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We investigate the polaron and molecular states of a fermionic atom with one-dimensional spin–orbit coupling (SOC)
coupled to a three-dimensional spinless Fermi sea. Because of the interplay among the SOC, Raman coupling and spin-
selected interatomic interactions, the polaron state induced by the spin–orbit coupled impurity exhibits quite unique fea-
tures. We find that the energy dispersion of the polaron generally has a double-minimum structure, which results in a
finite center-of-mass (c.m.) momentum in the ground state, different from the zero-momentum polarons where SOC are
introduced into the majority atoms. By further tuning the parameters such as the atomic interaction strength, a discon-
tinuous transition between the polarons with different c.m. momenta may occur, signaled by the singular behavior of the
quasiparticle residue and effective mass of the polaron. Meanwhile, the molecular state as well as the polaron-to-molecule
transition is also strongly affected by the Raman coupling and the effective Zeeman field, which are introduced by the lasers
generating SOC on the impurity atom. We also discuss the effects of a more general spin-dependent interaction and mass
ratio. These results would be beneficial for the study of impurity physics brought by SOC.

Keywords: spin–orbit coupling, polaron, Fermi gas
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1. Introduction

Coupling a mobile impurity to a many-body environ-
ment in a controllable way provides a handleable method
to study the unique physics of emergent quasiparicles, e.g.,
the polarons in diverse systems.[1–4] Among them the ultra-
cold gases, being an ideal platform of high tunability and
cleanness, have been utilized to explore the intriguing im-
purity physics[5–9] and many important advances have been
achieved.[10–12] For examples, the realizations of Fermi po-
larons in spin-polarized Fermi gases,[13–35] the polarons in
Bose–Einstein condensates (BEC),[36–40] and the polaron-to-
molecule transitions,[41–44] which are usually surveyed by
varying the interaction strength between the impurity atom and
the surrounding atoms via Feshbach resonance.[45]

Recent years, the implementation of spin–orbit cou-
pling (SOC) in ultracold gases[46–50] stimulates tremendous
researches on the nontrivial effects brought by SOC,[51–60]

which also enriches the content of the impurity physics in
cold atom systems.[61–64] In general, SOC mixes different spin
components of the atom and changes the single-particle dis-
persion dramatically, which may lead to the enhanced low-
energy density of state and possible single-particle ground-
state degeneracy[46,60] responsible for the many-body behav-
iors of the underlying systems. A series of Fulde–Ferrell–
Larkin–Ovchinnikov-like molecule states are predicted in dif-
ferent impurity models with SOC.[61,62] Nevertheless, previ-

ous works focus on the cases that the SOCs are mainly intro-
duced to the majority atoms of the environment.[62,63] Due to
the heating problem caused by the Raman lasers to generate
SOCs in current experiments,[55] it would be difficult to reach
the degenerate regime of the majority atoms especially for the
Fermi gas.

In this paper, we consider a different situation that a one-
dimensional (1D) SOC is introduced solely to the impurity
atom, which is immersed in a three-dimensional (3D) spinless
Fermi sea formed by the majority atoms. One of the advan-
tages of this configuration is that the majority atoms are not af-
fected directly by the Raman lasers avoiding heating, and thus
facilitates the investigation and manipulation of the impurity
states by SOC. To be specific, in this system, we find that SOC
can strongly affect the polaron state via the impurity atom,
with the ground state always carrying a finite c.m. momen-
tum. Due to the SOC induced double-minimal structure of the
energy spectrum, a first-order transition may occur between
two polaron states with different center-of-mass (c.m.) mo-
menta, in contrast to previous works where a zero-momentum
polaron is considered.[59–61] Meanwhile, the molecular state is
also changed by the SOC, giving rise to a unique polaron-to-
molecule transition driven by the Raman coupling. The quasi-
particle residue and the effective mass of the polaron, as well
as the mass ratio effect are also discussed. Our results suggest
a new way to study the impurity physics brought by SOC.

The paper is organized as follows: In Section 2, we give
∗Project supported by the National Natural Science Foundation of China (Grant No. 11875195) and the Foundation of Beijing Education Committees (Grant
Nos. CIT&TCD201804074 and KZ201810028043).
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the Hamiltonian to describe a spin–orbit coupled impurity
atom interacting with a spinless Fermi sea. In Section 3, we
analyze the unique properties of the polaron state, including
the energy dispersion, the ground-state momentum, the quasi-
particle residue, and the effective mass. Moreover, the ground-
state transition of the polaron with different c.m. momenta is
also discussed. In Section 4, we further present the results of
the molecular state and the polaron-to-molecule transition. Fi-
nally, we discuss the effects of a more general spin-dependent
interaction and mass ratio and conclude in Section 5.

