E (rw) = 5-(V - E(r,))
:3”0“%5&—@6% 0O<r<a  (4)
For a < r < b, E,(r,w) = (r w), and for

b<r<oo, E,(r,w)= E(?’)(r,w) we have

0
e (V- E(r,w)) =0, (5)

[VZ QEP} EP(r,w) —
(92— o + 5 | EOr.0) L5 B(r.w) -2

where ¢, is the longitudinal dielectric function in-
side the plasma. Here we set the longitudinal dielec-
tric function in the metallic wall as ¢ = 1. For the
isotropic, cold, and unmagnetized plasma we havel'!

w2

pe
5P 1 + jW(V + ]w)v (7)
where wp, is the electron plasma frequency, and v is
the effective collision frequency, which accounts for
damping effects. Formulae of the dielectric function
for magnetized plasma both with and without the
thermal effect, similar to that of Eq. (7), can be found

in the literature.[?0 27

Since the monopole charge and current densities
corresponding to the test particle are rotationally
symmetric, only transverse-magnetic (TM) cylindrical
waveguide modes couple to the fields excited by the
test particle such that B, = 0.?*?°] The lowest trans-
verse electric (TE) mode with E, = 0 has a transverse
electric dipole field and thus does not have to be con-
sidered here due to the decoupling of this mode from
the source (wave equation for B, is source free). All
other field components are obtained from FE,(r,z,w)
via Maxwell’s equations, where Fy and B, vanish iden-
tically because of axial symmetry and periodicity.

For ﬁeld variations with z in the frequency domain
such as e 75, and making use of Maxwell’s curl equa-
tions, we ﬁnd the following general relations between
the longitudinal electric field component E,(r,z,w)
and the non-vanishing transverse field components
E.(r,z,w) and By(r, z,w),

(1,2)
(1,2) _Pe 1 dE: (ryz,w)
Bz @) =575 w1l—p%, dr ()
Be 1 dEgs) T Z,W
E£3) (r,z,w) *.77 - B2%g ( )a (9)
W 1—pB24j dr
weQ
2 (1,2)
(1,2) . B dE;"7 (r, z,w)
B = 1
0 (T7Zaw) ]w(l _ﬁ2€p) dr ) ( 0)
) B2(1—j-L) qp®
B (r, z,w) =3 ( ]“’;"2) (nz) (44
w(1-p2+5519) dr
Eél’Z’B) (r, z,w) = BL23 (r, 2,w) = 0. (12)
For %—2 =1- B2 09 = w/By0c, and upon intro-

ducing o, and o}, such that

2,2
7= (1S ) = (1400 09
- w2 ) ﬂsz
% = B2c? (1 —F- Jjw(v —|—pjw))
. V2 32w?
=1 i) (14)

the transverse electromagnetic fields in each region be-
come

k; dEd 2)(’1“ z w)

EM2 (1) 2, w) —j p o (15)
(1,2)
(1,2) _WwhoeoEp A2V (1, 2, w)
BO (Tv va) - O_g dr (16)
k. dES (ryz,w)
D20 =iy ), a7)
—jg) dBY)
B (r,2,w) = Lol ZJ0) ABE (12 0) g,

2
o2 dr

Accordingly, the radial wave equations for the elec-

p1:23) _ E§1’2’3)(

tric field components r,z,w) in the
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three regions of interest become

.d72 li _ 0_2- E,(l) _ JUg %5(7‘ - a)e,j%
Ldr?2 ~ rdr Pz WEGE 2mr (19’)
rd? 1d 1

e (20)
rd? 1d 1

Due to the presence of & ! on the right-hand side
of Eq. (19), the formalism of plasmas as dielectric me-
dia breaks down at w = wp in linear theory in the
absence of v since it leads to unbounded resonant re-
sponses. The present problem is dynamical in nature
unlike the case of looking for plasma wave propagation
characteristics in a conducting pipe. In the static limit
w — 0, €, is divergent, and therefore, the plasma di-
electric response can only be defined for time varying
processes.

