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A universal locking model for single ion optical clocks was built based on a simple integrator and a double integrator.
Different integrator algorithm parameters have been analyzed in both numerical simulations and experiments. The frequency variation measured by the comparison of two optical clocks coincides well with the simulation results for different
second integrator parameters. According to the experimental results, the sensitivity of the servo error influenced by laser
frequency drift with the addition of a double integrator was suppressed by a factor of 107. In a week-long comparison
of optical clocks, the relative uncertainty of the servo error is determined to be 1.9 × 10−18 , which is meaningful for the
systematic uncertainty of the transportable single 40 Ca+ ion optical clock entering the 10−18 level.
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1. Introduction
Owing to the developments in ultracold atomic systems
and the improvement in laser frequency stabilization technology, optical clocks have achieved a better performance over
the past few decades. As a competitive candidate for the nextgeneration second definition, [1] the frequency stability and uncertainty of optical clocks have been rapidly developing. [2–8]
Meanwhile, in different application areas, such as chronometric leveling, the measurement of the fundamental constants,
and the search for dark matter, higher demands for a higher
frequency stability and uncertainty have been raised. [9–12]
As a connector, the servo algorithm adjusts the frequency
of optical local oscillator into resonance with the clock transition, realizing automatic interrogation and locking of the
clocks. In a simple integrator algorithm, the servo error caused
by laser frequency drift may become an obstacle in uncertainty
evaluation of high-precision optical clocks. Adding a second
integrator after the simple integrator is effective in suppressing
the servo error caused by linear frequency drift. [13–16] However, in these studies, servo error evolution functions evolving
with different second integrator parameters are not mentioned,
and only empirical parameters are given. To accurately determine the second integrator parameters when applied to an
optical clock under different circumstances, it is necessary to
evaluate how the servo error varies with the variation of the
second integrator parameters.

In this paper, we built an optical clock locking model to
investigate the servo error variation with different second integrator parameters. According to the simulations, the sensitivity of the servo error influenced by laser frequency drift
is suppressed as a function of experimental decay when second integrator parameters increase. To demonstrate the simulation results, we measured the frequency variation of the
clock with different second integrator parameters. The frequency variation coincides well with the simulation results
for different second parameters. A rejection ratio of 107 was
achieved when the double integrator algorithm was employed.
The servo error uncertainty of the clock was evaluated as
1.9 × 10−18 , operating with optimal double integrator parameters for a week while all other parameters remain the same,
improved by an order of magnitude.

2. Numerical simulation
For single ion optical clocks, interrogation must be repeated dozens of times to obtain quantum jumps and calculate
the excitation probability when the servo algorithm is applied.
The electron shelving scheme [17,18] is used for the quantum
jump experiments in our single 40 Ca+ ion optical clock. The
four-point locking scheme [19,20] is used to maintain the detection laser resonance with the clock transition. Suppose that
the interrogation laser frequency of the n-th servo interval is
fn , closed to the center of the resonance line, and that the
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full width at half maximum (FWHM) of the resonance spectrum is 2δ . The detection laser frequency can be expressed as
fl = fn − δ and fr = fn + δ . The error signal en of the n-th
servo interval can be calculated as follows:
en = δ ·

Nl − Nr
.
Nl + Nr

means that the sum of the error signal can be considered as an
indicator of servo error caused by laser frequency drift. The
recurrence formula of the double-integrator servo algorithm
becomes
m

(1)

fn+1 = fn+1 − G · en − I ·

∑

ei ,

(3)

i=n−m+1

Laser frequency of the next interval is
fn+1 = fn − G · en ,

where the second integrator gain I is added as a factor to adjust
the servo response to laser frequency drift, and m is the number of errors counted to calculate the sum of the error signal,
corresponding to the second integration time.

(2)

where G is the gain of the simple servo algorithm, G · en is the
n-th frequency correction applied before the n + 1 interval is
started, and Nl and Nr are the quantum jump numbers, respectively.
Because the simple servo algorithm only includes information of the laser frequency and error signal during the n-th
servo interval, it will cause a servo error if the laser frequency
drifts during the n + 1 servo interval. A correction based on
laser frequency drift prediction should be added to the algorithm to reduce the servo error, which is the so-called second
integrator. For a perfect servo algorithm, the sum of the error
signal should be zero over a long period of time. It significantly deviates from zero when a servo error exists, which

2.1. Simulation of the simple integrator algorithm
We built a single ion optical locking model with parameters based on the clock-locking process to simulate the servo
error variation by different algorithms. The linewidth of the
clock transition is 13.4 Hz, corresponding to a probe time of
60 ms. The linear drift of laser frequency changes within the
range of −25 mHz/s to +25 mHz/s, and each servo interval
takes 10 s to complete the interrogation of the spectrum, leading to a frequency change between −250 mHz and +250 mHz
after one servo finishing.
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Fig. 1. Simulations of servo response and servo error evaluation at a 50-mHz/s laser drift rate under a simple integrator algorithm. The curves are
labeled by simple integrator gain G: (a) variation of frequency difference over time since algorithm started, (b) variation of servo error over time since
algorithm started, (c) variation of frequency difference over frequency linear drift rate, and (d) variation of SFD over gain G of simple integrator. Red
dashed curve shows the experimental decay fitting of SFD.