2. The model

We consider a spinful fermionic (impurity) atom of mass
ma immersed in a spinless 3D Fermi sea of mass mb. A
one-dimensional (1D) SOC is introduced into the two spin
states (labeled as σ =↑,↓) of the impurity by a pair of Ra-
man lasers[46] or recoil-dressed photons.[58] In the momentum
space, the total Hamiltonian of the system takes the form of
(we set h̄ = 1)

Ĥ = ∑
𝑘

[
∑
σ

(𝑘+σ𝑘0)
2

2ma
â†
𝑘σ

â𝑘σ +
δ

2

(
â†
𝑘↑â𝑘↑− â†

𝑘↓â𝑘↓

)
+

Ω

2

(
â†
𝑘↑â𝑘↓+H.c.

)]
+∑

𝑘

𝑘2

2mb
b̂†
𝑘b̂𝑘

+
gσ

V ∑
𝑘𝑘′𝑞,σ

â†
𝑘σ

b̂†
𝑞−𝑘b̂𝑞−𝑘′ â𝑘′σ . (1)

Here, â𝑘σ and b̂𝑘 are the annihilation operators of the impurity
atom with spin σ and the majority atoms forming the Fermi
sea, respectively. 2𝑘0 is the momentum transfer characterizing
the strength of SOC, and δ and Ω denote the effective Zeeman
splitting (two-photon detuning) and spin flipping (Raman cou-
pling) between the two spin states of the impurity, which can
be tuned in experiment.[46,47] gσ (< 0) describes the strength
of the contact attraction between the impurity atom of spin σ

and the majority atoms, while the interaction between impu-
rity atoms is absent in the single impurity limit. In the follow-
ing, we first consider a spin-selected interaction by assuming
g↑≡ g and g↓= 0, which can be readily achieved via Feshbach
resonance.[45] A more general situation with spin-dependent
g↓ 6= 0 is discussed later, where the main physics obtained at
g↓ = 0 is not changed significantly up to a considerable g↓. In
3D case, the bare interaction g is renormalized as[65]

1
g
=−2µ

V ∑
𝑘

1
k2 +

µ

2πas
, (2)

where as is the s-wave scattering length, ranged from the
BEC side with as > 0 to the BCS side with as < 0. µ =

mamb/(ma +mb) is the reduced mass and V is the quantized
volume.

3. Polaron state
In the limit of single impurity, the free impurity atom is

scattered by the atoms in the Fermi sea to form a dressed state
— Fermi polaron,[30] which can have a lower energy than the
free impurity state and is expected to be the ground state of
this system for a weak attractive interaction. Up to a particle-
hole fluctuation, the variational wave-function of the polaron
with c.m. momentum 𝑄 can be constructed as

|P〉𝑄 =

(
∑
σ

φσ â†
𝑄σ

+ ∑
𝑘𝑞σ

φ𝑘𝑞σ â†
𝑄+𝑞−𝑘σ

b̂†
𝑘b̂𝑞

)
|FS〉N , (3)

where φσ and φ𝑘𝑞σ are the amplitudes of a bare impurity of
spin σ and that dressed by a particle–hole excitation, respec-
tively. In Eq. (3), we have included both spin states of the
impurity atom, which are mixed due to the introducing of 1D
SOC.[62] The summation of momentum is limited to q < kF

(hole) and k > kF (particle) with kF being the Fermi momen-
tum of the Fermi sea |FS〉N formed by N atoms. Minimizing
〈P|Ĥ −EP|P〉𝑄 with respect to φσ and φ𝑘𝑞σ , we can obtain
the polaron energy EP (relative to the Fermi sea), which is de-
termined by the following equation (see Appendix A for more
details):

EP−
(𝑄+𝑘0)

2

2ma
− δ

2
− Ω 2

4

(
EP−

(𝑄−𝑘0)
2

2ma
+

δ

2

)−1

=
1
V ∑

𝑞

(
1
g
− 1

V ∑
𝑘

χ
−1
𝑘𝑞

)−1

. (4)

Here

χ𝑘𝑞 = EP− ε
↑
𝑘𝑞−

δ

2
− Ω 2

4

(
EP− ε

↓
𝑘𝑞 +

δ

2

)−1

, (5)

with

ε
↑/↓
𝑘𝑞 =

(𝑄+𝑞−𝑘±𝑘0)
2

2ma
+

k2

2mb
− q2

2mb
.

