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Based on the multiconfiguration Dirac–Hartree–Fock (MCDHF) method, similar models are employed to simultaneously calculate the first-order and second-order Zeeman coefficients as well as the hyperfine interaction constants of the
related energy levels of 27 Al+ and its logical ions 9 Be+ and 25 Mg+ in the 27 Al+ optical clock. With less than 0.34%
deviations from experimental values in Zeeman coefficients of 27 Al+ , these calculated parameters will be of great help for
better evaluation of the systematic uncertainty. We also calculate the isotope shift parameters of the related energy levels,
which could extend our knowledge and understanding of nuclear properties of these ions.
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1. Introduction
Nowadays, the ultra-high precision optical clock systems
have played an important role in the fields of metrology, satellite navigation, deep space exploration, very long baseline interference (VLBI), basic physical law inspection, etc. Especially for physics research, there are many characteristic applications, for example, the measurements on the temporal variation of the fine-structure constant and the proton-to-electron
mass ratio, [1,2] the detections of relativistic effects such as
time dilation, [3,4] gravitational red-shift, [5] and gravitational
waves [6] as well as the search of dark matter. [7,8]
The uncertainty of the aluminum ion optical clock has
now entered the order of 10−19 , which is the lowest among all
current optical clocks. [9] The 27 Al+ optical clock adopts the
weak allowed transition J = 0 → J = 0. Compared with other
atoms, it is less sensitive to the external magnetic and electric
field, and is an ideal candidate for next generation frequency
standard. [10] Since the wavelength of the electric dipole transition of 27 Al+ is 167 nm, deep in the vacuum ultraviolet band,
it is difficult to achieve direct laser cooling and quantum state
detection. Therefore, sympathetic cooling and quantum logic
spectroscopy are currently widely adopted. [11,12]
The related energy level structures of 27 Al+ and its two
logic ions 25 Mg+ and 9 Be+ are shown in Fig. 1. The 1 S → 3 P0
transition in 27 Al+ is the clock transition that needs to be interrogated. In experiments, 1 S0 , mF = 5/2 → 3 P0 , mF 0 = 5/2
and 1 S0 , mF = −5/2 → 3 P0 , mF 0 = −5/2 transitions are
usually measured alternately to construct a “virtual” transition 1 S0 , mF = 0 → 3 P0 , mF 0 = 0 that is independent of the
first-order Zeeman effect as the clock transition. [13] Figure 1
also shows the transitions related to Raman sideband cooling,

Doppler cooling and quantum state detection for 25 Mg+ and
9 Be+ . [3,11,12] The transitions (green solid line) between the
qubit states are first-order sensitive to the external magnetic
field, while the transitions (green dashed line) between the hyperfine ground states with mF = 0 are only second-order sensitive. They can be used jointly to determine the DC and AC
quadratic Zeeman frequency shift. [14] The external magnetic
field is an important factor affecting the energy level structures
of ions and must be taken into account. [15] Also, the uncertainties of the quadratic Zeeman coefficient of the clock transition
and the hyperfine constants of ground states in the logical ions
are relevant to the evaluation of the 27 Al+ quantum-logic clock
systematic uncertainty. [14] As a result, it is necessary to measure and calculate the related energy level structures of these
ions with high precision.
At present, the related theoretical calculations of
and 25 Mg+ [23–29] have been reported, but most of these works focused on a certain energy
level or a certain physical constant of a particular ion. Moreover, different calculation methods lead to different results,
and the impacts are difficult to evaluate. To solve this problem, we performed a comprehensive calculation under a similar framework for the transitions involved in the clock ion
27 Al+ and its logical ions 9 Be+ and 25 Mg+ , which can provide
some important theoretical parameters to further suppress the
uncertainty of the 27 Al+ optical clock.
In this paper, we calculate the hyperfine constants, Zeeman coefficients, and isotope shift parameters of related energy levels in these ions by employing the multiconfiguration
Dirac–Hartree–Fock (MCDHF) method. The differences be27 Al+ , [16,17] 9 Be+ , [18–22]
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erence values. The calculated isotope shifts can provide important parameters for the spectroscopic experiment to measure the nuclear charge radii, and help to understand the structures, properties and nucleon interaction law of these three elements.

tween the calculated values and the experimental values of the
Zeeman coefficients are all below 0.34%. These results will be
helpful to analyze and evaluate the uncertainty of the optical
clock system. Especially when accurate experimental values
are not available, these results could be used as alternative ref25
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Fig. 1. Energy levels and relevant transitions of 27 Al+ and its logic ions 9 Be+ and 25 Mg+ . The qubit states of an ion are denoted by | ↑i and | ↓i.

