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We calculate the spin and density susceptibility of Weyl fermions with repulsive S-wave interaction in ultracold gases.
Weyl fermions have a linear dispersion, which is qualitatively different from the parabolic dispersion of conventional
materials. We find that there are different collective modes for the different strengths of repulsive interaction by solving the
poles equations of the susceptibility in the random-phase approximation. In the long-wavelength limit, the sound velocity
and the energy gaps vary with the different strengths of the interaction in the zero sound mode and the gapped modes,
respectively. The particle–hole continuum is obtained as well, where the imaginary part of the susceptibility is nonzero.
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1. Introduction
The Dirac materials have attracted a great deal of attention since the discovery of graphene. For example, hightemperature d-wave superconductors, topological insulator,
Dirac semi-metals, and Weyl semi-metals have been researched recently. [1–5] These materials possess an identical
property of linear dispersion in the low-energy excitations near
the Dirac or Weyl nodes.
Recently, the experimental realizations of the Weyl
semimetals have led to wide study on collective behavior of
Weyl semimetals in condensed matter physics, [6–10] and some
experimental schemes have been proposed in ultracold atomic
gases to obtain the Weyl fermions. [11,12] However, there is
little investigation for collective behavior of Weyl fermions
in ultracold atomic gases. Motivated by these experimental
schemes, we investigate the collective properties near the single Weyl node model with repulsive S-wave interaction. It is
an interesting problem in many-particle systems to study some
novel collective modes. [13–17] In contrast to the Coulomb interaction among electrons in metals or semi-conductors, the
S-wave interaction among ultracold atoms can be modulated
by the technique of Feshbach resonance. [18,19] The low-energy
S-wave interaction in ultracold atomic gases is determined by
the scattering length as . The collective modes are obtained by
solving the poles equation of the spin and density susceptibility within the random-phase approximation (RPA). [20–25]
Our paper is organized as follow. In Section 2 we present
the model for the three-dimensional Fermi gas with repulsive

S-wave interaction. Here, the eigenvalues and eigenstates of
the model Hamiltonian are obtained, and all the parameters are
explained. We proceed to calculate the bare spin and density
susceptibility in terms of the Green’s functions and solve collective modes via the poles of the susceptibility in the randomphase approximation. The dispersion relations for the modes
are shown by numerically solving the RPA equation in Section 3. Finally, we give the summation over our paper.

2. The model and calculation
We consider a low-energy effective model for a single
Weyl point with repulsive S-wave interaction in the threedimensional fermionic system. The effective Hamiltonian is
of the form (h̄ is taken as 1 in our paper)

ℋ = ∑ c†𝑘,a vF 𝑘 · 𝜎αβ − µδα,β c𝑘,β
𝑘,α,β

+ 2g

∑′

c†𝑘+𝑞,↑ c†𝑘′ −𝑞,↓ c𝑘′ ,↓ c𝑘,↑ ,

(1)

𝑘,𝑘 ,𝑞

where vF is the Fermi velocity and µ = vF kF is the chemical
potential where we consider only the Fermi surface is above
the Weyl node, namely, µ = vF kF larger than zero, and kF is
the Fermi momentum. α and β are the spin (pseudo-spin)
indexes. The first term is the noninteracting term of Hamiltonian, whose eigenstates can be obtained as




cos θ2
sin θ2
|𝑘, +⟩ =
|𝑘,
,
−⟩
=
,
(2)
sin θ2 e iφ
− cos θ2 e iφ
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where θ and φ are the polar angle and the azimuth angle in
wave vector space, respectively. The helicity ± represents the
spin polarization. The eigenvalues of energy corresponding to
the eigenstates are ξk,± = ±vF k − µ. We note that the spin
and the momentum are intimately locked. The locking effect
shows that the spin and the momentum are in the same direction in the upper branch band and are in the opposite directions
in the lower branch band. The second term in Eq. (1) represents the S-wave interaction in ultracold atomic gases. The
low-energy interaction among ultracold atoms is generally determined by the scattering length as , which can be modulated
by Feshbach resonances experimentally. The significance of
S-wave interaction in ultracold atoms could be characterized
by the dimensionless ratio of the average interaction and kinetic energy εint /εkin .
In what follows, we choose the spin and density susceptibility as the investigating response function, which can be
written as
χ µν (q, iωm ) = ∑

Z β

∑

µν

χb in terms of the noninteracting Green’s function

µν
χb (𝑞, iqm ) = −kB T ∑ Tr G0 (𝑘 + 𝑞/2, ikn )σ µ
𝑘,ikn

0


× G (𝑘 − 𝑞/2, ikn − iqm )σ ν ,
and the noninteracting Green’s function is given by
G0αβ (𝑘, ikn ) =

dτ e iωm τ

ν
× Tτ c†k,α σαβ ck+q,β (τ)c†p+q,γ σγδ
c p,δ (0) , (3)
µ

where µ, ν have four indexes, and σ µ , σ ν = (1, σz , σ + , σ − ).
σ ± = σx ± iσy represent the raising and lowing operators. α,
β , γ, and δ denote the spin up or down. In Matsubara formalism, we can express the bare spin and density susceptibility