The left-hand side of Eq. (4) describes the energy correction
on EP from SOC while the right-hand side gives the contribu-
tion from the interaction. In what follows, we use k0 = |𝑘0|
and the corresponding energy ε0 ≡ (k2

0/2ma) as the units of
momentum and energy, respectively.

Solving Eq. (4) for each 𝑄, we can obtain the energy
dispersion of the polaron. As shown in Fig. 1(a), a double-
minimum structure of the polaron dispersion is found to be
along the direction of 𝑘0 due to the SOC, and the lower one
gives a nonzero ground-state momentum 𝑄min = Qmin�̂�0 with
�̂�0 being the unit vector of 𝑘0, where the ground-state energy
of the polaron is lower than the free impurity state. More in-
teresting, by varying the interaction strength (scattering length
as), the minimum with a higher energy may become the lower
one, giving rise to a discontinuous change of 𝑄min between the
two minima. In Fig. 1(b), we plot the ground-state momentum
Qmin as a function of interaction strength for different Zeeman
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Fig. 1. (a) The polaron energy dispersion EP with the momentum Q along
the direction of SOC for different interaction parameters −1/(kFas) with
Ω/ε0 = 1 and δ/ε0 = 0.6. (b) The ground-state momentum 𝑄min as a func-
tion of −1/(kFas) for different δ with Ω/ε0 = 1. (c) The ground-state mo-
mentum 𝑄min as a function of −1/(kFas) for different Ω with δ/ε0 = 0.6.
Here, we have chosen k0 = kF.

splitting δ . One can see that for finite δ , Qmin jumps abruptly
at a critical interaction strength which increases with δ (the
red-dashed and green-dash-dotted lines in Fig. 1(b)). Such dis-
continuous transition would be smoothened by further increas-
ing the Raman coupling strength Ω , and become a continuous
one for Ω/ε0 & 2 (referred to the green-dash-dotted line in
Fig. 1(c)). Physically for δ > 0, the (right) minimum with a
larger weight of ↓-component would be the ground state in the
weak interaction limit (as < 0), which is weakly dependent on
the spin-selected interaction. On the other hand for a suffi-
ciently large interaction strength, the impurity would occupy

the (left) minimum with a larger weight of ↑-component by
lowing the interaction energy to compensate the energy cost
δ . Notice that for δ = 0, such transition is absent and the
interaction always favors the minimum state with a larger ↑-
component.
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m
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Fig. 2. (a) The quasiparticle residue Z (Z↑/↓) as a function of−1/(kFas) with
δ/ε0 = 0.6 and Ω/ε0 = 1. (b) The effective mass m∗/ma as a function of
−1/(kFas) with other parameters the same in panel (a).

Above picture becomes more transparent when we ex-
amine the quasi-particle residue Z ≡ ∑σ Zσ with Zσ = |φσ |2,
which is given by (see Appendix B for detail)

1
Z

= 1+

[
1+

Ω 2

4

(
EP− ε

↓
Q +

δ

2

)−2
]−1

× g2

V 2 ∑
𝑘𝑞

χ
−2
𝑘𝑞

[
1+

Ω 2

4

(
EP− ε

↓
𝑘𝑞 +

δ

2

)−2
]

×

(
1− g

V ∑
𝑘′

χ
−1
𝑘′𝑞

)−2

. (6)

In Fig. 2(a), we give a typical evolution of Z with the interac-
tion strength for Ω/ε0 = 1 and δ/ε0 = 0.6. Across a critical
value, an abrupt jump of Z indicates the discontinuous tran-
sition of the ground-state momentum of the polaron. Mean-
while, the state-dependent residue Zσ also exhibits a sudden
change with a larger Z↑ (Z↓) in the regime of relative strong
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(weak) interaction. Moreover, due to the spin-selected inter-
action, Z ' 1 in the weak interaction regime and decreases
quickly in the strong interaction regime (as > 0) after the tran-
sition, where the influence of particle–hole excitation becomes
significant. Such unique behaviors of Z can be readily mea-
sured in experiment.[19]

Another measurable quantity to characterize the above
physics is the effective mass of the polaron, defined as

m∗ =
1
2

(
∂ 2EP

∂𝑄2

)−1

𝑄=𝑄min

. (7)

Due to the anisotropy of the energy dispersion, m∗ is generally
anisotropic and we are interested in the component along �̂�0.
As shown in Fig. 2(b), we present the relative ratio m∗/ma as
a function of interaction strength. For δ > 0, a similar discon-
tinuous behavior is expected to occur at the critical point. In
the limit of as < 0, the impurity atom is only weakly affected
by the interaction and m∗/ma→ 1. While in the BEC regime
with as > 0, the impurity is strongly dressed by the particle–
hole excitations, and the effective mass is greatly enhanced
towards the instability to the formation of a molecular state
discussed in the following.

