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SPECIAL TOPIC — Non-Hermitian physics

Exact solutions of non-Hermitian chains with asymmetric long-range
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We study the one-dimensional general non-Hermitian models with asymmetric long-range hopping and explore how
to analytically solve the systems under some specific boundary conditions. Although the introduction of long-range hopping
terms prevents us from finding analytical solutions for arbitrary boundary parameters, we identify the existence of exact
solutions when the boundary parameters fulfill some constraint relations, which give the specific boundary conditions.
Our analytical results show that the wave functions take simple forms and are independent of hopping range, while the
eigenvalue spectra display rich model-dependent structures. Particularly, we find the existence of a special point coined
as pseudo-periodic boundary condition, for which the eigenvalues are the same as those of the periodical system when the
hopping parameters fulfill certain conditions, whereas the eigenstates display the non-Hermitian skin effect.

Keywords: non-Hermitian physics, exact solution, topological physics, long-range hopping

PACS: 03.65.Yz, 03.65.Fd, 03.65.V{

1. Introduction

Recently, non-Hermitian systems have gained much at-
tention, both theoretically and experimentally.!’:?! In contrast
to the Hermitian systems, the non-Hermitian systems exhibit
many novel properties, such as complex spectrum structures,
rich topological classifications and non-Hermitian skin effect
(NHSE).[3-21] NHSE is characterized by the emergence of a
large number of bulk states accumulating on one of the open
boundaries accompanying with remarkably different spectra
from those under periodic boundary condition (PBC).[1>-21]
As this counterintuitive phenomenon has no Hermitian cor-
respondence, the NHSE has attracted intensive studies in the
past years, [22-33]

The NHSE is essentially a boundary-sensitivity phe-
nomenon. The boundary effect for non-Hermitian systems
has been studied in Refs. [18,24,34-42]. To understand why
the change of boundary terms dramatically affects the proper-
ties of bulk states of non-Hermitian systems, with collabora-
tors we presented exact solutions for the one-dimensional non-
Hermitian models with generalized boundary conditions in a
recent work,[*8! in which the size-dependent boundary effect
has been clarified from the perspective of exact solution. The
analytical results uncovered the existence of size-dependent
NHSE and gave quantitative description of the interplay ef-
fect of boundary hopping terms and lattice size. The size-
dependent NHSE was firstly observed by Li ef al. in coupled
nonreciprocal chains,*3 and was generalized to open quan-
tum systems. [**1 Tt was also observed in non-reciprocal chains
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with impurity. 3]

In this paper, we generalize the exact solutions to the one-
dimensional non-Hermitian models with nonreciprocal (asym-
metric) long-range hopping under specific boundary condi-
tions. Although the introduction of long-distance hopping
terms hinders the finding of analytical solutions for arbitrary
boundary parameters, we identify the existence of exact so-
lutions when the boundary parameters fulfill some constraint
relations, which give the specific boundary conditions consid-
ered in the present work. Under the specific boundary con-
ditions, we exactly solve the eigenvalue equations and give
analytical results of eigenvalues and wavefunctions. Based on
our analytical results, we demonstrate the existence of size-
dependent NHSE and rich structures of the eigenvalue spectra.
Some concrete examples are also discussed.

2. Models and solutions

We start with the general 1D non-Hermitian model with
asymmetric long-distance hopping terms under generalized
boundary conditions, described by the Hamiltonian

n=1 | j=I Jj=1
J 14 + q .
+ Z Z [SjL€N+n,jé;1:| =+ Z [6JR6;1 AN+n7j} , (D)
n=1 | j=1 =1

where p is the farthest length of left hopping, ¢ is the farthest
length of right hopping, and N is the number of lattice sites.
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A model with p =2 and g = 2 is schematically displayed in
Fig. 1. While the PBC corresponds to §;. =t;1. (j=1,...,p)
and 6;r =tjr (j=1,...,9), the open boundary condition
(OBC) corresponds to §;i, = d;r = 0.
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Fig. 1. Schematic diagram of general 1D non-Hermitian model with p =2
and g = 2.

