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Previous Monte Carlo simulations have shown that ordered tetratic phases can emerge in a dense two-dimensional
Brownian system of rotationally asymmetric hard kites having 90◦ internal angles. However, there have been no experimental investigations yet to compare with these simulation results. Here, we have fabricated two types of micron-sized
kites having internal angles of 72◦ –90◦ –108◦ –90◦ and 72◦ –99◦ –90◦ –99◦ , respectively, and we have experimentally studied their phase behavior in two-dimensional systems. Interestingly and in contrast to the Monte Carlo simulations, the
experimental results show a phase sequence of isotropic fluid-hexagonal rotator crystal-square crystal as the area fraction
φA increases for both types of kites. The observed square crystal displays not only a quasi-long-range translational order
but also (quasi-)long-range 4-fold bond- and molecular-orientational order; these characteristics confirm that tetratic order
can emerge even in dense Brownian systems of rotationally asymmetric particles. A model based on local polymorphic
configurations (LPCs) is proposed to understand the origin of the square lattice order in these dense kite systems. The
results in this study provide a new route to realize custom-designed self-assembly of colloids by controlling LPCs.
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1. Introduction
Colloids, due to their relatively large size and easily tunable properties, have long been used as models for atomic
and molecular systems for studying fundamental questions
in condensed matter physics, such as crystallization, glassy
states, and the glass transition. [1–10] The hard sphere model is
one of such model system that has been studied extensively
and its phase behavior is understood very well. [11–14] As the
particle volume fraction increases, a three-dimensional (3D)
hard sphere system shows a disorder-order transition from
an isotropic fluid phase to a face-centered cubic crystalline
phase. [11,12,15] Compared with simple spherical colloids, anisometric colloids, like ellipsoids, [16–19] and rods, [20,21] have
discernable orientations and thus can show a variety of phases
that are not accessible for hard spheres, such as nematic,
smectic, or tetratic liquid crystals. Particularly, with the advances in the fabrication techniques of anisotropic colloids, the
pool of available anisometric-shaped colloids are continuously
expanding, and additional interesting new phases have been
observed. [22] Despite such progress, our understanding of the

relationship between the shape of colloids and their phase behavior is still far from complete. One possible reason is due
to the enormous range of shapes that colloids can have, it is
thus difficult to provide a general framework that can be established to predict the forms of self-ordering in slowly crowded
Brownian systems of hard anisotropic particles having arbitrary shape. In addition, a recent Monte Carlo simulation
study [23] has demonstrated that a single right internal angle in
a kite shape, which is rotationally asymmetric, is enough to induce a tetratic order, which has four-fold rotational symmetry,
in a slowly crowded Brownian system composed of many such
kites. These results pose further difficult questions about how
to directly link the symmetry of ordered phases with the symmetry of particle shapes and call for more attention to the role
of local polymorphic configurations of complex colloids in understanding phase behavior. However, so far, there has been no
experimental investigation to compare with the simulation results of such kites containing right internal angles. Moreover,
only expansions were performed in these prior Monte Carlo
simulations, [23] so, whether or not the tetratic order can be ob-
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served under slow compression in a thermal Brownian system
is still not clear.
To address these questions, we investigate the phase behavior of two-dimensional Brownian kite systems for two differently shaped kites: one has internal angles of 72◦ –90◦ –
108◦ –90◦ (herein called the 108◦ -kite), and the other has 72◦ –
99◦ –90◦ –99◦ (herein called the 90◦ -kite). By optically measuring, analyzing, and characterizing different phases using
order parameters and correlation functions, phase diagrams of
these two kite systems were obtained. A model based on local polymorphic configurations (LPCs) was also proposed to
understand the crystalline nature of these systems.

2. Experimental methods
We prepared two kinds of kite-platelets, composed
of crosslinked SU-8 polymer, by high-fidelity stepper
photolithography. [24] The corners of the kites are slightly
rounded with an average radius of curvature 0.30 ± 0.05 µm
since the stepper’s minimum feature size (∼ 300 nm) is limited. After mixing the kite-platelets with sodium dodecyl sulfate (SDS, stabilizer, final concentration after mixing is ∼
1 mM, purchased from Energy Chemical, GR) and polystyrene
(PS) spheres (depletion agent with a diameter of 20 nm, final concentration after mixing is ∼ 1.0% w/v, purchased from
ThermoFisher), we filled the aqueous dispersion of particles
into a rectangular glass tube (VitroCom), which was then
sealed using photosensitive adhesive (Norland NOA81). The
whole glass tube was then fixed to a glass slide using adhesive.

