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We investigated the ionization of an atom with different orbital angular momenta in a high-frequency laser field by
solving the time-dependent Schrödinger equation. The results showed that the ionization stabilization features changed
with the relative direction between the angular momentum of the initial state and the vector field of the laser pulse. The
ionization mechanism of the atom irradiated by a high frequency was explained by calculating the transition matrix and
evolution of the time-dependent wave packet. This study can provide comprehensive understanding to improve atomic
nonadiabatic ionization.

Keywords: stabilization of atomic ionization, atomic initial states
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1. Introduction

With the development of ultrafast laser technology, the
amplitude of a laser electric field has reached the Coulomb
field intensity that is felt by electrons in atoms. Many
nonlinear phenomena can be observed for an atom irradi-
ated by a strong laser pulse, such as high-order harmonic
generation,[1–9] above-threshold ionization,[10–15] nonsequen-
tial double ionization,[16,17] etc. The basis of these phenom-
ena is the ionization of the bound-state electrons in the atoms,
which interact with the driving laser.

When the single-photon energy of the driving laser
is smaller than the ionization energy of the atomic initial
state, the ionization mechanism transitions from multipho-
ton ionization[18] to tunneling ionization[19] and even above-
barrier ionization,[20] as the intensity of the driving laser in-
creases, and the corresponding ionization probability will in-
crease gradually. When the single-photon energy of the driv-
ing laser is greater than the ionization energy of the atomic
initial state, the ionization stabilization phenomenon could be
observed[21–25] particularly in a high-frequency laser field. In
this case, the atomic ionization probability increases with the
driving laser in the lower-intensity region. By contrast, when
the laser intensity reaches a certain value, the atomic ioniza-
tion probability will decrease as the laser intensity further in-
creases. This ionization stabilization phenomenon was first
discovered by Gersten[26] and Gavrila[27,28] when they inves-
tigated the strong-field ionization of a hydrogen atom in laser
fields, and explained within the Floquet theory based on the

Kramers–Henneberger (K–H) transformation.[29,30] Using the
K–H transformation, the interaction between the laser field
and the atom can be regarded as a time-dependent potential
function. In a high frequency laser electric field, the move-
ment of electrons can be represented by the lower eigenstates
of the time dependent potential. In general, the laser pulse has
an envelope; thus, using the multimode Floquet theory for in-
vestigating the stabilization is necessary. Recently, Guo et al.
theoretically studied the ionization of an atom under ionization
stabilization conditions and found the multipeak structures of
the obtained photoelectron spectra, which were assigned to the
interference between the ionized electrons from the rising and
falling parts of the laser electric field.[31]

Most of the atomic ionization stabilization phenom-
ena were investigated in linearly polarized (LP) laser fields,
and only a few studies have been conducted on the atomic
ionization stabilization caused by circularly polarized laser
fields.[23,32–34] Atomic or molecular photoionization may ex-
hibit some new features caused by circularly polarized laser
fields, which are absent in the case of linear polarization. Pont
and Gavrila[28] found that the ionization stabilization phe-
nomenon of a hydrogen atom can also occur when the laser
field is circularly polarized. Liang[32] theoretically investi-
gated the dynamic interference of a hydrogen atom in an in-
tense circularly and LP high-frequency XUV pulses. The de-
pendence of ionization stabilization on laser polarization was
studied theoretically[33,34] and experimentally[35] for atoms
with a magnetic quantum number of zero. Another notable
feature is the dependence of the strong-field ionization rate on
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the sign of the magnetic quantum number with regard to the
rotation direction of the applied laser field.[36] Recently, the
ionization of an atom with different initial angular momenta in
an infrared laser field was investigated.[37] The result indicated
that in the same driving laser pulse, remarkable differences in
the ionization probability of atoms with different initial angu-
lar momenta could be observed because of the nonadiabatic
effect.