(Ps )αβ
,
ik
s=±1 n − ξ𝑘,s

∑

(5)

where Ps is the projection operator with respect to the helicity
eigenstates.
In order to calculate the susceptibilities, it is convenient
to introduce an overlap factor, which has the form
Fsrµν = Tr [Ps (𝑘 + 𝑞/2)σ µ Pr (𝑘 − 𝑞/2)σ ν ] ,

(6)

where s, r denote the helicity indexes. After some reductions
and taking the analytical continuation iqm → ω + i0+ , the susceptibility can be written as
µν

χb (q, ω) = − ∑ Fsrµν
k,s,r

k,p αβ γδ 0

(4)

nF (ξk−q/2,r ) − nF (ξk+q/2,s )
,
ξk−q/2,r − ξk+q/2,s + ω + i0+

(7)

where nF (ξ ) is the Fermi distribution function. At zero temperature, the distribution function is just the Heaviside step
function nF (ξ ) = Θ (−ξ ). The overlap factor contains two
contributions from intrasubband and intersubband. In the
long-wavelength limit |𝑞| → 0 , the overlap factor F µν can
be expanded with respect to 𝑞 and retain only up to the first
order of q. The intrasubband contribution is


1
s cos(θ )
A13 e iφ
A14 e −iφ


A23 e iφ
A24 e −iφ
 s cos(θ ) (cos θ )2






|q|
2iφ
2
Fs,s =  A31 e iφ A32 e iφ
.
A
e
1
+
s
(sin
θ
)
33


|2k|






|q|
A41 e −iφ A42 e −iφ
1−s
(sin θ )2
A44 e −2iφ
|2k|


(8)

The intersubband contribution is

0


 |q|
2

Fs,−s =  s 2 |k| (sin θ )


 B31 e iφ
B41 e −iφ

|q|
(sin θ )2
s
2 |k|
(sin θ )2
B32 e iφ
B42 e −iφ

In the long-wavelength limit (q ≪ kF ), the expansions of

B13



(9)

with

ergy with respect to q up to the first order for the intrasubband
and intersubband are given by
(10)

ξk+q/2,s − ξk−q/2,s ≃ svF^
k · q,

(12)

ξk+q/2,s − ξk−q/2,−s ≃ svF |k| .

(13)

By substituting these expressions into Eq. (7) and performing an elementary integral over k, we can obtain the intra-

nF (ξk+q/2,s ) − nF (ξk−q/2,−s ) ≃ s(Θ (−ξk,+ ) − 1)
− δ (ξk,+ )vF^
k · q/2,

B14

e −iφ




iφ
−iφ

B23 e
B24 e
.


B33 e 2iφ
(1 + s cos θ )2 
(1 − s cos θ )2 B44 e −2iφ

the distribution function and the particle–hole excitations en-

nF (ξk+q/2,+ ) − nF (ξk−q/2,+ ) ≃ −δ (|𝑘| − kF )^
k · q,

e iφ

(11)

subband and intersubband susceptibilities respectively, which
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can be written as


f
yf
0
0
 y f 2 + y2 f

0
0
3
 , (14)
χintra = α 
2
2
0
0
0
f − ( 3 + y f )
0
0
f − ( 23 + y2 f )
0



0 0 0 0
 0 2F 0 0 
3

χinter = α 
 0 0 0 4F ,
3
0 0 34 F 0
where α =
2

V kF3
,
(2π)2 vF kF
2

y=

ω
vF q ,

f = 2 + y ln

(15)

y−1
y+1

, and F =

V kF3
vF kF

2

Λ̄ 2 − 1 + ω̄2 ln 4Λ̄4−−ω̄ω̄2 , and we set
= 1 for calculation
in our paper. Λ denotes an ultraviolet cut-off of momentum
for the wave vector integrals to conveniently deal with the
infinite Fermi sea in the lower branch band, and the dimensionless parameters Λ̄ = Λ /kF , ω̄ = ω/(vF kF ). Here, we just
only retain the real part of the integral because the image part
of the spin and density susceptibility existing corresponds to
particle–hole continuum regions, which are shown in Fig. 1.
The purple region illustrates that the particles occupied the
lower branch band are excited to the upper branch band, and
the yellow region represents the excitations only in the upper
branch band.
4

