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Peierls-phase-induced topological semimetals in an optical lattice:
Moving of Dirac points, anisotropy of Dirac cones, and hidden
symmetry protection
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We propose a square optical lattice in which some of neighbor hoppings have a Peierls phase. The Peierls phase
makes the lattice have a special band structure and induces the existence of Dirac points in the Brillouin zone, which means
that topological semimetals exist in the system. The Dirac points move with the change of the Peierls phase and the Dirac
cones are anisotropic for some vales of the Peierls phase. The lattice has a novel hidden symmetry, which is a composite
antiunitary symmetry composed of a translation operation, a sublattice exchange, a complex conjugation, and a local U(1)
gauge transformation. We prove that the Dirac points are protected by the hidden symmetry and perfectly explain the
moving of Dirac points with the change of the Peierls phase based on the hidden symmetry protection.
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1. Introduction
Presently, topological matters are important themes in
condensed matters. [1,2] Among them, topological semimetals as gapless topological matters attract much attention of
physicists. [3–8] Topological semimetals have band-touching
points in Brillouin zone. Near the band-touching points, the
dispersion relations are linear, which leads to the cone-like energy bands. the quasiparticles satisfy the Dirac (Weyl) equation and the quasiparticles are considered as Dirac (Weyl)
fermions, so the band-touching points and the cone-like energy bands are called as Dirac (Weyl) points and Dirac (Weyl)
cones, respectively.
In the last two decades, ultracold atom techniques have
been tremendously developed and the high controllablity and
high accuracy make them become a platform to study many
interesting physics in condensed matters. [9–12] Concretely,
ultracold atoms in optical lattices have been used to explore strongly correlated many-body systems of bosonic or
fermionic particles, such as the superfluid–Mott phase transition of the Bose–Hubbard model. [13–15] The experimental realizations of artificial gauge potentials experienced by neutral
atoms allow the investigation of new physical regimes, [16–19]
such as quantum Hall effect. Quantum magnetism has
been simulated with ultracold atoms in optical lattices. [20–24]
The development of ultracold atom techniques also provides
new opportunities to study topological semimetals in optical
lattices, [25–32] especially, some of which are hardly realized in
solid real materials.

In this paper, we consider a square optical lattice where
some of neighbor hoppings have a hopping-accompanying
phase, i.e., a Peierls phase. [19] When the value of the Peierls
phase is in the range (0, 2π), the energy bands have two Dirac
points at some positions of the Brillouin zone. The two Dirac
points have opposite topological charges. The positions of the
Dirac points are dependent on the value of the Peierls phase,
that is to say, the Dirac points move in the Brillouin zone
when the Peierls phase changes. When the Peierls phase is
π, the Dirac cones are isotropic, and when the Peierls phase
has other values, the Dirac cones are anisotropic. We define an anisotropy factor for the Dirac cones and find that the
anisotropy factor is dependent on the Peierls phase. It is intriguing that the lattice has a special hidden symmetry, which
is a composite antiunitary symmetry composed of a translation
operation, a sublattice exchange, a complex conjugation, and
a local U(1) gauge transformation. It is shown that the Dirac
points are protected by the hidden symmetry and the moving
of the Dirac points in the Brillouin zone with the Peierls phase
varying can be perfectly explained by the hidden symmetry
protection.

2. Model and hidden symmetry
Here, we consider ultracold atoms in a square optical lattice as shown schematically in Fig. 1(a). In this lattice, some
of neighbor hoppings are accompanied by a Peierls phase with
the value 0 < γ < 2π, so that the translation symmetry is broken and the lattice is divided into two sublattices denoted as
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A and B. The corresponding tight-binding Hamiltonian can be
written as
H = −t ∑ [a†i bi+x̂ + a†i bi−x̂ + a†i bi+ŷ
i∈A
+ e iγ a†i bi−ŷ ] + H.c.,

(1)

where ai destructs a particle at the site i in sublattice A and
b j destructs a particle at site j in sublattice B; x̂ ≡ (1, 0) and
ŷ ≡ (0, 1) represent the unit vectors in the x and y directions,
respectively; and t is the hopping amplitude along the x and y
directions.
1.0

(a)