For the system under the PBC, we can perform the fol-
lowing Fourier transformation:

A 1 ikn A
&y = —Nzk:e‘k Cr,
1 .
N —ikn At
¢y = —=) e "¢ 2
v @)
Then the Hamiltonian becomes H = ¥, H (k), where
p . 9 o
=X [me¥aa] + X e ia].
Jj=1 J=1

withk = 2mn/N) (m=1,2,...
the general model under PBC is given by

,N). Thus, the eigenvalue of

P L4 -
= Z thelk] + Z theilkJ. @
Jj=1 Jj=1

For the nonreciprocal lattice, we have ¢;1. #+ tjr, and thus the
periodic boundary spectrum is complex.

For the general case with 8., # #; and O;r # tjr, We
need to solve the eigenvalue equation for Eq. (1) in real space,
which consists of a series of bulk equations and boundary
equations. The bulk equations can be expressed as

P
—EVyiq+ Y [tiiWiigri] =0, (5)
=1

qg—1
Y [t prWors]
j=0

withs=1,2,....N—
expressed as

(¢+ p). The boundary equations can be

p
Z (s—7) R‘//j —Ey;+ Z [t Y]

j=1 j=1

Z (g—J) RWNJM )} =0, (6)

withs=1,2,...,q, and

s q—1
Z[ (p— S+JL‘VJ]+Z[q JRYN - pts—(g—)]

]_
p—s

—Eyy_pis+ Z [LWN—pts+j] =0, @)
j=1
withs=1,2,...,p
By comparing Eq. (6) with s = 1,2,...
withs=—g+1,—(¢g—1)+1,...
Eq. (6) is equivalent to the following boundary equations:

,q and Eq. ()
,0, respectively, we find that

q—s q—s
Y [t-pr¥e-g-p) = X [Sg-pr¥nes-g-p], @
j=0 j=0

with s = 1,2,...,q. Similarly, by comparing Eq. (7) with

s=1,2,...,qgand Eq. (5) withs=N—(¢+p)+1,N—(¢+

P ) + 27 RS
lent to the following boundary equations:

N — g, respectively, we find that Eq. (7) is equiva-

Zl [8p—ss i ¥i] = Zl [tp—stL¥N+7] )
Jj= j=

with s = 1,2,...,p. It is noticed that Eq. (5) with s =
—q+1,—(g—1)+1,....0ands=N—(g+p)+1,N—(qg+
p)+2,...,N —q can be viewed as a continuation of bulk
equations, therefore the resulting wawefunctions of y; with
j=—q+1,—(g—1)+1,....0and j=N+1,N+2,....N+p
are auxiliary wavefunctions satisfying Eq. (5), just for the pur-
pose of simplifying the calculation.

Due to spatial translational property from bulk equations,
we can set the ansatz of wave function ¥ which satisfies the
bulk equations as follows:

AN AL (10)

Inserting Eq. (10) into the bulk equation (5), we obtain the

2
'}I (Zlﬂzlvzl’

expression of eigenvalue in terms of z; as
p i o i
E=) tng+) g’ (1n
Jj=1 Jj=1

For a given E, there are g + p solutions z; (z1,22,...,2¢+p)-
Then it follows that the superposition of p + ¢ linearly inde-
pendent solutions is also the solution of Eq. (5) corresponding

to the same eigenvalue, i.e.,

v

= (vi,v2,..., )", (12)

where

q+p
Y, = Z(c,-zf’) =c1zi t o+t CaipZyyy  (13)
i=1
withn=1,2,...,N.
To solve the eigenequation HY = E'Y, the general ansatz
of wave function should also fulfill the boundary conditions.