2. Theory and computational details

corresponding Hamiltonian may be represented as a multipole
expansion [32]

2.1. Calculation theory
The process and accuracy of atomic structure calculation
strictly depend on the representation of atomic states and the
explicit definition of many-electron basis. In the MCDHF
method, the atomic state wave functions (ASFs) are the linear combination of configuration state wave functions (CSFs)
with the same parity P, total angular momentum J, and its zaxis component MJ , [30]
NCSF

Ψ (γPJMJ ) =

∑ ci Φ (γi PJMJ ) .

(1)

Hhfs =

∑ 𝑇 (k) · 𝑀 (k) .

(3)

k≥1

Here, 𝑇 (k) and 𝑀 (k) are spherical tensor operators of rank
k in the spaces of electronic wavefunctions, |γJM J i and nuclear wavefunctions |ν|M1 |i respectively. The k = 1 term of
the expansion represents the magnetic dipole interaction and
the k = 2 term the electric quadrupole interaction. Higher order terms are tiny and can often be neglected. The magnetic
multipole tensors are
𝑀 (k)

i=1

Here NCSF is the total number of the CSFs, ci represents the
mixing coefficient, γi is the additional quantum number to
distinguish the CSFs. The CSFs are given as coupled antisymmetric products of one-electron orbitals


1
Pnκ (r) χκm (θ , ϕ)
φ (𝑟) =
,
(2)
r iQnκ (r) χ−κm (θ , ϕ)
where n is the principal number and κ is the relativistic angular
number. Pnκ (r) and Qnκ (r) are the large and small component
radial wave functions and χκm (θ , ϕ) is the spinor spherical
harmonics. In the self-consistent field (SCF) process, using
the variational method, the CSFs and the corresponding mixing coefficients are optimized by iteratively solving the equations. The calculation of ASFs is completed by GRASP2K
package. [31]
When the nuclear spin I 6= 0, the electrons and the electromagnetic multipole moments of the nucleus will interact to
produce the hyperfine structure of an atomic energy level. The



 2
= µN νII Σ ∇ r(k) 𝐶 (k)
gl 𝑙 + gs 𝑠 |νIIi, (4)
k+1
where gl and gs are respectively the orbital and spin g-factors
of the nucleons and µN = µB /M is the nuclear magneton. For
an N-electron atomic system, the electron tensor operators represented by the single-electron operator are
h
i(1)
N
N
√
𝑇 (1) = ∑ 𝑡(1) ( j) = ∑ −i 2αr−2
𝛼 j 𝐶 (1) ( j)
, (5)
j
𝑇 (2) =

j=1

j=1

N

N

j=1

j=1

(2)
∑ 𝑡(2) ( j) = ∑ −r−3
j 𝐶 ( j).

(6)

Here, i is the imaginary unit, α is the fine-structure constant,
α is the Dirac matrixs, and 𝐶 (k) is the k-th order spherical
tensor. Usually, the hyperfine splitting is considered independently for each atomic level and without the need to specify
all the hyperfine level energies explicitly. Instead, with the nuclear magnetic dipole moment µI and electric quadrupole moment Q, the energy splitting of an atomic level into hyperfine
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levels can be expressed conveniently in terms of the hyperfine
interaction constants [33,34]
µI
1
hΨ (PJ)k𝑇 (1) kΨ (PJ)i,
I [J(J + 1)]1/2

1/2
J(2J − 1)
BJ = 2Q
(J + 1)(2J + 3)

AJ =

(7)

×hΨ (PJ)k𝑇 (2) kΨ (PJ)i.

