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Light shift is important and inevitably affects the long-term stability of an atomic clock. In this work, considering two
unbalanced branches of the spontaneous decay rate in a three-level system, we studied the frequency shifts of electromagnetically induced transparency (EIT) and coherent population trapping (CPT) clocks operating under the pulse sequence
regime by numerically solving the Liouville density matrix equations. The results show that the frequency shifts are larger
when the two branches of spontaneous emission rate are not equal compared to the equal case. In addition, in EIT-Ramsey,
the effect of the unbalanced branches of the spontaneous decay rate and relaxations of low-energy states on the frequency
shift is greater than that of Rabi frequency. In CPT-Ramsey, the relaxations of low-energy states play a dominant role in
frequency shift.
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A compact atomic clock is very important to many applications, such as global positioning system (GPS), inertial navigators, distributed networks, and so on. [1] Earlier researches on this type of the frequency standards are based on
the interactions between light (microwave) and atoms, such as
light–microwave double resonances. [2] Recently, electromagnetically induced transparency (EIT) and coherent population
trapping (CPT) have been extensively studied because of their
very interesting phenomena. [3–7] One interesting phenomenon
is that they have a very narrow spectroscopic line which can
be applied to sensitive metrology, such as the use for the frequency standard and optical magnetometry. [8] Especially, they
can be used to obtain the clock signal of a compact vapor cell
or laser cooling cold ensemble atoms devices. Within the microwave frequency range, due to the absence of microwave
cavity, they have been considered to be applied to realistic
navigation and movable systems. [9–15] In the optical frequency
regime, the EIT (CPT) approach has been used to generate
optical atom clock transition signal. [16] It is well known that
frequency shift is very important to the long-term stability of
a frequency standard. In EIT (CPT)-Ramsey (EIT-Ramsey,
CPT-Ramsey) spectroscopy, [17–20] since the lasers are used in
a time-separated way and there is a dark zone without lasers
interacting with atoms, the frequency shift will be reduced.
However, the frequency shift is still affected by the parame-

ters of light fields and atoms, such as the difference between
the two branches of the spontaneous decay rate, relaxations of
low-energy states, Rabi frequency, etc. [17–19] In an alkali metal
three-level atomic system, [21] the populations of the excited
state decay into the two low-energy states with equal rates,
but in an alkaline-earth metal three-level atomic system, [16]
two branches of spontaneous emission rate are different. Besides, there are several differences between the EIT and CPT
processes, [22–24] for example, two lasers called coupling and
probe lasers with different intensities are applied to the threelevel atomic ensemble in the EIT process. Usually the coupling laser is much more intense than the probe laser. As a
result, in the atom system, most of the populations stay in the
state which interacted with the probe laser. Compared to the
EIT process, in a CPT process, the two lasers applied to the
atomic system have almost equal intensity. This interaction
results in the equal population distribution of the low-energy
states for the atoms. Since the two unbalanced branches of the
spontaneous decay rate and the two unequal Rabi frequencies
will induce the unequal population distributions in the atomic
system, the unequal population distributions will induce larger
frequency shifts. Therefore, in this work, we closely investigated the frequency shifts under the Ramsey spectroscopies
with the different Rabi frequencies, two unbalanced branches
of spontaneous rate, as well as the relaxations of atomic low-
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energy states by strict numerical calculations. On this basis,
we further analyzed and compared the influence of these parameters on the frequency shifts in the EIT-Ramsey and CPTRamsey processes.
The laser–atom interaction system is shown in Fig. 1.
Two lasers are applied to a closed Λ -type three-level atomic
system, as shown in Fig. 1(a). |1i is the ground state of
an atom, |2i is the ground state for an alkaline atom or the
metastable state for an alkaline-earth atom, which can be the
clock transition states, and |3i is the excited state. The two
lasers drive the transitions from the states |1i, |2i to the excited state. We used the density matrix to represent the atomic
system, so that the population transfer caused by the spontaneous emission of the excited state and the collision between
the low energy states can be naturally included in the density matrix equation. Considering all relaxations and decoherences, the temporal evolution of the light–atom interaction
system is given by the liouville density matrix equation
d
1
ρ = [H, ρ] + Rρ,
dt
i h̄