With the rapid development of advance free-electron
lasers,[38] particularly the polarization-controlled free-electron
laser,[39] the intense high-frequency light interaction with
atoms/molecules has attracted considerable attention as these
free-electron laser sources have provided a powerful tool for
atomic and molecular physics to extend the nonlinear interac-
tion region. In the present work, we studied the effect of initial
states with different angular momenta on the atomic ioniza-
tion stabilization in such intense high-frequency laser fields.
In addition, we calculated the ionization of an atom with dif-
ferent initial orbital angular momenta in the high-frequency
laser field using the numerical solution of the time-dependent
Schrödinger equation. The results showed that the atomic ion-
ization stabilization occurs in the linearly and circularly po-
larized laser pulses, but the characteristics of the ionization
stabilization are different for laser pulses with different polar-
izations and for atoms with a certain initial state angular mo-
mentum. Thus, we calculated the evolution of time-dependent
wave packets to explain this phenomenon. Unless otherwise
stated, atomic units are used throughout this paper.
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Fig. 1. (a) Electronic density of the initial state with m =−1. (b) The phase
of the initial state with m =−1. (c) The electronic density of the initial state
with m =+1. (d) The phase of the initial state with m =+1.

2. Theory and models
In investigating atomic ionization in a strong laser electric

field, calculating the time-dependent electronic wave function
of the atom irradiated by the laser pulse is necessary. There-
fore, we must solve the time-dependent Schrödinger equation

of the bound electron in the laser field

i
∂

∂ t
ψ(x,y, t) =

[
− 1

2

(
∂ 2

∂x2 +
∂ 2

∂y2

)
+𝐸x(t)x

+𝐸y(t)y+V (x,y)
]

ψ(x,y, t), (1)

where V (x,y) is the interaction potential between the electron
and nucleus

V (x,y) =− q√
x2 + y2 +a

, (2)

where q and a are the soft-core parameters. In this paper,
three initial states with the same energy (−0.579, the ground
state energy of the argon atom) were selected, and the mag-
netic quantum numbers were 0 (a = 0.3893, q = 1.0) and ±1
(a = 1.0, q = 2.0715). 𝐸x(t) and 𝐸y(t) are the x and y com-
ponents of the laser field, respectively. When the driving laser
pulse is LP, the following equation is calculated:

𝐸x(t) =
√

2E0 f (t)sin(ωt)𝑥̂. (3)

When the driving laser pulse is circularly polarized, the fol-
lowing equations are calculated:

𝐸x(t) = E0 f (t)cos(ωt)𝑥̂,

𝐸y(t) =±E0 f (t)sin(ωt)𝑦̂, (4)

where “+” and “−” correspond to the left-handed and right-
handed circularly polarized laser fields, respectively. E0 and
ω are the electric field peak amplitude and center frequency
of the laser pulse, respectively. The laser pulse envelope
f (t) = sin(πt/nT )2 was used, n = 10, ω = 1 and T = 2π/ω

is the optical cycle of the pulse. The time-dependent equa-
tion has no analytical solution; one can solve it through a
numerical scheme. In this work, the finite element discrete
variable representation[40] method was used to calculate the
time-dependent wave function of the system. The range of
the computational grid in the x and y directions was −200 to
200, and 1400 elements with four points in each element were
adopted in the calculation. The Lanczos method was used as
the time propagation scheme.[41] The dimension of the Hamil-
tonian matrix h in the Krylov subspace was 5×5, and the time
step of the calculation was 0.1. In the case of the maximum
intensity of driving laser pulses, we checked the convergence
of ionization stabilization by changing the spatial boundary,
time interval, and laser intensity. Relative errors of the calcu-
lation results with different parameters in the two cases were
less than 10−3, which confirmed the reliability of our numeri-
cal simulation

By projecting the time-dependent wave function ψ(x,y, t)
at the end of the laser pulse on the eigenstate wave function,
the probability of the atom with different eigenstates under the
action of the laser field can be obtained. Using the eigenstate
projection ci(t) = 〈ψi(x,y) | ψ(x,y, t)〉 where the eigenenergy
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is less than 0, the ionization probability of the atom is obtained
by

Pion = 1−∑
i
|ci|2 . (5)

In the calculation, the solution of each eigenstate of the
system was obtained from the transformation of the equation
into a one-dimensional problem using the scheme of the vari-
able separation in polar coordinates.[42]

We presented the electron density distribution and phase
of the initial state wave function with a magnetic quantum
number of±1 calculated from the scheme shown in Fig. 1. For
the m = −1 and m = +1 state, the spatial distribution of the
electron density is the same, but their phases are opposite. For
the m = −1 state, the phase gradually increases in the clock-
wise direction [as shown in Fig. 1(b)] and the electron rotates
clockwise. For the m =+1 state, its phase gradually increases
in the counterclockwise direction [as shown in Fig. 1(d)] and
the electron rotates counterclockwise.