(8)

And the hyperfine energy shift with regard to electronic level
energy is given by
3
C(C + 1) − I(I + 1)J(J + 1)
1
∆Ehfs = AJ C + BJ 4
2
2I(2I − 1)J(2J − 1)

(9)

with C = F(F + 1) − J(J + 1) − I(I + 1) where the total angular momentum F is formed by the coupling of the nuclear I
and electronic J angular momenta.
In addition to the hyperfine splitting caused by the coupling of electron spin and nucleus spin, the external magnetic
field can split the energy level further. Neglecting diamagnetic
contributions and the interaction of the magnetic field with the
nucleus, and choosing the direction of the external magnetic
field as the z direction, the magnetic (Zeeman) Hamiltonian
can be written in terms of spherical tensors [35]


Hmag = 𝑁 (1) + ∆𝑁 (1,QED) · 𝐵


(1)
(1,QED)
= N0 + ∆N0
B.
(10)

are obtained together with the expansion coefficients of the basis functions. The hyperfine interaction constants and Zeeman
splittings are obtained by the HFSZEEMAN module. [32]
The real atomic nucleus is a finite quantum system with a
certain mass composed of protons and neutrons, and its charge
distribution can be described by the nuclear root-mean-square
charge radius. The energy shifts between spectrum lines of
different isotopes are called isotope shifts (ISs), which consist
of the mass shifts (MSs) due to the finite and different masses
of the isotopes considered and the field shifts (FSs) caused by
differences in the nuclear charge distributions of the isotopes.
The isotope shift of a given transition between two isotopes, A
and A0 , with nuclear masses M and M 0 , is written as [25,37,38]


1
1
−
(∆KNMS + ∆KSMS ) + ∆Fδ r2 . (15)
∆EIS =
M M0
Here, the first term called MS is the sum of two contributions:
the normal mass shift (NMS) parameter ∆KNMS and the specific mass shift (SMS) parameter ∆KSMS . The second term
called FS is the product of the field shift parameter ∆F and the
term δ hr2 i the difference of the nuclear mean-square charge
radii between two isotopes. [39] The calculations of the isotope
shifts are performed by the RIS module. [40]
For the nuclei with charge number Z and mass M, the MS
Hamiltonian under the (αZ)4 m2 /M approximation is
HMS = HNMS + HSMS ,

1 N
αZ
HNMS =
∑ 𝑝2j − r j 𝛼 j · 𝑝 j
2M j=1


αZ 
(1)
(1)
−
𝛼j ·𝐶j 𝐶j ·𝑝j ,
rj

1 N
αZ
𝛼 j · 𝑝k
HSMS =
𝑝 j · 𝑝k −
∑
2M j6=k
rj


αZ 
(1)
(1)
−
𝛼 j · 𝐶 j 𝐶 j · 𝑝k .
rj

Here, B is the magnetic field and the second term in the magnetic Hamiltonian above is (so-called) Schwinger’s QED correction. For an N-electron atom, the electronic tensor operators are
√
i(1)
N
N
2 h
(1)
(1)
𝑁 = ∑ 𝑛 ( j) = ∑ −i
r j 𝛼 j 𝐶 (1) ( j) , (11)
2α
j=1
j=1
∆𝑁

(1,QED)

N

=

(1,QED)

∑ ∆𝑛

j=1

N

gs − 2
( j) = ∑
β jΣ j,
2
j=1

(12)

where Σ j is the relativistic spin-matrix, and gs = 2.00232 is
the g-factor of the electron spin. Wave functions for magnetic
hyperfine structure substrates in an external magnetic field
are expanded in a basis of the combined nuclear and atomic
system [36]
|γ̃IMF i = ∑ dγJF |γIJFMF i,
(13)

Here, 𝑝 is the momentum operator of the electron and m is the
mass of the electron. The NMS parameter KNMS and the SMS
parameter KSMS of a given level are defined by the following
expressions, respectively,
KNMS = M hΨ kHNMS kΨ i ,
KSMS = M hΨ kHSMS kΨ i .

where |γIJFMF i are coupled nuclear and atomic functions
∆F =

∑

hIJMI MJ |IJFMF i|IMI i|γJMJ i.

(17)

The field shift parameter ∆F of a given transition reads

γJF

|γIJFMF i =

(16)

(14)

MI ,MJ

In the calculation process, the reduced hyperfine and Zeeman
matrix elements are used to construct the total interaction matrix in the given basis. By diagonalizing the interaction matrix,
the Zeeman energy splittings of hyperfine structure substates