3. Results and discussion
The two types of four-sided colloidal kite platelets were
mass produced photo-lithographically (see Section 2). Each
108◦ -kite has two long edges of 2.9 ± 0.9 µm, two short
edges of 2.1 ± 0.7 µm, and a thickness of 1.6 ± 0.1 µm (see
Fig. 1(a) inset for a microscopic image taken using scanning
electron microscopy), while each 90◦ -kite has two long edges
of 3.1 ± 0.8 µm, two short edges of 2.6 ± 0.6 µm, and a thickness of 1.7 ± 0.1 µm (Fig. S3(a) inset). Kites of each type
were dispersed in an aqueous SDS solution in a rectangular
tube together with 1%w/v 20-nm diameter polystyrene, which
serve as a depletion agent. Roughness-controlled depletion
(a)

I

(b)

attractions [24,25] cause the platelets to be attracted to the bottom surface of glass tube to form a monolayer in which the kite
colloids behave like hard-particles and freely diffuse. To compress the two-dimensional monolayer in a near-equilibrium
manner, the tube was slightly titled along its long axis by
∼ 3.5◦ over a duration of about 3 months for equilibration; this
process yielded a slowly varying spatial gradient in area fraction φA . Then, images were taken at various locations along
the tube for assembled structures with different φA (i.e., degree
of osmotic compression) with an inverted optical microscope
(Leica DMi8) using a long working distance 63X objective
(numerical aperture 0.7). Each image has a size of 52.1 µm
× 52.1 µm, and can contain up to ∼ 300 108◦ -kites (or ∼ 250
90◦ -kites) at high φA . Although a larger field of view can contain more particles, it is not suitable for image analysis due
to the possible non-negligible density gradient effect and additional defects included. These images were then digitally
processed to extract centers and vertices of kites for further
analysis using user-written Interactive Data Language routines
(see Fig. S1 for examples).
The experimentally observed phase behavior of 108◦ kite and 90◦ -kite is similar. So in the main text, we mainly
present results of 108◦ -kite. Figure 1 shows the phase sequence of the 108◦ -kite system as φA increases. At a relatively low φA = 0.48, no obvious order is observed in the optical micrograph and its corresponding Fourier transforms (FT)
shows a typical ring pattern (Fig. 1(a)), which is a characteristic of isotropic fluid phase (I). As φA increases to 0.54, 6fold translational order develops in the system, as evidenced
by its FT pattern which displays six sharp bright spots separated by ∼ 60◦ . But the orientation of colloids is still random,
so the system at φA = 0.54 is in a hexagonal rotator crystal
(RX) phase. Surprisingly, at higher φA = 0.68, a square phase
(SQ) is observed in which kites are positioned approximately
on a square lattice and their orientations display a tetratic order
(i.e., has a four-fold rotational symmetry, which will be quantitatively characterized later). The FT of the corresponding optical micrograph shows four sharp bright spots separated by 90◦
and confirms the square lattice. Between RX and SQ phases,
there is a co-existence region of both hexagonal and square
domains observed (see domain examples shown in Fig. 1(c)).

RX (c)

CE (d)

SQ

Fig. 1. Optical micrographs of 108◦ -kites at various area fractions φA : (a) φA = 0.48, isotropic fluid phase (I), (b) φA = 0.54, rotator hexagonal
crystal phase (RX), (c) φA = 0.61, coexistence (CE), and (d) φA = 0.68, square phase (SQ). Inset, upper left conner of panel (a): SEM image
of a 108◦ -kite, scale bar is 1 µm. Insets, lower left corners: Fourier transforms of corresponding micrographs. Scale bar,10 µm.
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Fig. 2. (a) Measured spatial and orientational order parameters as a function of φA , including global 6-fold spatial (S6 , green downward triangle) and bondorientational (Ψ6 , black square) order parameters, 4-fold spatial (S4 , magenta diamond), bond-orientational (Ψ4 , red circles), and molecular-orientational (Φ4 ,
blue upward triangle) order parameters and 2-fold molecular-orientational (Φ2 , purple pentagon) order parameter; (b) the lattice angle αl and center-to-center
spacing Ll of crystalline phases as a function of φA .