4. Molecular state and polaron-to-molecule
phase transition
When the interaction is strong, a molecular state may ap-

pear by tightly binding the impurity atom with one of the ma-
jority atoms on top of the Fermi sea. The variational wave
function of the molecule with c.m. momentum 𝑞 can be writ-
ten as

|M〉= ∑
k>kF,σ

ψ𝑘σ â†
𝑞−𝑘σ

b̂†
𝑘|FS〉N−1, (8)

where ψ𝑘σ is the variational amplitude. After a straightfor-
ward derivation (see the Appendix C for detail), we obtain the
following self-consisted equation for the molecule energy EM

(relative to the Fermi sea):

V
g

= ∑
𝑘

[
EM−

|𝑞−𝑘+𝑘0|2

2ma
− k2

2mb
− δ

2

−
(

Ω

2

)2(
EM−

|𝑞−𝑘−𝑘0|2

2ma
− k2

2mb
+

δ

2

)−1
]−1

. (9)

The ground state of the molecule is determined by further min-
imizing EM with respect to 𝑞.

Similar to the polaron state, the SOC can also induce a fi-
nite c.m. momentum 𝑞min = qmin�̂�0 on the ground state of the
molecule. As shown in Fig. 3, in the BEC limit (as→ 0+), we
have qmin/k0→−1 irrespective of δ and Ω , and with the in-
creasing of as, |qmin| first decreases slightly and then increases

apparently. Moreover, such dependence of qmin on as become
stronger for a larger δ (Fig. 3(a)) or Ω (Fig. 3(b)). Overall in
the presence of the 1D SOC, the molecular state is much less
affected than the polaron. This is because that the molecule ap-
pears in the strong interaction regime with as > 0, where the
spin-selected interaction binds the impurity in | ↑〉 state with
one atom in the Fermi sea tightly. This is in contrast to the
polaron state dominant in the weak interaction regime, where
the single-particle state of the impurity plays a more important
role, and thus more sensitive to the spin splitting δ and spin
flipping Ω .
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Fig. 3. (a) The molecular ground-state momentum Qmin as a function of
−1/(kFas) for different Zeeman field δ with Ω/ε0 = 1. (b) The molecular
ground-state momentum Qmin as a function of −1/(kFas) for different Ra-
man coupling strength Ω with δ/ε0 = 0.6.

With the polaron and molecular states in hand, we can
readily obtain the ground-state phase diagram of the system by
comparing the energies of both states. In Fig. 4(a), we show
the phase diagram in the −(1/kFas)–Ω plane. For Ω = 0,
δ gives the same energy shift δ/2 for both EP and EM, and
hence do not change the critical point. With the increasing of
Ω , the phase boundary is pushed into the deep BEC regime
gradually, suggesting that the polaron state is more favorable
for large Ω . On the other hand, the phase boundary is only
weakly dependent on δ (Fig. 4(b)). This can be explained that
from Eqs. (4) and (9), the main energy corrections caused by δ

are almost the same for EP and EM, while Ω corrects EP more
significantly than EM. Given this, one may address the unique
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polaron-to-molecule transition by tuning the Raman coupling
(spin flipping) Ω in experiment.
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Fig. 4. The ground-state phase diagram (a) in the −1/(kFas)–Ω plane for
different δ , and (b) in the−1/(kFas)–δ plane for different Ω . Here, P and M
denote the polaron and molecular states respectively.

5. Discussion and conclusion
Above we have discussed the case of g↓ = 0. For a more

general spin-dependent interaction with g↓ 6= 0, we find that
the energy dispersion of the polaron state bears similar double
minima structure for different g↓/g↑, as shown in Fig. 5(a).
Correspondingly, the ground-state momentum of the polaron
shows a similar behavior as that of g↓ = 0 (see Fig. 1(c) and
Fig. 5(b)), i.e., it exhibits a discontinuous transition for small
Ω/ε0 = 1 while varies continuously for large Ω/ε0 = 3. The
main change is that the transition point moves to the BEC side
for a larger g↓, which can be also clearly identified from the
effective mass of the polaron shown in Fig. 5(c). These re-
sults suggest that a finite g↓/g↑ < 1 would not change the main
physics of the polaron state significantly. In Fig. 5(d), we give
the phase diagram of the system. With the increasing of g↓/g↑,
the phase boundary is pushed towards the BCS side, indicating
that the molecular state is more favorable for a larger g↓.