The simple integrator algorithm was the first to be inves-

at a rate of 50 mHz/s, the frequency difference changes since

tigated in our locking model. The servo error and frequency

locking starts, as shown in Fig. 1(a). As the simple integra-

response under different gains G are depicted in Fig. 1 with

tor gain G increases, the time required for the servo to stabi-

different colored curves. When the laser frequency increases

lize becomes shorter and the stable state difference decreases
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at the same time. The error signal shares a similar rule with
the frequency difference over time, as shown in Fig. 1(b). In
the following discussion of this paper, we consider the frequency difference as the main research object. In Fig. 1(c),
the frequency difference between the detection laser and clock
transition varies linearly with drift rate when the gains are optimized. The slope of the lines in Fig. 1(c) represents the sensitivity of the servo error influenced by the linear frequency
drift, which is abbreviated as the slope of the frequency difference (SFD) in the following discussion. As shown in Fig. 1(d),
the SFD decreases with simple integrator gain G according to
the law of experimental decay. However, it is disappointing
that a perfect servo algorithm cannot be realized, although the
SFD becomes smaller while the simple integrator gains G increases. By contrast, the increment of the simple integrator
gain G is ineffective after SFD reaches the saturation region.
However, the over-feedback error signal derived from excessive gain may decrease the frequency stability of the optical
clock. [21] Under a comprehensive consideration, the optimized

simple integrator gain is set as G = 1.0. Based on a simple integrator algorithm with optimum gain, the residual servo error
can be further suppressed by the addition of the second integrator.
2.2. Simulation of the double integrator algorithm
Similar to the simple integrator algorithm, we analyze the
servo response of the double integrator algorithm from the aspects of time, drift rate, and SFD. The simple integrator gain is
set as G = 1.0, throughout the double integrator algorithm simulation process. In Figs. 2(a) and 2(b), the second integrator
gain I and quantum projection noise were considered simultaneously under the second integrator number m = 50. Benefitting from the increase in the second integrator gain I, the
frequency difference caused by laser frequency drift decreases
dramatically and oscillates for a longer time, reaching the
limit when I approaches 1/10 of G in Fig. 2(a). The oscillation
will not constrict if the second integrator gain I is too large.
3

I=0
I=0.029
I=0.088
I=0.147

0.4
0.3
0.2
0.1
0
0

5

10
15
Time (103 s)

0
-1
0

0
I=0
I=0.029
I=0.029
I=0.088
I=0.147

-0.1
-0.2

-0.3
-30 -20 -10 0
10
20
Drift rate (mHzSs-1)
(e)

10

30

m=20
m=40
m=60
m=100
m=100

8
6
4

5

10
15
Time (103 s)

20

(d)

0.05
0
m=20
m=40
m=40
m=60
m=80

-0.05

-0.10
-30 -20 -10 0
10
20
Drift rate (mHzSs-1)
(f)

10
SFD (s)

Difference (Hz)

Difference (Hz)

0.1

SFD (s)

1

0.10
(c)

I=0.088
I=0.147

2

-2

20

0.3
0.2

I=0
I=0.029

(b)

(a)

Difference (Hz)

Difference (Hz)

0.5

2

30

I=0.029
I=0.059
I=0.088
I=0.147
I=0.147

8
6
4
2

0
0

0.05

0.10

0.15

I

0

0

20

40

60

80

100

m

Fig. 2. Simulations of servo response evaluation under double integrator algorithm. The simple integrator gain is set as G = 1.0 throughout the simulation
process. Simulation with QPN is labeled by the red dashed line in panels (c)–(f). Variations of servo response to a 50-mHz/s drift rate (a) without QPN
after the algorithm starts and (b) with QPN. Curves in both graphs are labeled by second integrator gain I. Variation of frequency difference over frequency
linear drift rate labeled by (c) second integrator gain I when m = 50 and (d) second integrator number m when I = 0.088. (e) Variation of SFD over gain I
of second integrator when m = 50. (f) Variation of SFD over m of the second integrator when I = 0.088.
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The QPN is 8- to 20-times the servo error under the double integrator algorithm according to the amplitude of the frequency
difference in panels (a) and (b). To minimize the effect of
QPN, the frequency differences of detection laser and clock
transition are averaged for 2 × 104 s after the oscillation becomes stabilized when analyzing the SFD. The same strategy is implemented for the frequency difference evaluation in
clock comparison experiments.
Both the second integrator parameters I and m have an
impact on the frequency difference, as shown in Figs. 2(c) and
2(d). The curves in Figs. 2(e) and 2(f) illustrate the variation of
the SFD over the second integrator parameters I and m, respectively. In Figs. 2(c)–2(f), simulations without QPN are labeled
as solid lines and those with QPN are indicated by dashed
lines. The SFD is suppressed as a function of experimental decay when second integrator parameters I or m increases. Both
the second integrator parameters I and m are indispensable,
and the improper setting of either will make the servo error
more sensitive to laser frequency drift. It is also demonstrated
that QPN will not have an effect on the servo when averages
are taken, according to the dashed curves shown in Figs. 2(c)–
2(f), where the variation is randomly distributed around curves
without QPN.