Equation (19) will now be solved using field match-
ing for appropriate boundary conditions at interfaces
with the overall regular solution of the wave equation
for E, in each region being

eiszAllo(apT), 0<r<a,
eijwfiAglo(O'pT) + A3K0(O'p7“),

a<r<hb,
e 5 AyKo(oer), b<r < oo,

where Iy and K| are the zeroth-order modified cylin-
drical Bessel functions of the first and second kinds,
respectively. Integrating Eq. (19) from r = a — ¢ to
r = a + ¢ for vanishingly small § results in the follow-
ing boundary condition of the discontinuity of OF., /Or
at the surface (r = a),

oE®
87" B (')r r=a o

6E§” o2 s
——j— D g5 (92)

wepEp 2ma

Using Eq. (22), the continuity of E, at r = a, and the
continuity of F, and By at r = b, we obtain the fol-
lowing system of algebraic equations for the unknown
integration constants

Allo(apa) = Ag[o(a'pa) + A3K0(apa), (23)
—J0p 4o

AQIl (apa) 7A3K1 (O'pa) 7A1]1 (JPCL) = TOEI; %,(24)

AQI()(Cpr) + AgKo(O'pb) = A4K0(O’Cb), (25)

77[142]1 (Upb) — A3K1 (O‘pb)] = —A4K1 (O’cb), (26)
where 7 is defined as

JWENERTC
— _JWeepTe 27
1= 50(g + jweo) 27)

The integration constants Aj 234 are obtained by
simultaneously solving the system of Egs. (23)-(26),

. 2
which yield Az = dopalo(9pa) gy

WEQES3 2ma’
Ko(opb) — nielocd) g (5 p
Ay = — 0( 2 ) ﬁ;gc:; 1( 2 >A3, (28)
To(opb) + 77[(1(021,) Ii(opb)
n
Ay =—F[K b)+ FI b 2
Sl Fhep), (@)
. % q0
Ay =jo, P = [K, — F1
=i S Ko(7,) = Flo(ya)) (30)

Ko(ocb
o Ko(opb) — WK;)Egcbg Ki(opb) (31)
Io(opb) + N3P I (o,b)

Using the integration constant 4; of Eq. (28), the
longitudinal electric field B = Egl)(r, z,w) is

jopqoe 7 5

EM = [Ko(opa)— FIo(opa)]lo(o,r).(32)

2TweENE33

Consider the following frequency domain Maxwell
curl equations in terms of electric E and magnetic H
fields in a linear medium

V x E(r,w) = —juwH (r,w), (33)
V x H(r,w) = J(r,w) + jeow € -E(r,w). (34)

Here it is assumed that the permittivity and the per-
meability are independent of electric and magnetic
fields. The total current J includes only impressed
and conduction currents. Effects of possible electric
polarization and magnetization are generally included
in the permittivity and permeability tensors. In our
case, the plasma polarization and axial dc-magnetic
field effects are included in the tensor £.

By scalar multiplication of Eq. (33) by H*(r,w)
and the complex conjugate of Eq. (33) by E(r,w), the
difference of the resulting two equations is

V.- (E x H")
=H" - VxE-E-VxH*
= — juwH* -H —E-J* + jewE- ¢ -E*
= — jwuH* -H — ¢¢E- ¢ -E*| — E - J*
we] — E - J*, (35)

= — 2jwlwm —
where wy, and w, are the magnetic and electric en-
ergy densities stored in the system, respectively. With
S =FE x H*, Eq. (35) can be rearranged as

2jwA U +V - S = —E - J*, Atey = Wy — W, (36)

where Augy, is the net electromagnetic energy density
stored in the system, and S is the complex Poynt-
ing vector, which is a power surface density measured
in Joule per second per meter square. Equation (36)
is the complex Poynting’s theorem in the differential
form, which represents a conservation law of electro-
magnetic field energy. In integral form, Poynting’s
theorem of Eq. (36) can be written as

2jw/ BPr Aoy +% S -da = —/ d*rE - J*,(37)
v . %
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where () is the surface enclosing the volume V. For a
total current density such that J(r,w) = gE(r,w) +
Je(r,w), we introduce P, as the complex power sup-
plied by an impressed current source, P4 as the power
converted into heat via the Joule heating, and P,,q as
the power leaving the region bounded by the surface
of integration(*’!