(1)

where H is the Hamiltonian of the system and R is the relaxation. Under the rotation wave approximation, the optical
Bloch equations can be obtained which describe the temporal
evolution of the density matrix,
ρ̇11 = (iΩ1 ρ13 + c.c.) + Γ31 ρ33 − γ(ρ11 − ρ22 ),
ρ̇22 = (iΩ2 ρ23 + c.c.) + Γ32 ρ33 − γ(ρ22 − ρ11 ),
ρ̇33 = − (iΩ1 ρ13 + c.c.) − (iΩ2 ρ23 + c.c.) − Γ ρ33 ,


Γ +γ
+ i∆1 ρ13 ,
ρ̇13 = iΩ1 (ρ11 − ρ33 ) + iΩ2 ρ12 −
2


Γ +γ
ρ̇23 = iΩ2 (ρ22 − ρ33 ) + iΩ1 ρ21 −
+ i∆2 ρ23 ,
2
ρ̇12 = −iΩ1 ρ32 + iΩ2 ρ13 − [γ + i(∆1 − ∆2 )]ρ12 ,
(2)
where ρii (i = 1, 2, 3) correspond to the atomic population,
and ρ ji = ρi∗j (i, j = 1, 2, 3), which correspond to coherence
between the atomic states. ρ11 + ρ22 + ρ33 = 1 is the population conservation for a closed system. The laser with the
Rabi frequency Ω1 drives the transition between the states |1i
and |3i. The laser with the Rabi frequency Ω2 is applied to the
transition from the state |2i to the state |3i, where the Rabi frequencies Ω1 and Ω2 are determined by the product of the electric dipoles in |1i ↔ |3i transition and |2i ↔ |3i transition and
the electric field amplitudes, respectively. ∆1 and ∆2 are the
one-photon detunings of the two lasers, respectively. ∆0 = ∆1
is the common optical detuning, δ = ∆1 − ∆2 is the Raman detuning in the configuration, where the frequency of one laser
is fixed while the other laser is frequency scanned. Γ is the
decay rate from the excited state to the low energy states, and
Γ31 and Γ32 are the decay rates from the excited state |3i to the
states |1i and |2i, respectively, which may or may not be the

same. γ is the relaxation of the low energy states (γ1 = γ2 = γ).
The density matrix equation completely describes the characteristics of the system, such as transient dynamics, population
transition, and quantum coherence between states.
(a)
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Fig. 1. The laser–atom interacting system for generating Ramsey spectral
lines. (a) Diagram for lasers Λ -type atoms interacting and its related transitions. The laser with Rabi frequency Ω1 and the other laser field with Rabi
frequency Ω2 drive the transitions |1i ↔ |3i and |2i ↔ |3i, respectively. The
decay rate of the excited state to the low energy states is Γ and the relaxation
rate of the low energy states is γ. (b) Time sequence for generating Ramsey
spectral line. EIT (CPT) laser–atom interacting time is τ and free evolution
time is T . The detecting time is τq .