010313-2
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By inserting the expression of ¥ into Eqs. (8) and (9), the
boundary equations can be represented as

Hy(Cly- -+ ,CqyCqitseeyCqrp) = 0. (14)

The Hp is the boundary matrix given by

Fi(z1) Fi(zg)  Fi(zgr1) Fi(zg+4p)
Fy(z1) Fy(zg)  Fy(zg+1) Fy(zg+p)
Fper(z1) - Fari(zg) Fari(zger) - Farilzgrp) |7
Fq+p(zl) Fq+p(zq) Fq+p(zq+l) Fq+p(zq+p)
where

qJRZN}

withs=1,...,gand

S

Fois (zi) Z

J
(p—s+j)L ~ L(p—s+j)LZi ]Zi’

withs=1,...
the auxiliary wavefunctions defined as y; =

,pandi=1,...,g+ p. In the above calculation,
ZquP(Cile) _
clz{ —|—czzé + .- +cq+pzé+p with j=—qg+1,—(¢q— 1)+
1,...,0and j =N+ 1,N+2,....,N+ p are used. Alterna-
tively, Eq. (14) can also be obtained by inserting the expres-
sion of ¥ into Egs. (6) and (7) in combination with Eq. (11).
The nontrivial solutions for (cy,cz,...
07 cy) = 0, ..
ously. The condition for the existence of nontrivial solutions

,Cq+p) mean that ¢; =
., and c44p = 0 cannot be satisfied simultane-

for (c1,c2,...,¢q4p) is determined by

det[Hg] =0, (15)

which is usually too complicated to be precisely solved for
the general case. For convenience, we shall divide the solu-
tions into two cases: one is that the number of ¢; (# 0,i =
1,...,q+ p)is 1, and the other is that the number of ¢; (# 0)
is greater than 1 and less than or equal to g+ p. In general, the
second case is hard to be analytically solved. An exception is

the case of p = g = 1, which was exactly solved for arbitrary

boundary parameters.>®!

The solutions of z; for the first case (i.e., there is only
one nonzero ¢; and for convenience we denote it as ¢;) can be
easily obtained by applying a simplified method, which is the
situation studied in this paper. In this case, the eigenfunction
is composed of only one solution, i.e., [¥) = ¢;|¥}), and the
boundary equation Hg(cy,...,0)T = 0 requires ¢; # 0,c; =

0,...,and c44p = 0. Thus, Eq. (14) gives rise to

Fi(z1) = =Fz1) = Fg(z1) = = Fgp(z1) =0, (16)

i.e., the following equation should be satisfied simultaneously:

q—s .
ZZJ [tg—ir — B prel] 2 7 =0, (17)
=

withs=1,2,...,gand

P s+7) LZN} { 0, (18)

S
Z (p—s+Jj)L

withs=1,2,...,p
From Eq. (17) with s = g, we can obtain the solution of

Zj as
— Ve W, (19)
with
th
=R, (20)
u 3
and m = 1,...,N. Then we insert Egs. (19) and (20) into

Eq. (17) withs =g — 1,9 —2,...,1 successively, and have

fgo0R IR MR
84 1R Or  OR

Next, we insert Eq. (19) into Eq. (18) with s = 1, and get

ey

1)
IpL
Then we insert Egs. (19) and (22) into Eq. (18) with s =
1,2,...,p— 1 successively, and have
O(p—1)L 52L SiL

—... ) 23
I(p—1)L L ho s @3

Combining Egs. (20)—(23) together, we have

1R IR 51L Opl,
_— —— == =U, 24
OIR 5qR L IpL H @)

which is the specific boundary condition corresponding to the
first case. As long as the specific boundary condition Eq. (24)
is fulfilled, the solution of z; is given by Eq. (19). We note that
1 =1 corresponds to the periodic boundary condition. While
we have always |z1| = 1 under the PBC, for the general case
= {/p is not equal to 1.