3. Results and discussion
This work aimed to explore the ionization stabilization of

atoms with different orbital angular momenta irradiated by a
high-frequency laser field. After obtaining the initial state of
the system, we calculated the ionization probability that varies
with the laser intensity of the atomic initial state and the orbital
angular momentum m = −1 irradiated by left-handed circu-
larly polarized (LCP), LP, and right handed circularly polar-
ized (RCP) laser pulses. For the same laser intensity, the ener-
gies of the laser pulse with different polarizations are the same.
The ionization probability varying with the peak amplitude of
the electric field is presented in Fig. 2. In the calculation, the
range of the peak amplitude of the laser electric was from 0.1
to 3.0. As shown in Fig. 2, the ionization probabilities of the
atom irradiated by different polarized lasers increase rapidly in
the low-laser-intensity region with the increase in laser pulse
intensity. By contrast, when the pulse intensity reaches a cer-
tain value, the ionization probability does not continuously in-
crease. Beyond this laser intensity, the ionization probability
of the atom decreases with the increase in pulse intensity.

The difference in ionization probabilities of atoms irradi-
ated by the laser pulse with different polarizations is also pre-
sented in Fig. 2. In the RCP laser field, the atom has the largest
ionization probability. When E0 = 1.0, the atomic ionization
probability is close to 1, and then, as the laser intensity further
increases, the ionization probability gradually changes and fi-
nally exhibits weakly decreasing behavior. In the LP laser
field, the atomic ionization probability is less than the atom
irradiated by an RCP laser. When we increase the laser inten-
sity to E0 = 1.0, its ionization probability reaches the largest

value, and then, as the laser intensity further increases, the ion-
ization probability gradually decreases. For the LCP laser, the
atomic ionization probability is the smallest of the three po-
larized laser pulses. As the laser intensity increases, the ion-
ization probability increases at a low rate. When we continu-
ously increase the intensity to E0 = 2.3, the ionization prob-
ability reaches its maximum. However, when the laser inten-
sity is further increased, the ionization probability decreases
rapidly. Therefore, the ionization stabilization phenomenon
occurs when the polarization of the driving laser pulse is lin-
early or circularly polarized, either left or right handed. The
ionization probability of the atom is determined by the driv-
ing laser intensity and amplitude of the transition between the
initial state and continuous state. Given the difference in cou-
pling intensities for different initial and continuous states, the
laser intensities required for the appearance of ionization sta-
bilization are different; that is, the stronger the coupling is,
the smaller is the laser intensity required for the appearance of
such a phenomenon.
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Fig. 2. Dependence of the atomic (the initial state of the atom is m = −1)
ionization probability with the peak amplitude of the driving laser pulse with
the right-handed circular (green dash-dotted line), linear (red dotted line),
and left-handed circular (black solid line) polarizations.

In addition, the ionization behavior of the atom irra-
diated by different polarized laser pulses is investigated to
comprehensively understand the difference. Using the eigen-
functions of the atom obtained by numerically solving the
time-independent Schrödinger equation, one can calculate
the transition matrix elements 〈ψconti.(x,y)|x+ iy|ψini.(x,y)〉,
〈ψconti.(x,y)|x|ψini.(x,y)〉, and 〈ψconti.(x,y)|x− iy|ψini.(x,y)〉
(from the initial states to the continuum states). For the
atomic initial state with m = −1, the corresponding transi-
tion matrix elements are shown in Fig. 3. As the energy of
the final state increases, the intensity of the transition ma-
trix elements initially increases and then decreases. For the
atomic initial state with m = −1, the transition matrix ele-
ment 〈ψconti.(x,y)|x− iy|ψini.(x,y)〉 is the largest, followed by
〈ψconti.(x,y)|x|ψini.(x,y)〉 and 〈ψconti.(x,y)|x+ iy|ψini.(x,y)〉.
The intensity variations in transition matrix elements are con-
sistent with the values of the ionization of atomic ionization
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irradiated by the LCP, LP and RCP. Therefore, the distinction
among the ionization probabilities of the atom irradiated by
different driving laser pulses can be well understood.
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Fig. 3. Transition matrix elements from the initial states m =−1 to the con-
tinuum state of the atom.
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Fig. 4. Evolution of the time-dependent probability density of the initial state
of m = −1 in the left-handed circular polarization field: the pictures at the
left show the x direction: (a) E0 = 1.5, (b) E0 = 2.3, and (c) E0 = 2.7. The
pictures at the right show the y direction: (d) E0 = 1.5, (e) E0 = 2.3, and (f)
E0 = 2.7.