Quantitatively, different phases are characterized by order parameters and correlation functions, including global 6fold spatial (S6 ) and bond-orientational (Ψ6 ) order parameters,
4-fold spatial (S4 ), bond-orientational (Ψ4 ), and molecularorientational (Φ4 ) order parameters, 2-fold molecularorientational (Φ2 ) order parameter as well as their corresponding correlation functions (see supplementary information for
more details). Figure 2(a) shows the results of order parameters. We can see that when φA is low (< 0.51) and the system is in I phase, the 4-fold order parameters S4 , Ψ4 , and Φ4
are kept small while the 6-fold order parameters S6 and Ψ6
are also relatively low but rise as φA increases. When φA increases above 0.51 but below 0.58, S6 and Ψ6 reach to a high
value (≥ 0.5) while Ψ4 and Φ4 increase slightly and stay low.
So, for this range of φA we classify the system to be in an RX
phase. The lattice angle of RX phase αl is ∼ 60◦ and the lattice
spacing Ll is reduced from 3.8 µm to 3.7 µm with φA increases
(Fig. 2(b)). As φA continues to increase above 0.58, 6-fold and
4-fold order parameters show a quick but opposite change with
Ψ6 and S6 going down while Ψ4 , S4 , and Φ4 going up. Then,
when φA ≥ 0.63, Ψ4 and S4 all reach a high value (≥ 0.6) indicating the system is in an SQ phase. In this phase, αl is ∼ 90◦
and Ll in general follows a trend to decrease from 3.5 µm to
3.4 µm with φA increases. Moreover, in the SQ phase, Φ4
is high (≥ 0.6) while Φ2 is still low as in other phases, indicating that in the SQ phase, although the centers of mass of
kites are positioned on a square lattice, particles are not uniformly pointed but rather can point along two perpendicular
directions, i.e., the SQ phase has tetratic order in molecular

orientations. The surface fraction then exhibits a jump from
RX to SQ phase; this feature together with the sharp change
in the 4-fold order parameters and the previously observed coexistence region of hexagonal and square domains, supports
the first-order transition of RX-SQ.
Figure 3 shows the results of correlation functions, which
can characterize the extent of range to which specific order
can correlate for different phases observed in Fig. 1. For example, within the tested range of r/L, in I phase, both translational and orientational correlation functions decay quickly
to a background level (Figs. 3(a)–3(e)), indicating shortrange orders of the system; while in RX phase, 4-fold bondmo
orientational gbo
4 , spatial gsq , and molecular-orientational g4
correlation functions decay quickly to a background level,
whereas 6-fold bond-orientational correlation function gbo
6
first decays from 0.6 to 0.4 and then keeps at 0.4, and 6fold spatial correlation function ghex also decays more slowly
than an algebraic decay with an exponent of −1/3, indicating
a quasi-long-range 6-fold bond-orientational and translational
order of the system. By contrast, in SQ phase, all 6-fold correlation functions decay quickly to a background level, whereas
mo
both gbo
4 and g4 display a plateau with a high value (≥ 0.5)
at large r/L, indicating a (quasi-)long-range tetratic order in
both bond- and molecular-orientations. Please note that due
to the limited size of available uniform single crystal regions
in our systems, we do not have enough spatial range to unambiguously conclude the long-range tetratic order observed in
SQ phase. gsq also decays more slowly than an algebraic decay with an exponent of −1/3, suggesting a quasi-long-range
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translational order of the system. In addition, pair correlation
functions g(r/L) are also calculated (Fig. 3(f)) (L is the length
of the long diagonal of 108◦ -kite). As we expect, compared
with disordered I phase, RX and SQ phases show relatively
sharp peaks in g(r/L), consistent with their stronger translational order. But the peaks of g(r/L) in RX phase deviate
from those obtained from an ideal hexagonal lattice possibly
due to the shift of the mass center of kites from perfect lattice sites resulted from random orientations of these rotationally asymmetric kites. By contrast, the peaks of g(r/L) in SQ
phase match reasonably well with those obtained from an ideal
square lattice. This is also consistent with the observation that
gsq approaches to a higher plateau value than ghex at large r/L.
To understand the origin of SQ phase appeared in dense
systems of 108◦ -kite, we listed all the local polymorphic configurations (LPCs) of 108◦ -kite, each of which is formed by
3–5 particles with the constrain that the vertices of the component kites should meet at a central point and the sum of internal
angles around the point should be within (288◦ , 360◦ ] so that
there is no more kite that can be added into the configuration.
This method is similar to the one used in Ref. [26]. The results
are shown in Fig. 4(a). For LPCs consisting of three kites or
five kites, there are three or one kind(s) of configuration, respectively, while for LPCs consisting of four kites, there are
32 kinds of configuration. Supposing all configurations have
equal probability to form, apparently 4-kite LPCs will dominate. Each 4-kite LPC corresponds to a quadrilateral formed