Inserting Eq. (19) into Egs. (11) and (12), we obtain the
enigenvalues and eigenfunctions for the general model under

the specific boundary condition as

)4 L q . .
E =) iu(Vue®y + Y (e, @5)
j=1 j=1
, N2 AN\ T
Y = (Wele,(wele) (Wee) ) , (26)

where 6 = (2mn/N). When p = 1, Eq. (25) is identical to
Eq. (4), and the eigenstates are all extended states, correspond-
ing to PBC. The case of u = e'? with ¢ € (0,27) corresponds
to a twist boundary condition by shifting the momentum by a
twist angle ¢ /N.

010313-3
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3. Results and discussion

From the expression of wavefunction given by Eq. (26),
we see that the distribution of wavefunction is only relevant
to the value of u, but is irrelevant to the values of #;;, and #;r
as long as the specific boundary condition is fulfilled. This
means that systems with very different spectrum structures
may have the same wavefunctions. When |u| # 1, Eq. (26)
suggests that non-Hermitian skin effect occurs as the distri-
butions of wavefunctions decay exponentially from the left or
right boundary. To see it clearly, in Fig. 2(a) we plot the distri-
butions of wavefunctions for various systems fulfilled the spe-
cific boundary condition with y = 0.2. While the NHSE is dis-
tinct for small size systems, it becomes less distinct for large
size systems as the wavefunctions approach extended states
due to |z1| = Y/ — 1 when N — .38 Figures 2(b)-2(d)
display the spectra for different systems with the same size
N = 60. Although they display quite different spectrum struc-
tures, their wavefunctions are identical as shown in Fig. 2(a).

(a) 0.06 (b) 0.2
o~  0.04 Q
> = 0
~ 0.02 E
% 20 40 60 %3 0 2
Site Re(E)
() 2 (d) 0.5
. ...Q.Q.. R
LE/ 0 = 0 0.0'..‘ >
,.48 Y »—<E .....'
%00000°
-2 —0.
) 0 2 4 055 0 2
Re(E) Re(E)

Fig. 2. (a) The profile of all eigenstates for different models in (b)—(d). (b)
Energy spectra for general model with p=1,¢=1,#, =1, and tjr = 0.85.
(c) Energy spectra for general model with p =2, ¢ =1, 11 =1, fjr = 0.85,
and tp1, = 1.2. (d) Energy spectra for general model with p=2,¢=2,1;p. =1,
tr = 0.85, 11, = 0.2, and tHr = 0.4. The boundary hopping parameters are
determined by the specific boundary condition Eq. (24). Common parame-
ters: N =60 and p =0.2.

Next we shall discuss some special cases and display how
the boundary parameter p affects the spectra and wavefunc-

tions.

3.1. Hatano-Nelson model under the specific boundary
condition
When p =1 and g = 1, the general model reduces to the
Hatano—Nelson model*>*7! under the specific boundary con-
dition #jr /81r = 61./fiL = K. The corresponding eigenvalues
from Eq. (25) with p = 1 and ¢ = 1 can be rewritten as

E = (tlL Yu+ g/%) cos(0)

+i <t1L w%) sin(6), 27)

with @ = (2mn/N), and the eigenstates are given by Eq. (26).

There are some special situations in the specific boundary
conditions as follows:
When u =1 (PBC), the eigenvalues can be expressed as

E = (tiL+1Rr)cos(0) +i(tiL — tir) sin(0), (28)

with 8 = (2mn/N).
When p = (r1r /t;L)V/?, the eigenvalues are given by

E 22\/I1RI1LCOS(9), (29)

with O = (2mn/N). This special case is the so called modified
PBC studied in Ref. [27]. We note that the spectra are similar
to those under OBC, i.e.,

E=2\/l‘1Rl‘1LCOS(9)7 (30)

with @ = mm/(N + 1). The corresponding wave functions un-
der the modified PBC exhibit NHSE.
When u = (t1r/tiL)", the eigenvalues are given by