2π
Z∆ |Ψ (0)|2 ,
3

(18)

proportional to the change of the total probability density ρ(0)
at the origin
∆ |Ψ (0)|2 = ∆ρ (0) = ρu (0) − ρl (0)
associated with the transition between levels l and u.
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2.2. Calculation models

correlations are considered.
The orbital optimization in variational methods is
achieved through an iterative process that requires initial estimates. Many difficulties can be avoided by adopting a systematic procedure where, instead of a large-scale calculation
with many orthogonality constraints, a series of smaller calculations are performed with larger and larger orbital sets and the
results from one are part of the input for the next. The maximum principal quantum number n of the active orbitals starts
from two or three for the first layer and only increases by one
per layer until it equals ten, and the angular quantum number
l is set to the maximum by default. But in the test calculation, we found that some active orbitals with large l (such as
7i, 8i, 9i orbitals, etc.) had little contribution to the results and
took up too many computing resources to slow down the overall computing speed. Therefore, these orbitals are not taken
into account in this paper. In addition, the orbital sets of 27 Al+
formed in the layer n = 10 were fixed in subsequent relativistic configuration interaction (RCI) calculations in which the
CSFs through single, double, and triple (SDT) substitutions
from the reference configurations to orbitals within 5s, 5p, 4d,
and 4f were included.
Figure 2 shows the variation trends of the energy eigenvalues of the corresponding states in 27 Al+ , 9 Be+ , and 25 Mg+
ions along the calculation layers. As the number of configuration layers increases, the eigenvalue of each energy level
gradually decreases and shows a convergence trend.

To obtain higher calculation accuracy, it is usually necessary to capture the electron correlation sufficiently and appropriately. The active space approach is employed to systematically capture the electron correlation. [41] The reference
configurations of 27 Al+ are 3s2 1 S0 , 3s3p 3 P1,0 , and 3s3p 1 P1 .
The reference configurations of 25 Mg+ are 3s 2 S1/2 and 3p
2P
9
+
2
2
1/2,3/2 . The reference configurations of Be is 1s 2s S1/2
and 1s2 2p 2 P1/2,3/2 . The calculations were carried out by parity, meaning that the even and odd states of a single ion were
optimized in separate SCF processes. During the calculation,
the occupied orbitals 1s, 2s, and 2p of 27 Al+ and 25 Mg+ and
1s of 9 Be+ are treated as core orbitals, and the others as valence orbitals. The electron correlation can be divided into
first-order and high-order correlations, the former is captured
by the CSFs generated through the single (S) and double (D)
substitutions from the occupied orbitals in the single reference
configuration set. In particular, the CSFs of 27 Al+ and 25 Mg+
are generated by single and restricted double (SrD) substitutions from core and valence orbitals, limiting the excitations
to a maximum of one hole in the core. To describe the electron correlations, the first-order correlation is further separated
into the correlation between the valence electrons (VV correlation), the correlation between valence and core electrons (CV
correlation), and the correlation between core electrons (CC
correlation). For 27 Al+ and 25 Mg+ ions, only the CV and VV
correlations are taken into account, while for 9 Be+ , all three
-14.14
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Fig. 2. Variations of the energy eigenvalues (in unit Hartree, 1 Hartree = 27.2114 eV) of the related energy levels in 27 Al+ , 9 Be+ , and 25 Mg+
ions along the calculation layer n. The abscissa n is the maximum quantum number of the active orbitals in the corresponding layer.

3. Results and discussions
27 Al+ , 9 Be+ ,

25 Mg+

Because the nuclear spins of
and
ions are not zero, their energy levels with non-zero angular
momentum J have hyperfine structures whose precise measurements are essential parts in the optical clock experiment.

The hyperfine interaction constants of the related energy levels are given in Table 1. Our calculation model of Al+ ion is
similar to the one in Ref. [16], so the differences of the hyperfine interaction constants of the 3s3p 1 P1 state are within 0.6%.
Since the high-order electron correlations and CC correlations
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are not considered, there is a big difference in the hyperfine
interaction constants of the 3s3p 3 P1 state. The uncertainty estimation method given in Refs. [47,48] is used to derive the
uncertainty of the hyperfine interaction constants in Table 1.
By comparing the values in Table 1, we find that our magnetic dipole constants of 2s 2 S1/2 and 2p 2 P1/2 states of Be+
are in good agreement with the experimental values, while the
magnetic dipole constants of 3s 2 S1/2 state of Mg+ is 3.6%
higher than the experimental values. The reason why it is
not as good as that in Ref. [24] may be that the main elec-

tron correlations in the calculation model of Mg+ ion are less
complete. The maximum differences between the hyperfine
structure constants of 3p 2 P1/2 and 3p 2 P3/2 states of Mg+ and
others’ theoretical values are 7.3% and 9.5%, respectively. For
the magnetic dipole constant of the 2p 2 P3/2 state of Be+ , the
ratio of the uncertainty to the calculated value is 0.278. This
is because there is no obvious linear relationship between the
differences of the calculated values and the differences of the
energy eigenvalues, so it is not suitable for the uncertainty estimation by the method given in Refs. [47,48].