Py = —/ &rE-Ji = Z(w)|Lw)[*,  (38)
v
Py = / d3rgE?, Praq = / S - da, (39)
% s
where Z(w) represents a field defined electric

impedance of the system, and I, (w) is the spectral cur-
rent corresponding to the off-axis test charge. Solving
Eq. (37) for Z(w), we obtain

Z(w) = ﬁ /V dPrE - Je*
- m[zﬂc + Py o+ 2jw(Win — We)], (40)

where W, and W, are the magnetic and electric en-
ergies stored in the system, respectively. As can be
seen from Eq. (40) the decrease in the input power of
the impressed current goes into real power loss via the
conductivity and the radiation through the wall, and
into reactive power stored in the electromagnetic field.
In our case, the corresponding impedance isl'® 2]

Zw) = -

Br'EM @ 2, w)Jg (', z,w), (41)
45 Jv,

where V; is the volume enclosing the current source,
and Ip(w) is the source spectral current, which is
equal to goe 7% . Substituting for Egl)(r’,z,w) and
Jo(r', z,w), the effective electrical impedance of the
plasma-tube system as seen by the test charge is

02 Lo Ko(opa)
VA — _iJ2 p ~o 0\Yp
Q 750 (Upa)weoagg 21 L Iy(opa)

— F|,(42)

where Lo is the length of a segment of the resistive
cylindrical tube. For a perfectly conducting wall, such
that g — oo, and in the absence of the plasma (wpe =
0), we have n = 0, e33 = 1, 0, = 09, and therefore,
we obtain the following well known form of the space-

charge impedance Z((Z:):)O)(w) =7V = —jXeg, 252

I3 (o0a)og Lo [Ko(aoa) ~ Ko(aob)
Io(ooa)  Io(oob)

which shows that the effective impedance in the ab-
sence of plasma (wpe = 0) and for a test charge motion
of offset a in a cylindrical tube with a perfectly con-
ducting wall is a negative reactance (pure capacitance)
because X, is positive for all the parameters. The re-
sistive impedance of the tube wall Zy, = Ry + jxw 1S
obtained from Eq. (42) by setting wpe = 0 and then

Xeco = ) (43>

wep 2w

subtracting the space-charge part of Eq. (43) from the
resulting equation. To find the plasma impedance we
firstly exclude the wall impedance by setting g — oo
(n=0) in Eq. (42), and then subtract ZV(w) from the
resulting equation to obtain the following formula for
the plasma impedance Zpiasma(w) = Zp, = Rp + jXp
with R}, and X, being the plasma resistance and reac-
tance, respectively,

v

(44)

5 _ _Ji(opa)oy Lo [Ko(opa) ~ Ko(opb)

b 271'&)60633 Io(O'pCL) Io((fpb)

In the numerical results presented in the follow-
ing, we use the following fixed values of v = 0.2wpe,
b=10cm, and a = 1 cm for the effective collision fre-
quency, the cylindrical pipe radius, and the beam ra-
dius, respectively. In Fig. 2(a), the real part R, of the
effective plasma impedance per unit length of Eq. (44)
is plotted versus wpe/w for three different beam en-
ergies, namely, 5 = 0.5, § = 0.7, and 8 = 0.9.
The curves of Fig. 2(a) show that the real part of the
plasma impedance is a positive resistance with peak
values at w = wpe. The curves also show that the
plasma resistance decreases with increasing the test
charge energy.

The curves of Fig. 2(b) show the imaginary part x,
of the plasma impedance versus wpe/w for the source
energies = 0.5, 8 =0.7, and 5 = 0.9. For a fixed w,
and varying wp., the plasma reactance x, starts from
zero value and becomes negative until it vanishes at
wpe = w. Therefore, for plasma frequencies wpe below
w, the plasma reactance X, is negative and capaci-
tive in nature. The plasma reactance vanishes at the
point wpe = w, at which the plasma resistance R,
has its maximum value. For wy. above w the plasma
reactance becomes positive and inductive in nature.