ϒ 2 = T2x̂ ,

ky/π

0

where T2x̂ is a translation operator along the x direction by 2x̂.
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tor for spinless particles; σx is the Pauli matrix representing
the sublattice exchange; and ( e iγ )iy is a U(1) local gauge
transformation. As shown in Fig. 2, the lattice keeps invariant after it is sequentially operated by the translation operation Tx̂ , the complex conjugation K, the sublattice exchange
σx , and the local U(1) gauge transformation ( e iγ )iy . The invariance indicates that, under this composite operation, the
Hamiltonian obeys H = ϒ Hϒ −1 , where the inverse operator
is ϒ −1 = ( e iγ )iy σx KTx̂−1 . It is easy to prove that the ϒ operator satisfies

Tx⊥
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Fig. 1. (a) Schematic of the optical lattice. The arrows represent the Peierls
phase γ; the blue and green filled circles represent the lattice sites of sublattices A and B, respectively. (b) The first Brillouin zone, which is surrounded
by blue lines. Here, the red lines indicate the moving path of Dirac points
X1,2 when the Peierls phase varies in the range (0, 2π); the yellow, green,
and cyan filled circles indicate the locations of Dirac points X1,2 for the
cases γ = π/2, π, and 3π/2, respectively.

For the translation-symmetry-breaking lattice, the Bravais lattice vector can be expressed as 𝑅n = n1 𝑎1 + n2 𝑎2 ,
where 𝑎1 = x̂ − ŷ and 𝑎2 = x̂ + ŷ are the basis vectors of the
Bravais lattice and n1 and n2 are integers. We chose a lattice site in sublattice A as the origin, then the lattice sites in
sublattice A and sublattice B can be written as 𝑅nA = 𝑅n and
𝑅nB = 𝑅n + x̂. In the reciprocal lattice, the reciprocal lattice
vector is defined as 𝐾m = m1 𝑏1 + m2 𝑏2 , where m1 and m2
are integers, and 𝑏1 = (π, −π) and 𝑏2 = (π, π) are the corresponding primitive reciprocal lattice vectors. Due to the
Peierls-phase-induced breaking of the translation symmetry,
the unit cell of the square lattice is enlarged by two times and
the corresponding Brillouin zone shrinks to one half as shown
in Fig. 1(b).
Although the Peierls phase breaks the translation symmetry, the model still preserves a novel hidden symmetry. The
hidden symmetry is a discrete symmetry with an antiunitary
compositor operator as
ϒ = ( e iγ )iy σx KTx̂ ,

E(𝑘) = ±2t

q

σx

Fig. 2. The hidden symmetry of the lattice. The lattice keeps invariant after operated by the translation transformation Tx̂ , the complex conjugation
K, the sublattice exchange σx , and the local U(1) gauge transformation
( e iγ )iy in order. Here, the arrows represent a Peierls phase γ.

We take the Fourier transformation to the annihilation operators as
A
1
a𝑘 = √ ∑ ai e −i 𝑘·𝑅i ,
(4)
N i
B
1
(5)
b𝑘 = √ ∑ bi e −i 𝑘·𝑅i ,
N i
where N is the number of cells in the Bravais lattice. We
define the two-component annihilation operator as η𝑘 ≡
√1 [a𝑘 , b𝑘 ]T , so that the Hamiltonian (1) can be rewritten as
2
H = ∑𝑘 η𝑘† ℋ(𝑘)η𝑘 . Here, ℋ(𝑘) is the Bloch Hamiltonian
ℋ(𝑘) = −2t[cos kx + cos(γ/2) cos(ky − γ/2)]σx

(2)

where Tx̂ is a translation operator which moves the lattice by
x̂ along the x direction; K is the complex conjugation operator, which can also be regarded as a time-reversal opera-

K

(eiγ) iy

−2t sin(γ/2) cos(ky − γ/2)σy ,

(6)

where σx and σy are the Pauli matrices. Diagonalizing Eq. (6),
we obtain the dispersion relation

cos2 kx + cos2 (ky − γ/2) + 2 cos(γ/2) cos kx cos(ky − γ/2).
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Fig. 3. The dispersion relations for different Peierls phases. Here, (a), (c), and (e) are the energy bands for the cases γ = π/2, π, and
3π/2, respectively; (b), (d), and (f) are the energy contours of the conduction bands for the cases γ = π/2, π, and 3π/2, respectively.
In (b), (d), and (f), the red filled circles mark the positions of the Dirac points.