So far we have focused on the situation that the impurity
atom and the majority atoms are of equal mass, which can
be achieved by using different hyperfine states of the same
species. In experiment, it is also possible to realize a mixture
of different species with unequal mass, for example, a mixture
of 6Li and 40K with mass ratio r≡ma/mb = 6/40 or 40/6. As
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different Raman coupling strengths Ω = 1 (blue solid) and 3 (red dashed)
at g↓/g↑ = 0.5. (c) The effective mass m∗ versus the interaction parameter
for different g↓/g↑ = 0 (blue solid), 0.5 (red dashed), and 0.9 (green dash-
dotted). (d) The ground-state phase diagram in the −(1/kFas)–g↓/g↑ plane.
Other parameters are Ω/ε0 = 1 and δ/ε0 = 0.6 if needed.
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Fig. 6. (a) The evolution of the phase boundary in the −(1/kFas)–1/r plane
with Ω/ε0 = 1 and δ/ε0 = 0.6. (b) The critical interaction parameter ηc
as a function of Zeeman field δ with Ω/ε0 = 1. (c) The critical interaction
parameter ηc as a function of Raman coupling strength Ω with δ/ε0 = 0.6.

shown in Fig. 6(a), in general, the critical interaction param-
eter (as) of the polaron-to-molecule transition decreases with
the inverse of the mass ratio 1/r, suggesting that a light impu-
rity is more favorable to form a polaron than a heavy one. In
Figs. 6(b) and 6(c), we further investigate the transition point
which is characterized by ηc(x)−ηc(0) with η ≡ −(1/kFas)

as a function of x = δ or Ω for different mass ratios. It can
be seen that the phase boundary of a heavy impurity is pushed
into the BEC regime considerably with the increasing of δ or
Ω (see the blue solid line of r = 40/6), while a light impurity
is not affected apparently by δ and Ω (referred to the green
dash-dotted line of r = 6/40). Note that for Ω = 0, the one-

dimensional SOC can be gauged away and one gets the usual
critical value of −(1/kFas)∼−3.65 without SOC.

Compared to the previous work[61–64] where molecule
states with a finite c.m. momentum are induced by the SOC,
here in our case, the one-dimensional SOC of the impurity has
more profound effect on the polaron state than the molecule
state. When a high-dimensional SOC is introduced to the im-
purity atom, the enhanced single-particle ground-state degen-
eracy may also affect the molecule state strongly with unique
features (For an impurity atom with two-dimensional Rashba-
type SOC, the ring degeneracy of the single-particle state of
the impurity may greatly enhance the pairing between the im-
purity and the atom in the Fermi sea with an unusual molecule
state appearing even in a weak interaction regime), which nev-
ertheless is out of the scope of the current work and we leave
it for the future study.

In a summary, we theoretically investigate the properties
of the polaron and molecular state of a spin–orbit coupled im-
purity in a three-dimensional Fermi gas. A couple of polaron
and molecule states with finite c.m. momenta, which arises
from the interplay between SOC and spin-selected interaction,
are found to be the ground state. A discontinous transition
between these polaron states is identified and manifested in
the quasi-particle residue and effective mass of the polaron.
Moreover, the polaron-to-molecule transition and the effects
of a more general spin-dependent interaction and mass ratio
are also discussed. These results pave a new way to study the
interesting impurity physics brought by the SOC.

Appendix A: Derivation of the polaron state
We start from the variational wave-function of the polaron

|P〉= ∑
σ

φσ â†
𝑄σ
|FS〉+ ∑

𝑘𝑞σ

φ𝑘𝑞σ â†
𝑄+𝑞−𝑘σ

b̂†
𝑘b̂𝑞|FS〉, (A1)

where σ =↑ / ↓, φσ and φ𝑘𝑞σ are variational parameters. The
summation is limited by q < kF and k > kF. |FS〉 is the Fermi
sea. The polaron variational wave function is normalized with
〈P|P〉= ∑σ |φσ |2 +∑𝑘𝑞σ |φ𝑘𝑞σ |2 = 1. The variational energy
of the polaron determined by EP = 〈P|Ĥ|P〉 is derived as