For the generation of Ramsey spectrum, the pulse action
time sequence is shown in Fig. 1(b). The first laser pulse is
CPT (EIT) generation pulse, and its duration τ should be long
enough so that the atoms can reach the dark state. The choice
of this time is based on the formation of steady state. If the
time is short, the steady-state coherence of the low-energy
states will not be formed, and the frequency shifts will increase. After coherent preparation, the atoms will undergo
free evolution within the duration T . During the free evolution duration, there are no interactions between the lasers and
the atoms. In this stage, there is a cumulative phase difference between the atomic coherence and the evolution phase
of the Raman field. The line width and frequency shift of the
atomic clock transition spectrum are inversely proportional to
this time. However, due to relaxations of the atomic states
and working environment of the atomic clock, a longer T will
reduce the signal-to-noise ratio of the atomic clock transition
spectrum. The appropriate free evolution time is usually selected according to the ratio of line width and signal-to-noise
ratio. After the free evolution, a short pulse is used to detect Ramsey interference. The longer detection time τq will
result in the optical re-pumping process and the increase of
frequency shift. Since the query pulse is very short, the Ramsey interference fringes detected by the query pulse cannot be
studied by steady-state analysis. Therefore, we used accurate
numerical calculation on the density matrix equation given by
Eq. (2). In the computation process, we used the following ini0 = 0.6, ρ 0 = 0.4, ρ 0 = ρ 0 = 0 (i, j = 1, 2,
tial parameters: ρ11
ij
22
33
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3), where ρii0 represents the initial population of states |1i, |2i,
and |3i in turn, and ρi0j represents the initial values of the Raman coherence. Ramsey interference fringes are obtained by
repeated calculation for the different δ values around δ = 0.
The frequency shift we calculated is the shift of the center
fringe.
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shift of EIT-Ramsey is an order of magnitude larger than that
of CPT-Ramsey. The reason is that the unequal populations of
low-energy states in EIT caused by two unequal Rabi frequencies result in a greater frequency shift. Therefore, in order to
obtain a smaller frequency shift, it is necessary to control the
decays of the excited state, especially for CPT-Ramsey process.
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Fig. 2. (a) FSs of the center fringe of the EIT-Ramsey on the ρ33 excited
state population vs. the common optical detuning ∆0 with the different
normalized branch ratio ϒ. The Rabi frequencies are Ω1 = 0.02Γ and
Ω2 = 0.005Γ . The decay rates of the ground state are γ = 1 × 10−4 Γ .
The normalized branch ratios are ϒ = 0 (red soild line), ϒ = 1/3 (blue
dashed line), and ϒ = 1/2 (black dotted line) respectively. (b) FSs of the
center fringe of the CPT-Ramsey on the ρ33 excited state population vs.
the common optical detuning ∆0 with the different normalized branch
ratio ϒ. The Rabi frequencies are Ω1 = Ω2 = 0.005Γ . The decay rates
of the ground state are γ = 1×10−4 Γ . The normalized branch ratios are
ϒ = 0 (red soild line), ϒ = 1/3 (blue dashed line), and ϒ = 1/2 (black
dotted line) respectively.

The difference of two branches of decay rate from the
excited state to the low-energy states is expressed as the normalized branch ratios ϒ. The normalized branch ratio ϒ is
given by ϒ = (Γ31 − Γ32 )/(Γ31 + Γ31 ). ϒ = 0 corresponds to
the balanced decay rates, on the contrary, ϒ 6= 0 corresponds
to the unbalance decay rates. The more unbalanced the two
branches of the decay rate are, the larger the value of ϒ is. The
precise calculation result of the frequency shift (FS) with respect to the normalized branch ratio ϒ is shown in Fig. 2. For
higher normalized branch ratios, the frequency shift of EIT
(CPT) Ramsey processes will increase. Especially in the CPTRamsey shown in Fig. 2(b), when the two branches of the decay rate are no longer equal, the frequency shifts will be 15
times larger than the case of equalization. In the EIT-Ramsey
shown in Fig. 2(a), the frequency shift slightly increases with
the increase of the normalized branch ratio. In addition, when
the two branches of decay rate are unbalanced, the frequency
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Fig. 3. (a) FSs of the center fringe of the EIT-Ramsey on the ρ33 excited state population vs. the common optical detuning ∆0 with the
different parameters ϒ and γ. The Rabi frequencies are Ω1 = 0.02Γ
and Ω2 = 0.005Γ . The decay rates of the low energy states are
γ = 1 × 10−4 Γ (soild line) and γ = 5 × 10−4 Γ (dashed line) respectively. The normalized branch ratios are ϒ = 0 (red line), ϒ = 1/3 (blue
line), and ϒ = 1/2 (black line) respectively. (b) FSs of the center fringe
of the CPT-Ramsey on the ρ33 excited state population vs. the common
optical detuning ∆0 with the different parameters ϒ and γ. The Rabi
frequencies are Ω1 = Ω2 = 0.005Γ . The decay rates of the low energy
states are γ = 1 × 10−4 Γ (soild line) and γ = 5 × 10−4 Γ (dashed line)
respectively. The normalized branch ratios are ϒ = 0 (red line), ϒ = 1/3
(blue line), and ϒ = 1/2 (black line) respectively.