140 800
= a . L (c
= 1o )
g 100
S 80
-~ 60
3 I L - N
~ 40 J/ . .
0 S T =
400
80f(b) (d)
’f b 200
40f N
g 1 — —
S Ob—=g - P
= r NG B=05 —200f sl
35740— —B=071 W= wpe
S s B=09 400 e w=09uwpe
—80 0.5 1.0 1.5 20 25 0.1 0.3 0.5 0.7 0.9
Wpe/W B
Fig.2. Plasma resistance versus frequency with v =

0.2wpe, b = 10cm, and a = 1cm for different beam en-
ergies.

In Figs. 2(c) and 2(d) the plasma resistance R, and
reactance X are plotted versus the beam energy 3 for
three different values of wpe/w. The curves of Fig. 2(c)
show that the plasma resistance decreases with in-
creasing the test charge energy, as it has been observed
in Fig. 2(a). The curves of Fig. 2(d) for xp versus en-
ergy show that the plasma reactance vanishes iden-
tically at wpe = w, it is capacitive for wpe < w and

085101-4


Chin. Phys. Lett.
References

Chin. Phys. Lett.
References

Chin. Phys. Lett.
References

http://cpl.iphy.ac.cn

CHIN.PHYS.LETT. Vol.35, No.8(2018) 085101

inductive for values of wye above w for all test charge
energies.

The observations of Figs. 2(a)-2(d) show the same
behavior of a parallel RLC resonator circuit which has
the following equivalent impedancel*’]

Ry

1+jQ(Z —%2)
where Rg, wo, L, C, and @ are, respectively, the
shunt resistance, the resonance frequency +/1/LC,
the inductance, the capacitance, and the quality fac-
tor Rs1/C/L. The inductance and capacitance have
dual ac characteristics, namely, the inductive reac-
tance x1, = wL is positive and is linear in frequency
w, whereas the capacitive one x¢ = —1/wC is neg-
ative and varies inversely with frequency. Here xi,
or xc may dominate depending on the frequency, or
they may cancel each other out so that the parallel
combination of L and C' becomes an open circuit.

The plasma impedance shows the same character-
istics of a parallel RLC resonator. The plasma admit-
tance seen by the test particle can be written as the
sum of the three admittances, namely,

Zﬁ{LC(w)

= R(w) +jx(w), (45)

1 1

YP =GP+ Y7 + YE, YRIC = E—I—j(u}C— E)
Since the admittance is —oo as w approaches zero,
and is oo as w approaches oo, the impedance curves
approach zero at both ends of the frequency range due
to the short-circuit action by the inductive part at low
frequencies and the capacitive part at high frequen-
cies. The inductive nature of the circuit dominates
for % > 1 and ¢ > 1, while the capacitive nature is
dominant for <e¢ < 1,40 < 1.

In response to external excitations, the knowledge
of the plasma impedance as a function of frequency
and plasma parameters allows for a better choice of the
configuration of a microwave-plasma transmission sys-
tem to couple waves to plasmas with high efficiency.!*"!
Radio-frequency delivery systems are important com-
ponents in semiconductor etch manufacturing tools.
Understanding and stabilizing of the interaction of RF
generators with plasmas is of the utmost importance
for the design of an optimum RF powered plasma de-
livery system.[*!] The present work can be extended
for tubes with corrugated walls or with a sharp jump
in its cross section.l?? %]

In conclusion, monopole electromagnetic fields in-
duced in a cold and collisional plasma by a test charge
drifting down a resistive cylindrical tube have been ob-
tained. The plasma has been treated as an anisotropic
dielectric medium with an effective diagonal permit-

tivity tensor ep(w) ? The resistive and reactive parts
of the plasma impedance seen by the test charge have
been obtained analytically.

At wave frequencies near the electron plasma res-
onant frequency wype, the plasma resistance and reac-
tance evolve with frequency as in a parallel RLC res-
onator. The plasma resistance peaks at the electron
plasma frequency, while the reactance can be capaci-
tive or inductive in nature depending on the frequency

under consideration. The reactance starts from zero
value and becomes negative until it reaches zero value
at w = wpe, where the plasma resistance has its max-
imum value, while it becomes positive and inductive
in nature for wpe values below w. It has also been ob-
served that the plasma resistance decreases with in-
creasing the test charge energy.
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