∑
σ

𝑄2 +𝑘2
0

2ma
|φσ |2 +

(
𝑘0 ·𝑄

ma
+

δ

2

)(
|φ↑|2−|φ↓|2

)
+ ∑

𝑘𝑞σ

|𝑄+𝑘−𝑞|2 +𝑘2
0

2ma
|φ𝑘𝑞σ |2

+∑
𝑘𝑞

(
𝑘0 · (𝑄+𝑘−𝑞)

ma
+

δ

2

)(
|φ𝑘𝑞↑|2−|φ𝑘𝑞↓|2

)
+∑

𝑘𝑞

(
𝑘2

2mb
− 𝑞2

2mb

)
|φ𝑘𝑞σ |2

+
g↑
V

[
∑
𝑞

|φ↑|2 + ∑
𝑘𝑘′𝑞

φ
∗
𝑘𝑞↑φ𝑘′𝑞↑+∑

𝑘𝑞

(
φ
∗
↑ φ𝑘𝑞↑+φ↑φ

∗
𝑘𝑞↑
)]
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+
g↓
V

[
∑
𝑞

|φ↓|2 + ∑
𝑘𝑘′𝑞

φ
∗
𝑘𝑞↓φ𝑘′𝑞↓+∑

𝑘𝑞

(
φ
∗
↓ φ𝑘𝑞↓+φ↓φ

∗
𝑘𝑞↓
)]

+
Ω

2
(
φ
∗
↑ φ↓+h.c.

)
+

Ω

2 ∑
𝑘𝑞

(
φ
∗
𝑘𝑞↑φ𝑘𝑞↓+h.c.

)
=EP

(
∑
𝑘σ

|φσ |2 + ∑
𝑘𝑞σ

|φ𝑘𝑞σ |2
)
. (A2)

By variational minimizing the energy functional 〈P|EP −
Ĥ|P〉, we obtain the following set of equations:(

EP− ε↓+
δ

2

)
φ↓−

g↓
V

(
∑
𝑞

φ↓+∑
𝑘𝑞

φ𝑘𝑞↓

)
=

Ω

2
φ↑, (A3)

(
EP− ε↑−

δ

2

)
φ↑−

g↑
V

(
∑
𝑞

φ↑+∑
𝑘𝑞

φ𝑘𝑞↑

)
=

Ω

2
φ↓, (A4)

(
EP− ε𝑘𝑞↓+

δ

2

)
φ𝑘𝑞↓−

g↓
V

(
φ↓+∑

𝑘′
φ𝑘′𝑞↓

)
=

Ω

2
φ𝑘𝑞↑, (A5)

(
EP− ε𝑘𝑞↑−

δ

2

)
φ𝑘𝑞↑−

g↑
V

(
φ↑+∑

𝑘′
φ𝑘′𝑞↑

)
=

Ω

2
φ𝑘𝑞↓. (A6)

From Eqs. (A3) and (A4), we obtain

∑
𝑘′

φ𝑘′𝑞↑ =
g↑
V

A𝑞↑

(
φ↑+∑

𝑘′
φ𝑘′𝑞↑

)

+
g↓Ω
2V

A𝑞

(
φ↓+∑

𝑘′
φ𝑘′𝑞↓

)
, (A7)

∑
𝑘′

φ𝑘′𝑞↓ =
g↓
V

A𝑞↓

(
φ↓+∑

𝑘′
φ𝑘′𝑞↓

)

+
g↑Ω
2V

A𝑞

(
φ↑+∑

𝑘′
φ𝑘′𝑞↑

)
, (A8)

where

A𝑞↑ ≡∑
𝑘

[(
EP− ε𝑘𝑞↑−

δ

2

)
− Ω 2

4

(
EP− ε𝑘𝑞↓+

δ

2

)−1
]−1

,

A𝑞↓ ≡∑
𝑘

[(
EP− ε𝑘𝑞↓−

δ

2

)
− Ω 2

4

(
EP− ε𝑘𝑞↑+

δ

2

)−1
]−1

,

A𝑞 ≡∑
𝑘

[(
EP− ε𝑘𝑞↓+

δ

2

)(
EP− ε𝑘𝑞↑−

δ

2

)
− Ω 2

4

]−1

.

Substituting Eqs. (A7) and (A8) into Eqs. (A5) and (A6), we
get

∑
𝑞

φ↑+∑
𝑘𝑞

φ𝑘𝑞↑

= ∑
𝑞

(
1−

g↓
V

A𝑞↓

)
φ↑+

g↓Ω
2V

φ↓(
1−

g↓
V

A𝑞↓

)(
1−

g↑
V

A𝑞↑

)
−

g↓g↑Ω 2

4V
A2
𝑞

, (A9)

∑
𝑞

φ↓+∑
𝑘𝑞

φ𝑘𝑞↓

= ∑
𝑞

(
1−

g↑
V

A𝑞↑

)
φ↓+

g↑Ω
2V

φ↑(
1−

g↑
V

A𝑞↑

)(
1−

g↓
V

A𝑞↓

)
−

g↑g↓Ω 2

4V
A2
𝑞

. (A10)