Table 1. The hyperfine interaction constants of the related energy levels in 27 Al+ , 9 Be+ , and 25 Mg+ ions. A is the magnetic dipole constant (in unit MHz).
B is the electric quadrupole constant (in unit MHz).
Constant

Be+ 2s 2 S1/2

Be+ 2p 2 P1/2

Be+ 2p 2 P3/2

A (MHz)
B (MHz)

–623.50(6.33)

–117.48(1.14)

–1.0594(2940)
–2.2607(636)

A (MHz)

–625.11(3) [18]
–625.3927(36) [19]

–117.925(4) [18]
–117.932(3) [20]

Splitting energy E (MHz)

A (MHz) –625.00883705(1) [42] –118.6(36) [43]
–624.97(4) [45]
–118.00(4) [45]

this work
–617.65(18.00)
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others’ theoretical data
–1.016(3) [18]
–592.86 [23]
–101.70 [23]
–1.026(3) [20]
–596.785 [24]
–102.997 [24]
–2.281(6) [18]
–2.29940(3) [20]
others’ experimental data
–596.254376(54) [44]
–596.2542487(42) [46]
–596.254250949(45) [14]
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Fig. 3. The Zeeman shifts of the 3 P0 and 3 P1 states in 27 Al+ as functions of the magnetic field B. Splitting energy E is the Zeeman splitting
value, and ∂ E/∂ B is the partial derivative of splitting energy E with respect to magnetic field B. Different curves correspond to Zeeman
sublevels with different mF values.

Figure 3 shows the magnetic sublevels of 3s3p 3 P0,1 state
in
From the partial derivative curves in Fig. 3(c),
it is clear that the Zeeman effect of 3 P0 is mainly firstorder and second-order, so the Zeeman shifts can be approximately expressed as E = C1 B + C2 B2 , where C1 and C2 are
coefficients that account for the linear and quadratic Zee27 Al+ .

man effects. According to the formula above, we can get
that the first-order coefficients C1 of the 3 P0 , mF = ±5/2
are ±4.22 MHz/T, respectively, and the second-order coefficients C2 are −72.1831 MHz/T2 and −72.1715 MHz/T2 ,
respectively.
These second-order coefficients are not
more than 0.34% different from the experimental values
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−71.944(24) MHz/T2 [14] and −71.988(48) MHz/T2 . [12] The
factors that contribute to these tiny deviations include the facts
that the splitting of the 1 S0 state in the magnetic field is very
small, and the experimental Zeeman coefficients are obtained
by measuring the 1 S0 , mF = ±5/2 → 3 P0 , mF 0 = ±5/2
transitions instead of the 3 P0 state. The difference in C1 between two adjacent levels such as mF = 5/2 and mF = 3/2 is
a constant, 1.69 MHz/T and the values of C2 for all the states
are quite close to each other. Compared with other states in
this paper, the changes of Zeeman shifts of 3s3p 3 P0 states are
particularly regular, which may be one of the important factors helping the aluminum ion clock to bust into new precision
regime. [9]

Splitting energy E (GHz)

25Mg+ 2S

1.5 (b)

25Mg+ 2S

1/2

2
1
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Fig. 4. The Zeeman shifts of the 2 S1/2 state in 25 Mg+ as functions of the magnetic field B. Splitting energy E is the Zeeman splitting value, and ∂ E/∂ B is
the partial derivative of splitting energy E with respect to magnetic field B.
Different curves correspond to Zeeman sublevels with different |F, mF i.

300

The Zeeman splitting of the 2 S1/2 state in 25 Mg+ along
the magnetic field is given in Fig. 4. The Zeeman shifts of
the |3, ±3i sublevels in Figs. 4(a) and 4(b) are approximately
linear when the magnetic field strength is in the range of 0–
2000 mT, and the linear coefficients are −1.4012 GHz/T and
1.4012 GHz/T, respectively. We can find a significant transition from low field, where I and J are coupled to form the total
angular momentum F, to high field, where they are decoupled. When the magnetic field strength is close to 2000 mT,
the Zeeman shift of each sublevel begins to change linearly
and approach the linear coefficients of the |3, ±3i sublevels.