by the mass centers of four kites. By calculating the four internal angles (denoted by γ) and the lengths (denoted by l)
of the four edges of each quadrilateral (for the cases of LPC
whose sum of internal angles at the meeting point is less than
360◦ , we choose a simple configuration, in which the four kites
are rotationally equally separated, as an example to obtain
the quadrilateral and its associated internal angles and edge
lengths), we performed a histogram analysis (Fig. 4(b)) and
found that a majority of γ are within [85◦ , 95◦ ], and most of l
are within a narrow range of [2.3 µm, 2.7 µm]. Such closely
related shapes of quadrilateral also make 4-kite LPCs compatible with each other in terms of structural symmetry. Taken
together, these results indicate that because 4-kite LPCs have
the largest probability to appear among all LPCs and they are
more or less compatible due to similar quadrilateral shapes, the
system can develop a global (within the tested range) square
lattice (αl ∼ 90◦ ) with 4-kite LPCs as unit building blocks.
This is also supported by a tessellation result of an optical micrograph at φA = 0.68 (in SQ phase) using these 4-kite LPCs
(Fig. S2), which shows that a majority of kites can be covered
by such 4-kite LPCs. We would like to point out that the current LPCs model only considers the packing of kites within
each different type of LPC. However, to fully understand the
self-assembled global structures, an extended and more complicated model that includes the interactions between these different LPCs such as the compatibility of edges of two neighboring LPCs is needed, which will be a subject of future work.

Fig. 3. Correlation functions calculated for different phases of 108◦ -kite: (a) 6-fold bond-orientational correlation functions gbo
6 (r/L); (b) spatial correlation
functions related to hexagonal order ghex (r/L); (c) 4-fold bond-orientational correlation functions gbo
(r/L);
(d)
spatial
correlation
functions related to square
4
order gsq (r/L); (e) 4-fold molecular-correlation functions gmo
4 (r/L); and (f) spatial pair correlation functions g(r/L), calculated from images in Fig. 1. Black
squares, φA = 0.48 in I phase; red circles, φA = 0.54 in RX phase; magenta downward triangles, φA = 0.68 in SQ phase. In panel (f), green delta spikes at
φA = 0.68 and φA = 0.54 indicate peaks of g(r/L) for perfect hexagonal and square lattices. The dashed line r−1/4 , is the KTHNY prediction for orientational
correlation functions at the liquid crystal-isotropic phase transition point. The dashed line r−1/3 , is the KTHNY prediction for spatial correlation functions
at the crystal–liquid crystal transition point.

124701-4

Chin. Phys. B Vol. 30, No. 12 (2021) 124701
4kite LPCs

3kite LPCs

(a)

5kite LPCs

all 4kite LPCs

0.15

0.15
Fraction

(c) 0.20

Fraction

(b) 0.20

0.10

0.05

0.05
0
60

0.10

80

100

0
1.5

120

γ (Ο)

2.0

2.5
l (mm)

3.0

3.5

Fig. 4. (a) Schematic illustration showing all LPCs that 108◦ -kites can form with the constrain that the vertices of the component kites should meet at a
central point and the sum of internal angles around the point should be within (360◦ –72◦ , 360◦ ]. The 4-kite LPCs are grouped based on the deviation of the
sum of internal angles from 360◦ . Groups I–IV correspond to a deviation of 0◦ , −18◦ , −36◦ , and −54◦ , respectively; The distribution of (b) internal angles
γ and (c) the edge lengths l of all quadrilaterals formed by 4-kite LPCs.