From Eqs. (A9) and (A10), we find

(EP− ε↓+
δ

2

)
−

g↓
V ∑

𝑞

1−
g↑
V

A𝑞↑(
1−

g↑
V

A𝑞↑

)(
1−

g↓
V

A𝑞↓

)
−

g↑g↓Ω 2

4V
A2
𝑞

φ↑

−Ω

2

1−
g↑g↓
V 2 ∑

𝑞

1(
1−

g↑
V

A𝑞↑

)(
1−

g↓
V

A𝑞↓

)
−

g↑g↓Ω 2

4V
A2
𝑞

φ↓ = 0, (A11)

(EP− ε↑−
δ

2

)
−

g↑
V ∑

𝑞

1−
g↓
V

A𝑞↓(
1−

g↑
V

A𝑞↑

)(
1−

g↓
V

A𝑞↓

)
−

g↑g↓Ω 2

4V
A2
𝑞

φ↓

−Ω

2

1−
g↑g↓
V 2 ∑

𝑞

1(
1−

g↑
V

A𝑞↑

)(
1−

g↓
V

A𝑞↓

)
−

g↑g↓Ω 2

4V
A2
𝑞

φ↑ = 0. (A12)

Finally, we get the equation of the poalron energy EP,(EP− ε↓+
δ

2

)
−

g↓
V ∑

𝑞

1−
g↑
V

A𝑞↑(
1−

g↑
V

A𝑞↑

)(
1−

g↓
V

A𝑞↓

)
−

g↑g↓Ω 2

4V
A2
𝑞
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×

(EP− ε↑−
δ

2

)
−

g↑
V ∑

𝑞

1−
g↓
V

A𝑞↓(
1−

g↑
V

A𝑞↑

)(
1−

g↓
V

A𝑞↓

)
−

g↑g↓Ω 2

4V
A2
𝑞



−Ω 2

4

1−
g↑g↓
V 2 ∑

𝑞

1(
1−

g↑
V

A𝑞↑

)(
1−

g↓
V

A𝑞↓

)
−

g↑g↓Ω 2

4V
A2
𝑞


2

= 0. (A13)

For g↓ = 0, we recover the energy Eq. (4) in the maintext.

Appendix B: Quasiparticle residue of the po-
laron state

The total quasiparticle residue Z = Z↑+Z↓ comprised of
the contributions of different spin states with Z↑ = |φ↑|2 and
Z↓ = |φ↓|2. Here we focus on the case of g↓ = 0. From
Eq. (A7), we have Z↓ = (Ω 2/4)(EP − ε↓ + δ/2)−2Z↑. And
the normalization condition becomes[

1+
Ω 2

4

(
EP− ε↓+

δ

2

)−2
]

Z↑

+ ∑
𝑘𝑞σ

[
1+

Ω 2

4

(
EP− ε𝑘𝑞↓+

δ

2

)−2
]
|φ𝑘𝑞↑|2 = 1. (B1)

Substituting Eq. (A11) into Eq. (A10), we have[(
EP− ε𝑘𝑞↑−

δ

2

)
− Ω 2

4

(
EP− ε𝑘𝑞↓+

δ

2

)−1
]2

|φ𝑘𝑞↑|2

=
g2

V 2

{
1− g

V ∑
𝑘

[(
EP− ε𝑘𝑞↑−

δ

2

)

−Ω 2

4

(
EP− ε𝑘𝑞↓+

δ

2

)−1
]−1}−2

Z↑. (B2)

Taking use of Eq. (B1), we obtain Z↑

1 =

[
1+

Ω 2

4

(
EP− ε↓+

δ

2

)−2
]

Z↑

+ ∑
𝑘𝑞σ

[
1+

Ω 2

4

(
EP− ε𝑘𝑞↓+

δ

2

)−2
]

×

[(
EP− ε𝑘𝑞↑−

δ

2

)
− Ω 2

4

(
EP− ε𝑘𝑞↓+

δ

2

)−1
]−2

× g2

V 2

{
1− g

V ∑
𝑘

[(
EP− ε𝑘𝑞↑−

δ

2

)

−Ω 2

4

(
EP− ε𝑘𝑞↓+

δ

2

)−1
]−1}−2

Z↑. (B3)

Finally, we get the inverse of Z↑

1
Z↑

= 1+
Ω 2

4

(
EP− ε↓+

δ

2

)−2

+ ∑
𝑘𝑞σ

[
1+

Ω 2

4

(
EP− ε𝑘𝑞↓+

δ

2

)−2
]

×

[(
EP− ε𝑘𝑞↑−

δ

2

)
− Ω 2

4

(
EP− ε𝑘𝑞↓+

δ

2

)−1
]−2

×

{
1− g

V ∑
𝑘

[(
EP− ε𝑘𝑞↑−

δ

2

)