From the dispersion relation, we find that the conduction and
valence bands touch at points X1,2 = (±π/2, γ/2 − π/2) in the
Brillouin zone as shown in Fig. 3 and the Bloch states at the
band-touching points are degenerate. The Fermi surfaces are
isolated points, so the system is a semimetal.

planar vector field (ĥx (𝑘), ĥy (𝑘)) in the Brillouin zone, where
ĥi (𝑘) = hi (𝑘)/|ℎ(𝑘)| with i = x, y. The planar vector field
(ĥx (𝑘), ĥy (𝑘)) is a unit vector field in a two-dimension space,
so all the unit vectors form a one-dimensional manifold S1 .
The Brillouin zone can be regarded as a torus manifold T .
Thus, the planar unit vector field defines a mapping from T

3. Topological semimetals and their properties

to S1 as

3.1. Topological semimetals

ℎ̂ : T → S1 ,

Here, we show that the semimetal in the system is a topological semimetal. The Bloch Hamiltonian (6) has the form
ℋ(𝑘) = ℎ(𝑘) · 𝜎 with hx (𝑘) = −2t[cos kx + cos(γ/2) cos(ky −
γ/2)] and hy (𝑘) = −2t sin(γ/2) cos(ky − γ/2). We define a

𝑘 ↦→ (ĥx (𝑘), ĥy (𝑘)).

(8)

Based on the homotopy theory, this mapping can be classified
by the winding numbers π1 (S1 ) = Z, where Z is the set of all
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integers.
The planar unit vector field (ĥx (𝑘), ĥy (𝑘)) has singularities at the band-touching points X1 and X2 . The band-touching
points can also be interpreted as topological defects, i.e., vortices, of the planar unit vector field. Concretely, around the
band-touching points, the winding number can be calculated
as follows:
I

d𝑘
w=
· ĥx ∇ĥy − ĥy ∇ĥx ,
(9)
𝒞 2π
where ∇ is the differential operator in momentum space and
𝒞 represents a closed path around one of the band-touching
points. This winding number can be regarded as the topological charge of the defects. For the Bloch Hamiltonian (6), we
calculate that the winding number is −1 and +1 for the vortices around the band-touching points X1 and X2 , respectively.
It turns out that X1 and X2 have opposite topological charges.
It is obvious that the result about the topological charges obeys
the fermion doubling theorem, [33] which states that topological point nodes in the energy spectrum of lattice Hamiltonians must come in pairs. When all paired opposite topological
charges annihilate each other, a gap opens and the semimetal
becomes an insulator. Due to the existence of the topological charges, so the semimetal is considered as a topological
semimetal.

and moving of the Dirac points. In the Brillouin zone, the
Dirac points locate at X1,2 = (±π/2, γ/2 − π/2), which are
functions of the Peierls phase γ. When the Peierls phase γ
varies, the Dirac points X1 and X2 move along two vertical
lines in the Brillouin zone as shown in Fig. 1(b). For the case
γ = π, the two Dirac points locate on the kx axis and are symmetrical about the kx and ky axes. For the 0 < γ < π case,
the Dirac points locate on the lower half of the Brillouin zone,
and for the π < γ < 2π case, the Dirac points locate on the
upper half of the Brillouin zone. For the latter two cases, i.e.,
γ ̸= π, the symmetry of the two Dirac points about the kx axis
is broken but the symmetry about the ky axis is still preserved.
3.4. Anisotropy of Dirac cones
In the following, we show the relation between the shape
of the Dirac cone and the Peierls phase. From the linearized
Bloch Hamiltonian near the Dirac points, i.e., Eq. (10), one
can find the quantum states with the non-zero eigenenergy E0
that satisfies the equation
[±px − cos(γ/2)py ]2 + sin2 (γ/2)p2y =

E02
.
4t 2

(11)