(a)
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2
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For the |3, 0i → |2, 0i transition in Fig. 4, the quadratic
Zeeman coefficients of these two sublevels are opposite in sign
and equal in magnitude, that is, the sum of them is always near
zero. Therefore, the high-order Zeeman effect of this transition is small compare to the ones of other transitions and
can be used to measure the ground-state hyperfine interaction
constant. [46] This transition is also second-order sensitive to
the external magnetic field and is used to determine hB2 i. [14]
For the |3, −3i → |2, −2i transition, the lower level |3, −3i has
only the first-order Zeeman effect, and the upper level |2, −2i
has the weakest second-order Zeeman effect in the splitting
of the level F = 2, so this transition is first-order sensitive to
the external magnetic field and is used to determine the DC
component of hB2 i in real-time. [14]

(a)

3

-4

Splitting energy E (MHz)

In Figs. 3(b) and 3(d), the curves (mF = ±7/2) at the
top and bottom edges of the graphs are roughly linear. The
first-order coefficients of them are ±2.1009 GHz/T, respectively, with only 0.04% deviations from the experimental value
2.100056 GHz/T in Ref. [49]. Because it is not feasible to directly measure the 3 P0 state, the experimental Zeeman coefficient is also obtained by measuring the first-order sensitive
1 S , m = 5/2 → 3 P , m 0 = 7/2 transition between qubit
F
1
0
F
states. In addition, the sublevels that are closer to the center of
Fig. 3(b) show more obvious high-order Zeeman effects.

4
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|3,2>
|3,3>
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20

40
60
B (mT)

80

100

Fig. 5. The Zeeman shifts of the 2 P3/2 (F = 4, 3) state in 25 Mg+ as functions
of the magnetic field B. Splitting energy E is the Zeeman splitting value, and
∂ E/∂ B is the partial derivative of splitting energy E with respect to magnetic field B. Different curves correspond to Zeeman sublevels with different
|F, mF i.

Figure 5 shows the Zeeman splitting of the 2 P3/2 (F =
4, 3) state in 25 Mg+ in the magnetic field, and the decoupling of angular momentums in high magnetic field is more
complicated than that in Fig. 4. When the magnetic field
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2S
9
+
1/2 state in Be . Besides, the |2, −2i and |2, 2i sublevels of
2
the P1/2 state in 9 Be+ have second-order Zeeman effects that
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are small compared to other sublevels, so it is not easy to observe directly from Figs. 6(b) and 6(d). Based on the calculation data, we obtain that the first-order coefficients of |2, 2i and
|2, −2i sublevels in 9 Be+ are ±0.46574 GHz/T, respectively,
and the second-order coefficients are −1.53333 MHz/T2 and
−1.53286 MHz/T2 , respectively.
Figure 7 shows the Zeeman shifts of the 2 P3/2 states in
9 Be+ as functions of the magnetic field. When in the high
magnetic field, due to the decoupling of the angular momentums, the sixteen curves of the sublevels of the 2 P3/2 states
in Fig. 7(a) can be evenly divided into four groups according to mJ , with four curves in each group tending to be linear
and roughly parallel. Specifically, the first-order coefficients
of the |3, −3i, |3, −2i, |3, −1i, and |3, 0i sublevels in the first
group are all −2.80078 GHz/T, the first-order coefficients of
the |2, −2i, |2, −1i, |2, 0i, and |3, 1i sublevels in the second
group are all −0.931 GHz/T, the first-order coefficients of the
|1, −1i, |1, 0i, |2, 1i, and |3, 2i sublevels in the third group are
all 0.936 GHz/T, and the first-order coefficients of the |0, 0i,
|1, 1i, |2, 2i, and |3, 3i sublevels in the fourth group are all
2.80078 GHz/T. These linear coefficients are only applicable
in the magnetic field above 400 mT, and the linear coefficients
of the outer sublevels have more precise digits. Especially for
the first and fourth groups, the coefficients are equal in magnitude. Among these sublevels, the outermost |3, ±3i sublevels
often considered in experiments mainly have the first-order
Zeeman effects.