−Ω 2

4

(
EP− ε𝑘𝑞↓+

δ

2

)−1
]−1}−2

. (B4)

Appendix C: Derivation of the molecular state
With the molecule state variational wave-function |M〉 in

Eq. (8) of the maintext, the molecule state energy EM (relative
to the Fermi sea) satisfies

EM = ∑
𝑘σ

(
|𝑞−𝑘|2

2ma
+

k2
0

2ma
+

k2

2mb

)
|ψ𝑘σ |2

+∑
𝑘

[
(𝑞−𝑘) ·𝑘0

ma
+

δ

2

](
|ψ𝑘↑|2−|ψ𝑘↓|2

)
+

Ω

2 ∑
𝑘

(ψ∗𝑘↑ψ𝑘↓+ c.c.)+ ∑
𝑘𝑘′σ

gσ

V
ψ
∗
𝑘σ ψ𝑘′σ . (C1)

Minimizing the energy functional 〈M|Ĥ|M〉, we obtain the fol-
lowing equations:

ε𝑘↑ψ𝑘↑+
Ω

2
ψ𝑘↓+

g↑
V ∑

𝑘

ψ𝑘′↑ = (EM +EF)ψ𝑘↑, (C2)

ε𝑘↓ψ𝑘↓+
Ω

2
ψ𝑘↑+

g↓
V ∑

𝑘

ψ𝑘′↓ = (EM +EF)ψ𝑘↓, (C3)

where

ε𝑘↑ =
|𝑞+𝑘+𝑘0|2

2ma
+

k2

2mb
+

δ

2
,

ε𝑘↓ =
|𝑞+𝑘−𝑘0|2

2ma
+

k2

2mb
− δ

2
.

From Eqs. (C2) and (C3), we obtain

η𝑘ψ𝑘↑ =
g↑
V
(EM +EF− ε𝑘↓)∑

𝑘′
ψ𝑘′↑+

g↓Ω
2V ∑

𝑘′
ψ𝑘′↓, (C4)

η𝑘ψ𝑘↓ =
g↓
V
(EM +EF− ε𝑘↑)∑

𝑘′
ψ𝑘′↓+

g↑Ω
2V ∑

𝑘′
ψ𝑘′↑. (C5)
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where η𝑘 = (EM +EF− ε𝑘↓)(EM +EF− ε𝑘↑)−Ω 2/4. From
Eqs. (C4) and (C5), we get(

1−
g↑
V ∑

𝑘

η
−1
𝑘

(
EM +EF− ε𝑘↓

))
∑
𝑘′

ψ𝑘′↑

−
g↓Ω
2V ∑

𝑘

η
−1
𝑘 ∑

𝑘′
ψ𝑘′↓ = 0, (C6)(

1−
g↓
V ∑

𝑘

η
−1
𝑘

(
EM +EF− ε𝑘↑

))
∑
𝑘′

ψ𝑘′↓

−
g↑Ω
2V ∑

𝑘

η
−1
𝑘 ∑

𝑘′
ψ𝑘′↑ = 0. (C7)

Finally, the self-consistent equation of the molecule en-
ergy is (

1−
g↑
V ∑

𝑘

η
−1
𝑘 (EM +EF− ε𝑘↓)

)

×

(
1−

g↓
V ∑

𝑘

η
−1
𝑘 (EM +EF− ε𝑘↑)

)

−
g↑g↓Ω 2

4V

(
∑
𝑘

η
−1
𝑘

)2

= 0. (C8)

Similarly, we go back to Eq. (9) in the maintext for g↓ = 0.
Next, we calculate ψ𝑘σ for g↓ = 0. From Eq. (C4), we

obtain [
ε𝑘↑−

Ω 2

4
ε
−1
𝑘↓

]
ψ𝑘↑ =

[
ε𝑘′↑−

Ω 2

4
ε
−1
𝑘′↓

]
ψ𝑘′↑. (C9)

Then, we have

ψ𝑘↑ =
1√
A

[
ε𝑘↑−

Ω 2

4
ε
−1
𝑘↓

]−1

, (C10)

ψ𝑘↓ =
1√
A

Ω

2
ε
−1
𝑘↓

[
ε𝑘↑−

Ω 2

4
ε
−1
𝑘↓

]−1

, (C11)

where

A = ∑
𝑘

(
1+

Ω 2

4
ε
−2
𝑘↓

)[
ε𝑘↑−

Ω 2

4
ε
−1
𝑘↓

]−2

. (C12)
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