We calculated the time evolution of the electron density
distribution for the initial state m = −1 irradiated by the left-
handed circular polarization laser pulse with different intensi-
ties to explain the ionization stabilization of the atom. The re-
sult is shown in Fig. 4. The peak amplitude of the laser electric
field is as follows: in the x direction (a) E0 = 1.5, (b) E0 = 2.3,
and (c) E0 = 2.7, in the y direction, (d) E0 = 1.5, (e) E0 = 2.3,
and (f) E0 = 2.7. When the laser intensity is low, there is low,
no ionization occurs at the rising and falling parts of the laser
pulse. Ionization primarily occurs at the peak of the laser pulse
envelope [Figs. 4(a) and 4(d)]. As the peak amplitude of the
laser electric field increases to E0 = 2.3, the variation of the
electron density distribution with time is similar to the case of

E0 = 1.5. When E0 = 2.3, ionization occurs in more optical
cycles, and as the peak of the laser field increases, the ion-
ization probability increases accordingly [Figs. 4(b) and 4(e)].
When the peak amplitude of the driving laser electric field in-
creases to E0 = 2.7, a different situation occurs. The ionization
near the laser pulse envelope peak of the laser field [Figs. 4(c)
and 4(f)] weakens. The differences in the electron density dis-
tribution for the three intensities are presented in the red box
of the Fig. 4. This phenomenon is consistent with the previ-
ous observation under one-dimensional conditions.[43] Given
the circular polarization of the driving laser pulse, ionization
weakening can be observed in the x and y directions.

Therefore, we investigated the ionization variation of the
atom with the initial state m =+1 irradiated by the same laser
pulse. For the linear polarization driving laser pulse, the varia-
tion of the atomic ionization probabilities with the initial state
m = ±1 is the same as the change of the incident laser inten-
sity. However, for the circularly polarized driving laser pulse,
the ionization probabilities are opposite to the change of the
incident laser intensity for atoms with the initial state m =−1
and m = +1. When the initial state is m = −1, the ionization
variation of the atom in the LCP laser field is the same as the
initial state m =+1 in the RCP laser field, but when the initial
state is m =−1, the ionization variation in the RCP laser field
is the same as the initial state of m =+1 in the LCP laser field.

We further analyzed the angular distribution of the
ionized electron to understand this initial-state dependency
on ionization. Given the polar coordinates (x = ρ cos(θ),
y = ρ sin(θ)) the wave function is expressed as ψ(ρ,θ) =

φ(ρ)ξ (θ), and the time-independent Schrödinger equation of
the radial and angular parts of the eigenfunction is calculated
as follows:

− d2

dθ 2 ξ (θ) = λ
2
ξ (θ), (6)

−1
2

(
d2

dρ2 +
1
ρ

d
dρ
− λ 2

ρ2

)
φ(ρ)

− q√
ρ2 +a

φ(ρ) = Eφ(ρ). (7)

In calculating atomic ionization, one must project the final
wave function on the continuous eigenstate wave function. For
two-dimensional calculation, obtaining the eigenstate wave
function of the system in the Cartesian coordinate is difficult.
Thus, eigen equations must be adopted in polar coordinate
[Eqs. (6) and (7)]. This scheme can decompose the calcula-
tion of two-dimensional eigenstates into two one-dimensional
eigenstate problems. For a given λ , all radial eigenstates can
be obtained easily. Using these eigenstates, the probability
of the continuous states can be calculated quickly. By solv-
ing this equation, the angular part of the eigenfunction can be
given as ξ (θ) = eimθ , m = 0,±1,±2, . . ., and the radial part
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of the eigenfunction can be given as φ(ρ). Finally, the corre-
sponding wave function is obtained as Φ(ρ,θ)m = φ(ρ)eimθ .
Using the circularly polarized laser, the generation of the ion-
ized electron from an atom should satisfy not only the con-
servation of energy but also the conservation of angular mo-
mentum. The variation of the population of the ionized elec-
tron with the driving laser intensity for m = 0, m > 0, and
m < 0, is presented in Fig. 6. For the initial m = −1 state,
when the driving circular polarized laser pulse is left-handed
[Fig. 5(a)] and right-handed [Fig. 5(b)], the probability distri-
bution of the ionized electrons is different when m is different.
For the left-handed case, when the magnetic quantum number
is +1, the angular momentum of the ionized electron should
be distributed in m = 0. For the right-handed case, its mag-
netic quantum number is −1, and the angular momentum of
the ionized electron should be −2. Therefore, the primary
population of the electron is distributed in the eigenstates of
m < 0. Using this theory, the ionization of ionized electrons
from the m = −1 state irradiated by an RCP laser is the same
as that from the m =+1 state irradiated by an LCP laser.
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quantum number m is less than zero (black solid line), equal to zero (red
dotted line), and greater than zero (green dash dotted line).