3. Experimental set up
The double integrator algorithm was applied to both
transportable clocks involved in the frequency comparison with all other parameters being constant. The aspects of clock 1 are the same as those mentioned in our previous study, [22] except that the ring trap is replaced by a linear Paul trap. Clock 2 is a newly established transportable
optical clock that is more miniaturized and integrated than
clock 1. All lasers and optical components involved in clock
2 are integrated into a 75 cm ×35 cm×25 cm module, and
lasers are stabilized using a multi-channel cavity during clock
operation. [23] In both clocks, measurements of three pairs
of Zeeman components were taken to eliminate the electric
quadrupole shift [24] while locking the clocks. As shown in
Fig. 3, we measured three pairs of Zeeman components by
changing the frequency shift of AOM 1 before trap 1. Frequency corrections are added to the frequency of AOM 1 during clock 1 locking, and the average frequency of three pairs of
Zeeman components is applied to AOM 10 when each servo interval is finished. The laser beam shifted by AOM 10 was used
for clock transition frequency output and clock comparison.
Clock 2 shares the same locking scheme as clock 1. Throughout the comparison experiment, the two clock lasers are stabilized to two independent ultra-stable Fabry–Perot cavities
using the Pound–Drever–Hall (PDH) technique. [23,25,26] The
drift rate of the clock laser is controlled by adjusting the frequency sweeping speed of the AOM 100 and AOM 200 drivers
before the cavity every 30 min.
40 Ca+
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Fig. 3. Schematic diagram of comparison between two clocks. The optical
path is denoted by red solid lines. The servo path is denoted by black dashed
lines. AOM: acoustic optical modulator; PD: photodetector.

For one clock, the frequency change of the clock transition frequency output needs to be measured when evaluating
optimum second integrator parameters. During the frequency
comparison, clock 1 works as a reference clock, the laser frequency drift rate of which is compensated between −5 mHz/s
and +5 mHz/s. The other works as an undetermined clock, the
laser frequency drift rate of which varies from −80 mHz/s to
+80 mHz/s. Because the laser frequency drift rate in clock 1
is much smaller than that in clock 2, the clock transition frequency output of clock 1 is much more stable than that of clock
2 even in simple integrator algorithm, according to the simulation. Thus, the clock transition frequency output of clock
2 mainly contributes to the frequency difference between the
two clocks.

4. Experimental results
Figure 4 shows a typical process for determining the optimal second integrator parameters based on a series of frequency comparison between two clocks. First, we assess the
influence of the second integrator gain I on the frequency difference between clock 1 and clock 2. As shown in Fig. 4(a),
the frequency difference changes linearly with the drift rate
of clock laser 2. Similar to the numerical simulation, we use
the SFD as a key indicator in the servo parameter evaluation.
When the second integrator number m is 30, five SFDs under
different second integrator gains I are obtained and marked as
black dots in Fig. 4(c). As can be seen from the figure, the SFD
reduction becomes negligible when the second integrator gain
I increases by more than 0.088. Second, the same approach
was used to study the influence of the second integrator number m on the frequency difference, as shown in Fig. 4(b). In
Fig. 4(d), the SFD under different second integrator numbers
m displays a similar law as that in Fig. 4(c), except for a much
smaller SFD value.
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Finally, the slope of the servo error (SSE) to the drift rate
has the same trend as the SFD throughout the comparison.
Benefitting from the preferable second integrator parameters,
the convergence of the SSE shown in Fig. 4(d) is smaller than
that in Fig. 4(c). It is worth noting that SSE decreases more
slowly than SFD when either the second integrator parameter
I or m is small, which should be considered when the SSE is
taken as an indicator for parameter optimization. Overall, the
experimental results over the entire comparison process were
in good agreement with the simulations. A rejection ratio of
107 was achieved by dividing the slope of the black dashed
line in Fig. 4(a), and the green dashed line in Fig. 4(b). During
a week-long locking of clock with optimized second integrator parameters and the remaining same parameters, the relative servo error uncertainty was determined to be 1.9 × 10−18 ,
which was enhanced by an order of magnitude compared to
that only with the simple integrator algorithm.

5. Conclusion
In summary, we simulated the servo response and servo
error of a single ion optical clock with different second integrator parameters. Frequency comparisons between two clocks
were carried out to verify the simulation results. The experimental results coincided well with the simulation. With the
optimized parameters, the SFD was suppressed by a factor of
107. The relative uncertainty of the servo error was evaluated
as 1.9 × 10−18 during a week-long comparison of the clocks, a
10-fold improvement compared with the simple integrator al-

gorithm under the same laser frequency drift rate. The double
integrator algorithm has shown significant potential in building a 10−18 level optical clock.
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