(∂E/∂B) (GHz/T)

Splitting energy E (GHz)

strength increases to about 20 mT, the curves of sublevels
split from F = 4 and F = 3 levels intersect. Once the magnetic field strength exceeds 90 mT, the Zeeman shifts of all
sublevels tend to change linearly. The linear coefficients of
the |4, ±4i levels at the top and bottom edges of Fig. 5(b)
are ±2.800755 GHz/T, respectively. When the magnetic field
strength is within 10 mT, these energy sublevels mainly show
the first-order and second-order Zeeman effects.
The Zeeman splitting of the 2 S1/2 state of 9 Be+ along the
magnetic field in Fig. 6 is similar to that of 25 Mg+ in Fig. 4.
When the magnetic field strength is more than 1500 mT, the
Zeeman shifts of the sublevels in 9 Be+ show linear trends, and
the change rates along the magnetic field begin to get closer to
those of |2, ±2i levels. The linear coefficients of the |2, ±2i
levels are ±1.40122 GHz/T, respectively, with 0.02 MHz/T
deviations from the linear coefficients of the |2, ±2i sublevels
of the 2 S1/2 state in 25 Mg+ .
Among the sublevels that intersect the vertical axis in
Fig. 6(c), only the |2, 0i and |1, 0i sublevels are symmetric
about ∂ E/∂ B = 0, and the sum of the Zeeman coefficients of
these two sublevels is always 309.49963 MHz instead of the
case in 25 Mg+ where the sum is zero. Therefore, the secondorder Zeeman effects of the |2, 0i → |1, 0i transition cancel
out, and this transition is generally used to study the first-order
Zeeman effects. The |2, −2i sublevel only has first-order effect, the Zeeman effects above second order of the |1, −1i sublevel are weak, and both are at the outermost side of the sublevels split from the same level. In consequence, these two
transitions are generally measured experimentally to study the
effect of the magnetic field on the energy level structure of the
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2000

2500

0

50

100

150 200
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Fig. 6. The Zeeman shifts of the 2 S1/2 and 2 P1/2 states in 9 Be+ as functions of the magnetic field B. Splitting energy E is the Zeeman splitting
value, and ∂ E/∂ B is the partial derivative of splitting energy E with respect to magnetic field B. Different curves correspond to Zeeman
sublevels with different |F, mF i.
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Splitting energy E (MHz)
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effect tends to be first-order as B increases in the high-field
regime. This is because the I and J are decoupled and the
Zeeman interaction dominates when the magnetic field is very
strong, the eigenstates are well described by the |I, mI ; J, mJ i
basis.
In addition to the hyperfine interaction constants and Zeeman shifts of the related levels in 27 Al+ , 9 Be+ , and 25 Mg+
ions, we also calculate the isotope shift parameters of these
levels, and the results are shown in Table 2. Compared with
the theoretical values in Ref. [16], the deviations of ∆KNMS ,
∆KSMS , and ∆F of the 1 S0 → 3 P1 transition in 27 Al+ are 2%,
1.8%, and 2.5%, respectively. However, the SMS parameter of
the 1 S0 → 1 P1 transition in 27 Al+ is quite different from that in
Ref. [16], it is mainly because the SMS parameter is sensitive
to the electron correlation, and the captures of the CC correlations and high-order correlations make the results different.
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Table 2. The normal mass shift parameters KNMS (in unit GHz·u), the specific mass shift parameters KSMS (in unit GHz·u), and the field shift parameters F (in unit a.u.) of the related energy levels in Al+ , Be+ , and Mg+
ions.
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The Zeeman shifts of the 2 P3/2
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KNMS (GHz·u)

KSMS (GHz·u)

F (a.u.)

Al+ 1 S0

872110.21(131.64)

–126396.27(50.60)

1498.3215(2375)

Al+ 3 P0
Al+ 3 P1
Al+ 1 P1
Mg+ 2 S1/2
Mg+ 2 P1/2
Mg+ 2 P3/2
Be+ 2 S1/2
Be+ 2 P1/2
Be+ 2 P3/2

871456.18(21.78)

–127368.06(80.42)

1495.1037(1669)

871457.45(13.17)

–127366.34(70.38)

1495.0968(1661)

871117.78(74.23)

–126343.41(119.39) 1495.2792(2002)

2.0

states in 9 Be+

Fig. 7.
as functions of the magnetic field B. Splitting energy E is the Zeeman splitting value, and ∂ E/∂ B is
the partial derivative of splitting energy E with respect to magnetic field B.
Different curves correspond to Zeeman sublevels with different |F, mF i.