We set
p

|E0 /t|/[1 ∓ cos(γ/2)],
p
β = |E0 /t|/[1 ± cos(γ/2)],

α=

then equation (11) is reformulated as

3.2. Dirac points
Near the band-touching points, the energy band has a
cone-like shape and is linear. Around these band-touching
points, the Bloch Hamiltonian (6) can be linearized as
h(𝑝) = 2t[±px − cos(γ/2)py ]σx − 2t sin(γ/2)py σy , (10)
where 𝑝 = 𝑘 − Xi with i = 1, 2; the two signs ± indicate the
linearized Hamiltonian around the two distinct Dirac points
X1 and X2 , respectively. The quasiparticles behave like massless Dirac fermions. Thus, the band-touching points are Dirac
points, around which are Dirac cones.
For Dirac cones in two dimensions, the chirality can be
defined. For any Dirac cone in two dimensions, the Hamiltonian has the general form like h(𝑝) = ∑i j vi j pi σ j , where
vi j are constant coefficients. One can define the chirality as
c = sgn[det(vi j )] = ±1 for the Dirac cone. From Eq. (10) and
the definition of the chirality, we have c = −1 and +1 for the
Dirac cones around the degenerate points X1 and X2 , respectively. The results of chirality are consistent with the winding numbers for the Dirac points X1 and X2 calculated above.
Thus, the chirality can be regarded as another definition of the
topological charge.
3.3. Moving of Dirac points with the Peierls phase
For the system, the Peierls phase is a key parameter. The
change of this parameter induces varying of the energy bands

(px + py )2 (px − py )2
+
= 1,
α2
β2

(12)

which is an elliptic equation and α (β ) is the semi-major axis
and β (α) is the semi-minor axis for the Dirac cone located
around X1 (X2 ). That is to say, the closed curve formed by the
intersecting of the constant-energy plance E0 and the Dirac
cone is an ellipse.
In order to depict the shape of the Dirac cones, we define
an anisotropy factor with the eccentricity of the intersecting
ellipse as
s
2| cos(γ/2)|
f=
,
(13)
1 + | cos(γ/2)|
which satisfies 0 ≤ f < 1, where f = 0 indicates the isotropic
case. The anisotropy factor is a function of the Peierls phase
γ as shown in Fig. 4, which manifests that the shapes of the
Dirac cones depend on the concrete value of the Peierls phase.
When the Peierls phase γ is π, the anisotropy factor is vanishing, i.e., the intersecting curve is a circle and the Dirac cone is
isotropic as shown in Fig. 3(d). when γ ̸= π, we have f > 0,
which indicates that the intersecting curve is an ellipse and the
Dirac cone is anisotropic as shown in Figs. 3(b) and 3(f). For
the anisotropic cases, the massless Dirac fermions have different magnitudes of group velocities for any two non-coaxial
directions.
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the equation ϒ Hsϒ −1 = Hs , Ψ𝐺 (𝑟) and Ψ𝐺′ (𝑟) are both the
eigenstates of Hamiltonian Hs and have the same eigenenergy
E𝐺 . After the symmetry operator acts on the Bloch function
two times, we have

f

1.0

0.5

ϒ 2Ψ𝐺 (𝑟) = T2x̂Ψ𝐺 (𝑟) = e −2iGxΨ𝐺 (𝑟),

0
0

0.5

1.0
γ/π

1.5

2.0

Fig. 4. The relation between the anisotropy factor of the Dirac cones and the
Peierls phase.

4. Hidden symmetry protection
Here, we show that the Dirac points are protected by
the hidden symmetry. Besides the second-quantized Hamiltonian H is invariant under the hidden symmetry operation, the
single-particle Hamiltonian Hs also satisfies Hs = ϒ Hsϒ −1 . In
sublattice space, the Bloch function can be written as the twocomponent form
!
(1)
u𝑘 (𝑟)
Ψ𝑘 (𝑟) =
e i 𝑘·𝑟 .
(14)
(2)
u𝑘 (𝑟)
When the symmetry operator ϒ acts on the above Bloch function, based on its definition Eq. (2), we arrive at
!
(2)*
u𝑘 (𝑟 − x̂) e ikx
ϒΨ𝑘 (𝑟) =
e −i(𝑘−γ 𝑒ky )·𝑟 ,
(15)
(1)*
u𝑘 (𝑟 − x̂) e ikx
where 𝑒ky is the unit vector along the ky direction in reciprocal
lattice space.
Because ϒ is the symmetry operator of the system,
ϒΨ𝑘 (𝑟) must be a Bloch wave function of the system and
we denote it as Ψ𝑘′ ′ (𝑟) ≡ ϒΨ𝑘 (𝑟). Based on the definition
Eq. (14), Ψ𝑘′ ′ (𝑟) has the form
!
(1)
′
u𝑘′ (𝑟)
′
Ψ𝑘′ (𝑟) =
e i 𝑘 ·𝑟 .
(16)
(2)
u𝑘′ (𝑟)
Comparing Eq. (16) with Eq. (15), we obtain
𝑘′ = γ𝑒ky − 𝑘,
(1)

(2)*

(2)

(1)*

(17)

u𝑘′ (𝑟) = u𝑘 (𝑟 − x̂) e ikx ,
u𝑘′ (𝑟) = u𝑘 (𝑟 − x̂) e

ikx

.