E= (t1L+11R)cos(9)—i(tlL—th)sin(e). 31

Since the values 6 appear always in pairs of (6,—0) except
the case of 8 = 0 and 7 (sin[0] = sin[x] = 0), we find that the
spectrum are the same as the spectrum under PBC, whereas the
corresponding wave functions exhibit NHSE. This special case
is the so called pseudo-PBC studied in Ref. [38]. This result is
a little counterintuitive since we can get a Bloch-like spectrum
even the translation invariance is broken by the boundary term.
A straightforward interpretation is that the Hamiltonian under
the pseudo-PBC ﬁpch can be transformed to a Hamiltonian fl
by carrying out a similar transformation, i.e., SI:IPPBCS -1 = ﬁ ,
where A is identical to the original Hatano—Nelson model un-
der PBC with 71, and #r exchanged each other.

In Fig. 3, we plot the energy spectra and the profile of
eigenfunction with different y for a fixed N. As shown in
Fig. 3(a), the energy spectra under pPBC (1 = V) are the same
as those under PBC (u = 1), and both are located at energy
spectra under PBC in the thermodynamic limit. In addition,
the energy spectra under mPBC are located at spectra under
OBC in the thermodynamic limit, which is consistent with our
prediction. For p > 1, the wavefunctions are localized on the
left boundary, and the NHSE becomes more obvious as ( in-
crease as displayed in Fig. 3(b).

(a) 0.2 (b) 0.4

o - =Y +‘uf1
—~ ch—r‘?‘o“a\g | . el
= 0 B g, u=rt
E (:O O0—6 © © C‘)/;)g{! S . \s\s\)
= o ¥ g 092k feeiee .
=} 0 2 5 10 15 20
Re(E) Site

Fig. 3. Hatano—Nelson model under specific boundary conditions. (a) En-
ergy spectra with gt = 1, 0.6, ¥ and r?V described by the red circles, blue
circles, magenta circles and cyan circles, respectively. The green and black
line represents energy spectrum corresponding to OBC and PBC case in the
thermodynamic limit, respectively. (b) The profile of all eigenstates with
u=1,0.6, ™ and rN. Common parameters: 11, = 1, tjir = 0.85, N =20

and r = \/th/ZIL
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3.2. Model with next-nearest-neighbor hopping

Now we consider the model with p =2 and g = 2
under the specific boundary condition fr/0r = tir/Sir =
OiL/tiL = &1/t = p. The corresponding eigenvalues from
Eq. (25) with p =2 and g = 2 can be rewritten as

E = {tlL Yu+ 21/1:7} cos(0)

+ {IZL( v)?+

o ]cosae)

(
+i [tlL{Vf— IR ] sin(

+i [(&L(W)z— = (32)

(ym)?
with 8 = (2mm/N), and the eigenstates are also given by

Eq. (26).
When we apply PBC, i.e., u = 1, the eigenvalues can be

} sin(26),

expressed as

E = (ta +tr)cos(20) + (tiL +tir) cos(O)

+i (tgL—tZR)sin(26)+(tlL—th)sin(B) . (33)

Similar to the Hatano—Nelson model, we can also find the exis-

é/(tZR/tZL) =r.

, the eigenvalues can be expressed as

tence of a pseudo-PBC case for \/(th/tlL) =
When p = 2N

E = (ty. +1r)c0s(20) + (t11. +11r) cos(H)

—i|(toL —tor)sin(20) + (ti. —tir) sin(0) |, (34)
which are the same as those under PBC, while the corre-
sponding wave functions exhibit NHSE. Therefore, this spe-
cial boundary condition is also named as the pseudo-PBC.

In Fig. 4, we plot the energy spectra and the profile of
eigenfunction with different y for a fixed N. We can see that
the energy spectra under pPBC are the same as those under
PBC, while the wavefunctions exhibit NHSE obviously, which

is consistent with our prediction.