The difference in the ionization stabilization from the
atom with different initial states can also be understood quali-
tatively using their corresponding dipole transition amplitude.
The formulation of the KH state contributes to the ionization
stabilization of the atom irradiated by the driving laser. For
the ionization stabilization laser intensity, the main contribu-
tion of the ionization comes from the rising edge and falling
edge of the laser pulse. When the amplitude of the transition
dipole between the initial state and continuous states is larger,
the probability of the ionization is larger; thus, the ionization
stabilization feature is not evident. When the amplitude of the
transition dipole is small, the role of the laser intensity be-
comes more important, thus, the ionization stabilization fea-
ture becomes pronounced. The momentum distribution of the

photoelectron emission spectra[31,44] of different atoms dur-
ing ionization stabilization in light intensity was calculated to
analyze the effect of the ionization stabilization of atoms on
different orbital angular momenta (Fig. 6).
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2, (c) right-handed circular polarization and E0 = 2.5. For the

initial state m = 0: (d) left-handed circular polarization and E0 = 2.5, and
(e) linear polarization and E0 = 2.5

√
2. For the initial state m = +1: (f)

right-hand circular polarization and E0 = 2.5, (g) left-hand circular polariza-
tion and E0 = 2.5, (h) linear polarization and E0 = 2.5

√
2, (i) right-handed

circular polarization and E0 = 3.0.

Figures 6(a)–6(c) show the momentum distribution of the
photoelectron emission spectra of the initial m = −1 state
driven by LCP, LP, and RCP lasers. Figures 6(d)–6(f) and
6(g)–6(i) are photoelectron momentum distributions of the
atom with m = 0 state and m =+1 state driven by three lasers,
which show a great distinction among different orbital angu-
lar momenta. A multiring structure can be observed in the
photoelectron momentum distribution of different orbital an-
gular momenta. However, different orbital angular momenta
show different characteristics. When the atom is driven by
the laser electric field in the m = 0 state, a clear multiring
structure can be observed. The strength of each ring is close.
For the atom in the initial state of m = −1, the number of
rings in the photoelectron emission spectrum is significantly
reduced. Notably, when the driving light is LP, the photoelec-
tron emission spectra of the atom whose magnetic quantum
number is m = −1 exhibit a multiring vortex structure, and
the photoelectron emission spectra with different orbital angu-
lar momenta rotate in opposite directions. On the basis of the
above mentioned analysis, the photoelectron emission spec-
trum can reflect the characteristics of the atom in different or-
bital angular momenta and driving lasers, which is convenient
to observe the high-frequency ionization stabilization during
experiments. Figures 6(b), 6(e), and 6(h) show the photoelec-
tron momentum distributions of the atom irradiated by laser
pulses whose intensities are in the ionization stabilization re-
gion. Given the dynamic interference, the momentum distri-
bution of the photoelectron emission exhibits strip structures.
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The driving laser is LP; thus, when the initial-state angular
momentum of the atom is 0, the angular momentum distribu-
tion is primarily concentrated in the laser polarization direc-
tion. When the initial-state angular momenta of the atom are
±1, the direction of the maximum value in the photoelectron
emission spectrum is changed because of the distribution of
the ionized electron during ionization. For weak laser intensi-
ties, no dynamic interference strip is observed in the spectrum,
but the angular change of the maximum value of the momen-
tum distribution can still be observed.

4. Conclusion
We theoretically investigated the ionization of atoms with

different initial orbital angular momenta in a high-frequency
laser field. The ionization stabilization phenomena were
observed for atoms with different orbital angular momenta.
When the laser field vector and motion of the electron rotated
in opposite directions, the ionization stabilization of the atom
was evident. Our results showed that the features of ionization
stabilization are related to the atomic orbital angular momenta
and polarization of the laser field. The finding of this work
may be observed in future experiments using the free-electron
laser.
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