(18)
(19)

From Eq. (17), we know that, when the operator ϒ acts on the
wave vectors, it has the effect as ϒ : 𝑘 → 𝑘′ = γ𝑒ky − 𝑘.
If 𝑘′ = 𝑘 + 𝐾m , where 𝐾m = m1 𝑏1 + m2 𝑏2 is a reciprocal lattice vector, then we can say that 𝑘 is a ϒ -invariant point
in momentum space. In the Brillouin zone, the ϒ -invariant
points are the points Y1 = (0, γ/2), Y2 = (0, γ/2 − π), and
X1,2 = (±π/2, γ/2 − π/2). Suppose that 𝐺 represents a ϒ invariant point, then we have ϒΨ𝐺 (𝑟) = Ψ𝐺′ (𝑟). Because of

(20)

where Gx is the x component of 𝐺 and equation (3) is used
for the derivation of the first equality. From the above equation, we obtain ϒ 2 = e−2iGx , which is a function of the wave
vector. Substituting the wave vectors of the ϒ -invariant points
Y1,2 and X1,2 , we obtain ϒ 2 = 1 at Y1,2 and ϒ 2 = −1 at X1,2 .
If a system is invariant under the action of an antiunitary operator and the square of the operator is not equal to 1, there
must be degeneracy protected by this antiunitary operator. [34]
Thus, the quantum states must be degenerate at the points X1,2
in the Brillouin zone, which means that the energy bands must
touch at the points X1,2 . This result is consistent with the Dirac
points obtained from the dispersion relation. Therefore, the
hidden symmetry is responsible to the energy degeneracy at
the Dirac points. Because the hidden symmetry ϒ is dependent
on the Peierls phase, the ϒ -invariant points are functions of the
Peierls phase. Thus, the variation of the Peierls phase leads to
the change of the hidden symmetry. Further, the change of the
hidden symmetry results in moving of the Dirac points in the
Brillouin zone.

5. Feasibility of experimental realization
Due to the great development of ultracold atom and optical lattice techniques in recent years, it is possible to realize
the model and to detect the results experimentally. There are
two key points in the physical realization of the model. The
first key point is to generate the hopping-accompanying phase,
i.e., the Peierls phase. The existing techniques provide several
methods to generate the Peierls phase. One of the methods is
the laser-assisting tunneling technique, [17,18] which is extensively used to produce Peierls phases or gauge fields in optical
lattice. Another method to generate Peierls phase is the shaking optical lattice technique. [19,20] The second key point is to
detect the band structure. An available detecting technique is
Bragg spectroscopy, [35,36] which has been employed in several schemes to detect the band structure of edge states and
bulk states. [25,37–39] Thus, it is feasible to realize the model in
optical lattices with the existing ultracold atom techniques.

6. Conclusion
In summary, we have presented a square lattice with a
Peierls phase for some neighbor hoppings, which can be realized with ultracold atoms in optical lattices. Because of the existence of the Peierls phase, the translation symmetry is broken
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and the system has a special band structure. Two Dirac points
exist in the Brillouin zone and the Dirac points move with
the change of the Peierls phase. When the Peierls phase is π,
the Dirac cones are isotropic, and when the Peierls phase has
other value in the ranges (0, π) and (π, 2π), the Dirac cones
are anisotropic, the anisotropy factor was defined to depict the
anisotropy of the Dirac cones. It was shown that the lattice
has a special hidden symmetry, which is a composite antiunitary symmetry. The hidden symmetry protects the Dirac points
and the moving of Dirac points in the Brillouin zone is perfectly explained by the hidden symmetry protection. Finally,
we discussed the feasibility of the realization of the lattice with
ultracold atom and optical lattice techniques.
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