The frequency shifts of the EIT (CPT)-Ramsey with respect to the normalized branch ratio ϒ and the low-energy
state relaxations γ are shown in Fig. 3. Different color lines
in Fig. 3 represent different normalized branch ratios, and different kinds of lines represent the different relaxations of lowenergy states. It can be clearly seen that frequency shifts in
the two processes will increase with the increasing normalized branch ratios ϒ and relaxations of low-energy states γ.
However, there is a difference between the two processes. In
the EIT-Ramsey shown in Fig. 3(a), the light shifts increase
slightly with the increase of relaxations of the low-energy
states γ and the normalized branch ratios ϒ. In the CPTRamsey process shown in Fig. 3(b), the relaxations of the lowenergy states γ affect the frequency shifts more seriously than
the normalized branch ratio ϒ. The main reason is that the
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higher relaxations of the low-energy states can destroy the coherence of the low-energy states for the CPT-Ramsey, thereby
causing a greater frequency shift. Therefore, the importance
of controlling the relaxations of the low-energy states is far
greater than controlling the decays of the excited state in the
CPT-Ramsey.
For the different normalized branch ratio ϒ and the Rabi
frequency Ωi (i = 1, 2), the variation of the frequency shift
is shown in Fig. 4. It can be seen that whether it is EITRamsey or CPT-Ramsey, the frequency shifts decrease as the
Rabi frequencies increase. Under the pulse excitation, the
physical picture of frequency shift is the residual coherence of
the atomic states before the new coherent preparation. When
higher light intensities are used, the frequency shift is reduced due to pulse saturation (Ω τ  1). Comparing Fig. 4(a)
with Fig. 4(b), it is found that the influence of the normalized
branch ratio ϒ on frequency shifts is slightly greater than Rabi
frequency Ωi in the EIT-Ramsey. But in the CPT-Ramsey,
when the normalized branch ratio is not 0, the Rabi frequency
has a stronger impact on the frequency shift.

cesses, the influences of the three parameters on the frequency
shifts are different. In order to more intuitively know how the
frequency shifts are affected by the three parameters, we accurately calculated the frequency shifts of EIT (CPT)-Ramsey
with the different parameters ϒ, γ, Ωi (i = 1, 2). The computed result is shown in Fig. 5. For the frequency shifts of EITRamsey process shown in Fig. 5(a), the influence of the parameters ϒ and γ on the frequency shifts is slightly larger than that
of the parameter Ωi (i = 1, 2). Consequently, the frequency
shift corresponding to the green dashed line is much larger
than that of the red dashed line. Therefore, in order to obtain
a smaller frequency shift, the three parameters need to be adjusted respectively to obtain the most appropriate values. For
the case of CPT-Ramsey shown in Fig. 5(b), γ has the greatest
influence on the frequency shifts and it is much larger than the
influence of other factors on the frequency shift. Therefore,
in order to reduce frequency shifts in the CPT-Ramsey process, the relaxations of the low-energy states should be well
controlled.
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Fig. 4. (a) FSs of the center fringe of the EIT-Ramsey on the ρ33 excited
state population vs. the common optical detuning ∆0 with the different
parameters ϒ and Ωi (i = 1, 2). The decay rates of the low energy states
are γ = 1×10−4 Γ . The normalized branch ratio are ϒ = 0 (red line) and
ϒ = 0.5 (blue line) respectively. The Rabi frequencies in EIT1, EIT2,
and EIT3 are Ω1 = 0.02Γ , Ω2 = 0.005Γ (soild line), Ω1 = 0.03Γ , Ω2 =
0.005Γ (dashed line), and Ω1 = 0.03Γ , Ω2 = 0.0075Γ (dotted line), respectively. (b) FSs of the center fringe of the CPT-Ramsey on the ρ33
excited state population vs. the common optical detuning ∆0 with the
different parameters ϒ and Ωi (i = 1, 2). The decay rates of the low energy states are γ = 1 × 10−4 Γ . The normalized branch ratios are ϒ = 0
(red line) and ϒ = 0.5 (blue line) respectively. The Rabi frequencies are
Ω1 = Ω2 = 0.03Γ (soild line), Ω1 = Ω2 = 0.02Γ (dashed line), and
Ω1 = Ω2 = 0.01Γ (dotted line) respectively.