From the Zeeman splittings in Figs. 3–7, we can see that
the Zeeman energies of the mF = ±F states in which the F
is the maximum F value for a reference configuration change
linearly with increasing B for all field strengths because their
wavefunctions are not mixed. For other states, the magnetic

719246.265(5.355)

–98776.62(43.19)

1156.0517(252)

718777.927(8.402)

–99229.33(16.32)

1153.9916(11)

718777.589(5.147)

–99229.83(15.05)

1153.9913(3)

51698.374(1.096)

1633.14(12.54)

35.3569(7)

51172.150(2.677)

600.86(66.25)

34.4924(6)

51172.278(2.623)

600.64(66.27)

34.4925(7)

Table 3. Comparison of our theoretical predictions with the experimental results of isotope shifts of D1 and D2 lines for different Mg+ or
Be+ isotope pairs. The D1 line and the D2 line of Mg+ correspond to the 3s 2 S1/2 →3p 2 P1/2 transition and 3s 2 S1/2 →3p 2 P3/2 transition,
respectively. The D1 line and the D2 line of Be+ correspond to the 2s 2 S1/2 →2p 2 P1/2 transition and the 2s 2 S1/2 →2p 2 P3/2 transition,
respectively. All values are given in unit MHz.
Isotopes

D1

D2

Reference

26 Mg+ –24 Mg+

3084.905(93)

3087.560(87)
3050 ± 100
3047.1340(65.3869)
1621(19)a
1600.5907(34.3405)

Batteiger et al. [50]
Drullinger et al. [51]
this work
Batteiger et al. [50]
this work
Drullinger et al. [51]
this work
Nörtershäuser et al. [45]
Žáková et al. [52]
this work
Nörtershäuser et al. [45]
Žáková et al. [52]
this work
Nörtershäuser et al. [45]
Žáková et al. [52]
this work

25 Mg+ –24 Mg+
26 Mg+ –25 Mg+
7 Be+ –9 Be+

10 Be+ –9 Be+

11 Be+ –9 Be+

a The

3045.9211(53.9337)
1620(19)a
1599.9583(92.0315)
1461 ± 100
1445.9628(26.5630)
–49236.9(9)
–49236.94(80)
–49211.77(2380.66)
17323.8(13)
17323.82(82)
17314.87(837.17)
31565.0(9)
31565.04(86)
31547.96(1526.27)

1446.5433(31.0464)
–49242.1(2.0)
–49214.57(2380.56)
17327.3(2.0)
17315.85(837.13)
31569.6(2.3)
31549.75(1526.21)

values are derived from the experimental values.
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Currently, there is no experimental data on the isotope
shifts of these transitions in 27 Al+ for assessing the advantages
of the calculation models. The experimental and theoretical
isotope shifts of the D1 and D2 lines in Be+ and Mg+ ions
are given in Table 3, and a good agreement between the experimental results and our calculation results is obtained. The
calculation errors for the isotope shifts of Mg+ and Be+ ions
are less than 1.3% and 0.07%, respectively, indicating that our
calculation model is reliable. Table 3 shows that the uncertainties of isotope shifts of Be+ are relatively large and the ratios
of the uncertainties to calculated values are about 0.048. However, the differences between the calculated results of Be+ and
the experimental values are below 0.07%, which is closer to
the experimental values than that of Mg+ . This is because δ K
or δ F and the difference of energy eigenvalues do not show
a close to linear correlation, i.e., the linear uncertainty estimation method [47,48] is not suitable for the current calculation
model of Be+ ion.

4. Conclusion
In this paper, we use the MCDHF method to calculate
the hyperfine interaction constants, Zeeman shifts, and isotope
shifts of the states in 27 Al+ ion and logic ions 9 Be+ and 25 Mg+
that are involved in the 27 Al+ optical clock. We analyze the influence of the external magnetic field on these hyperfine structure energy levels, and the Zeeman shifts are given. These
results will be helpful for better evaluation of systematic uncertainty of the 27 Al+ optical clock. The calculation of isotope
shift parameters can provide important reference data for the
spectroscopic measurement of nuclear charge radius which is
a necessary theoretical basis to study the structures, properties
and nucleon interaction law of these three elements.
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