10 20

Re(E) Site

Fig. 4. General model with p = 2 and ¢ = 2 under specific boundary condi-
tions. (a) Energy spectra with g = 1, 0.2, 0.002 and r?" described by the red
circles, blue circles, magenta circles and cyan circles, respectively. The black
line represents energy spectrum corresponding to PBC case in the thermody-
namic limit. (b) The profile of all eigenstates with y = 1, 0.2, 0.002 and r?".
Common parameters: tj, = 1, tjr = 0.2, top, = 2.5, to)r = 0.1, N =20 and

r= \/th/tlL-

3.3. General model with p = ¢

For the general model with p = ¢g under the specific

=tr/OirR = OiL/tL =

- = pL/tpL = U, the corresponding eigenvalues from

boundary conditions 7;r/§r = -

Eq. (25) with p = g can be rewritten as

=¥ K - wmf) oy 9)1

o (s on].

with 6 = (2mm/N), and the eigenstates are given by Eq. (26).
When we apply PBC, i.e., u = 1, the eigenvalues can be

expressed as

i [(tjL+1;r) cos(jB)]
f[m tjr)sin(j6)] . (36)

Similar to the Hatano—Nelson model, we find the existence of
a pseudo-PBC case as long as the following constrained rela-

2\-’/th/th:r, j: l,...,p

are fulfilled. When p = r?V, the eigenvalues can be expressed

tions:

(37

as

Table 1. Energy spectra and eigenfunctions for non-Hermitian chains with asymmetric long-range hopping under different boundary conditions.

Boundary condition

Energy spectra

Eigenfunctions

(

LY R _ G _ S

Generalized boundary condition

(1R, -+, Ogr, O1L, - -, OpL)
Specific boundary condition

SR~ 6r  tL oL
Periodic boundary condition
(m=1)
Pseudo-periodic boundary condition

for p = g case (u = r?V, m:r)

0

E= Z izl + Z 1Rz
Jj=1
(no general solutlon for z;)

P 4 o
E= Y tj(YHe'®) + ¥ tjr(Yme'?)~
= =

Lo 00, % -0
E=Yte f—l—leRe J
J=1 J=1

P P
E= _):l [(tiL+1jr) cos(j6)] —i ,):1 [(tL —tjr) sin(j6)]
Jj= Jj=

:(Wl,WLm,WN)T
(v = Z{HP(C!Z )

w— (Weie,...,<wei9>N)T

(exhibit non-Hermitian skin effect)

010313-5
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g

E =) [(ti+tr)cos(j)]

1

—1 217:1 [(Z‘J‘L —th) Sin(je)] )
j=

~.
Il

(38)

which are the same as those under PBC, while the correspond-
ing wave functions exhibit NHSE. We also call this special
case as the pseudo-PBC.

In Table 1, we display the energy spectra and eigen-
functions for the non-Hermitian chains with asymmetric long-
range hopping under different boundary conditions. It is no-
ticed that pseudo-PBC exists only for the case of p = ¢, and
we have 0 = 2mz/N) (m=1,...,N) in the table.

4. Conclusion

In summary, we present exact solutions for general non-
reciprocal chains with long-distance hopping under specific
boundary conditions. Our analytical results indicate the exis-
tence of size-dependent NHSE. While the NHSE is distinct for
small size system, it becomes less discernable in the large size
limit. The wave functions are independent of hopping range,
whereas the eigenvalue spectra are model dependent and dis-
play rich structures. We also find the existence of a special
point called pseudo-PBC, for which the spectra are identical
to periodic spectra when the hopping parameters meet certain
conditions, while eigenstates display NHSE. Our exact solu-
tions provide examples that the boundary terms can dramat-
ically change the bulk properties of non-Hermitian systems.
While both asymmetric and long-range hopping are hard to
be realized in conventional quantum systems, electric circuits
provide a platform to simulate non-reciprocal non-Hermitian

(48491 which may be used to verify generalized bulk—

systems,
boundary correspondence and non-Hermitian skin effect. We
expect that more interesting solutions can be found and be sim-

ulated in electric circuits in future works.
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