Fig. 5. (a) FSs of the center fringe of the EIT-Ramsey on the ρ33 excited
state population vs. the common optical detuning ∆0 with the different
parameters ϒ, γ, and Ωi (i = 1, 2). The Rabi frequencies in EIT1 and
EIT2 are Ω1 = 0.02Γ , Ω2 = 0.005Γ (soild line) and Ω1 = 0.03Γ , Ω2 =
0.005Γ (dashed line), respectively. The normalized branch ratio and
the decay rates of the low energy states are ϒ = 0, γ = 1 × 10−4 Γ (red
line), ϒ = 0, γ = 5 × 10−4 Γ (blue line), ϒ = 0.5, γ = 1 × 10−4 Γ (black
line), ϒ = 0.5, and γ = 5 × 10−4 Γ (green line) respectively. (b) FSs
of the center fringe of the CPT-Ramsey on the ρ33 excited state population vs. the common optical detuning ∆0 with the different parameters ϒ, γ, and Ωi (i = 1, 2). The Rabi frequencies in CPT1 and CPT2
are Ω1 = Ω2 = 0.005Γ (soild line) and Ω1 = Ω2 = 0.03Γ (dashed
line), respectively. The normalized branch ratios and the decay rates
of the low energy states are ϒ = 0, γ = 1 × 10−4 Γ (red line), ϒ = 0,
γ = 5 × 10−4 Γ (blue line), ϒ = 0.5, γ = 1 × 10−4 Γ (black line), and
ϒ = 0.5, γ = 5 × 10−4 Γ (green line) respectively.

All these parameters ϒ, γ, and Ωi (i = 1, 2) affect the
variations of the frequency shifts. But under the different pro-

In conclusion, we accurately calculated the frequency
shifts with the different parameters in the EIT (CPT)-Ramsey
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pulse processes, such as the normalized branch ratio, the relaxation rates of the low-energy states, and the Rabi frequencies. The results show that the frequency shifts are closely
related to these parameters. In both processes, the frequency
shifts increase with the increases of the normalized branch ratio and relaxations of the low-energy states, and decrease with
the increase of the Rabi frequency. The difference is that the
influence of the normalized branch ratio and the relaxations
of the low-energy states on frequency shifts is slightly larger
than that of the Rabi frequency in the EIT-Ramsey process.
However, in the CPT-Ramsey process, the frequency shifts
are closely related to the relaxations of the low-energy states,
which has a more significant influence on the frequency shifts
than other parameters. Our research can be used for threelevel atomic system of alkaline-earth metal atoms, such as 88 Sr
atom. States 1 S0 , 3 P0 , and 1 P1 can form a three-level atomic
system of 88 Sr atom. In such a system, the lasers drive the
transition between states 1 S0 and 1 P1 and the transition between states 3 P0 and 1 P1 .
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