Previous Monte Carlo simulations have shown that 108◦ kites can form tetratic ordered phases including tetratic liquid
crystal and tetragonal rectangular crystal (TRX). [23] The experimental observations in this study confirm that 108◦ -kites
can form tetratic ordered phases as the SQ phase has four-fold
rotational symmetry in both bond- and molecular-orientations.
However, neither tetratic liquid crystal nor TRX phase has
been observed experimentally. On the other hand, the RX
phase and SQ phase are neither observed in Monte Carlo simulations. One of possible reasons leading to such discrepancies would be the different processes employed to study the
phase behavior of kites. In MC simulations, an expansion
process was employed which started from an ordered alternating striped crystal (ASX) structure. By contrast, in this experimental study, the phase diagram was obtained by slowly
compressing the kite system in a near-equilibrium manner.
The different dynamic evolution of particles between expansion and compression can lead to different phase behaviors,
which has also been observed in other systems. [23,26,27] For
example, although regular pentagons can form ASX, [27] ex-

perimental results show that they are trapped in a glassy state
when they are compressed toward high densities even under a
slow, near-equilibrium compression manner. [26] Another possible reason would be the corner-rounding effect [24] of 108◦ kites used in experiments which deviate from the mathematically ideal shape used in MC simulations.
In order to better understand the role of 90◦ internal angle
of kites in their self-assembled structures, the phase behavior of 90◦ -kites which has 72◦ –99◦ –90◦ –99◦ internal angles is
also investigated (Figs. S3–S5 in supplementary information).
The results show a phase sequence of I–RX–SQ as φA increases, same as that for 108◦ -kites. However, there are differences in the phase behavior between these two shapes. Firstly,
RX phase appears at higher φA in 90◦ -kites than in 108◦ -kites.
This may be due to the geometry factor that the shape of 108◦ kite having an aspect ratio of 1.05 is less anisotropic than the
shape of 90◦ -kite having an aspect ratio of 1.19. [23] Secondly,
compared with the case of 108◦ -kite where SQ phase can be
observed in a φA range of 0.63 ∼ 0.72, in 90◦ -kites SQ phase
is observed only at φA ∼ 0.75, indicating that it may not easy
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for 90◦ -kites to form square lattice. As a 108◦ -kite has two
90◦ internal angles while a 90◦ -kite has only one, we may
guess the more number of 90◦ internal angles of a kite, the easier for them to form square lattice. However, square colloids
that have four 90◦ internal angles were observed experimentally to form rhombic crystal lattice instead of square lattice
at high φA . [24] Moreover, simulation results in Ref. [23] show
that the tetratic order can also form in kites without 90◦ internal angles. Based on these considerations, we can not draw
a conclusion on the direct correspondence between the number of 90◦ internal angles and the difficulty in forming square
lattice. Rather, based on this study and earlier reports, [23,26]
we suggest that the local polymorphic configurations (which
of course are closely related to particle shape) play an even
more important role than pure particle’s geometric shape in
determining the self-assembled structures when the system is
under slowly compressed, and thus should be paid more attention in future work whenever there is a need to fabricate new
functional materials through self-assembly of custom-shaped
colloids.

4. Conclusion
In this study, the phase behavior of two-dimensional colloidal systems composed of rotationally asymmetric kites having internal angles of 72◦ –90◦ –108◦ –90◦ and alternatively of
72◦ –99◦ –90◦ –99◦ have been investigated. For both types of
kites, a phase sequence of I-RX-SQ is observed as φA increases. Although this experimentally obtained phase sequence is different from the one obtained by MC simulations,
it nevertheless confirms that tetratic order which has four-fold
rotational symmetry, can emerge in dense systems of slowly
crowded Brownian particles with no rotational symmetries.
Moreover, by contrast to the discrete plastic crystals in earlier reports that show only short-range order in molecularorientation, [28] the four-fold molecular orientational order in
the observed SQ phase of kites is long-range, at least over
the limited spatial extent that our experiments permits. Although surprising, this observed discrete SQ phase can be
understood by employing an LPC model, which shows that
among all LPCs, 4-kite LPCs are dominant and their corresponding quadrilaterals have internal angles around 90◦ and
similar edge lengths. All of these properties facilitate the formation of square lattice by using 4-kite LPCs as unit building
blocks for the next larger spatial scale in the hierarchy beyond
the particle scale. Although 90◦ -kites and 108◦ -kites show a

similar phase sequence, they also show differences for example in the phase boundaries of RX and SQ phases. This may
be due to the difference in the number of 90◦ internal angles.
However, to test this hypothesis, more work is needed. Moreover, the results in this study show the importance of local
polymorphic configurations in determining the final assembled
structures and thus, the specific study herein points to a new
route to realize custom-designed self-assembly of colloids by
controlling LPCs beyond the single-particle scale.
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