ω/EF

3

and the other describes the coupling between two transverse
spins. First, we investigate the collective modes in the longwavelength limit by calculating the poles equation of the RPA
susceptibility. Then we can obtain the dispersion relationship
beyond the long-wavelength limit by using a numerical calculation.
It is reasonable to assume that q is oriented along with
the z direction. In the long-wavelength limit, the density and
longitudinal spin correction function is given by


f
yf
χnSz = α
.
(17)
y f 32 + y2 f + 23 F
We assume that the the dimensionless parameter y is a finite value for ω → 0 and an infinite when ω is a finite value.
Substituting Eq. (17) into Eq. (16), we obtain the poles equation



2
2
+ y2 f + F + (gαy f )2 = 0. (18)
(1 + gα f ) 1 − gα
3
3
Solving this poles equation, one result can be obtained when
ω tends to zero, so we can show y varied with the interaction strength g, which is plotted in Fig. 2. Apparently, y is
the sound velocity of zero sound, which represents a gapless
mode. The other result can be obtained when ω is a finite
value, which corresponds to the gapped modes. The gap associated with the interaction strength is illustrated in Fig. 3.
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4
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Fig. 1. Particle–hole continuum (Landau damping regime) in Weyl
fermions. The purple region and the yellow region represent intersubband particle–hole excitations (PHEinter ) and intrasubband particle–hole
excitations (PHEintra ), respectively.
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Fig. 2. A sketch of the interaction strength dependence of the sound
velocity in the long-wave length limit for the zero sound mode. Here
we use the cut-off momentum Λ̄ = 10.
2.0
1.5
ω/EF

In the random phase approximation, we can conclude the
relationship between the RPA susceptibility and the bare susceptibility
ρν

1
µρ
µν
χRPA (q, iωm ) = χb (q, iωm )
, (16)
1 + gη χb (q, iqm )

1.0

where η = diag(1, −1, −1, −1).
0.5

3. Theoretical and numerical results
In order to find the collective modes, we need to obtain
the solutions of the poles equation of the spin and density
susceptibility. From the above results, the bare susceptibility can be grouped into two 2 × 2 submatrices. One matrix
describes the coupling between density and longitudinal spin,
117201-3
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g αΛ2
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Fig. 3. A sketch of the interaction strength dependence of the gap in the
long-wave length limit for the gapped modes. There are two branches
of gapped modes when gα Λ̄ 2 < 0.7575, which corresponds to the dimensionless interaction strength g < 0.299, but there is only one branch
of gapped mode when 0.7575 < gα Λ̄ 2 < 1.515, Here we use Λ̄ = 10.

Chin. Phys. B Vol. 29, No. 11 (2020) 117201
In a similar way, the transverse spin correction function is
given by


0 43 F + f − 23 + y2 f
χS + S − = α
.
(19)
h.c.
0
The corresponding poles equation can be obtained as


2
2
2 2 4
2
1−g α
F+f−
+y f
= 0.
3
3

ω/EF

ω/EF

1

(20)

PHEinter

1

2
q/kF

Fig. 6. Dispersion of the collective modes for the one branch of mode.
The other branch of gapped mode is very close to the boundary of the
intersubband particle–hole excitations continuum region. Here we use
g = 0.218, Λ̄ = 10.

4. Conclusion
We evaluate the collective modes in a three-dimensional
fermion system governed by Weyl Hamiltonian with repulsive
S-wave interaction. It is clear that the system has the linear
particle–hole excitations. In the long-wavelength limit, we
find that there is the zero sound mode when g is larger than
0.598, one gapped mode when g is between 0.299 and 0.598,
and there are two gapped modes when g is smaller than 0.299
for the momentum cut-off Λ̄ = 10. In contrast to the fixed
Coulomb interaction in condensed matter, we can find the relationships between the sound velocity or the gap and the interaction strength, which can be tuned into a large range of
values by Feshbach resonance in ultracold atoms. The dispersion relations of collective modes are obtained in three given
interaction strengthes.
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PHEintra

1
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q/kF

Fig. 4. Dispersion of the collective modes for the zero sound mode. The
dispersion is close to the boundary of the intrasubband particle–hole excitations continuum region from above. Here we use g = 10, Λ̄ = 10.

2
ω/EF
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The two branches of gapped modes can be found by solving
the poles equation when g ≃ 0.299, and there is one branch
of gapped mode when 0.7575 < gα Λ̄ 2 < 1.515. The gapped
solutions are shown in Fig. 3.
Finally, we calculate the dispersion relations beyond the
long-wavelength limit by using a numerical method. The different modes can exist with the different repulsive interaction
strengths. We calculate the dispersion relations in the chosen
g of 10, 0.46, 0.218, which are illustrated in Figs. 4–6, respectively. In fact, the three typical interaction strengthes represent different phase domains. In the long-wavelength limit, we
can obtain one gapless solution which corresponds to the zero
sound mode when g is larger than around 0.598, one gapped
solution when g is between 0.299 and 0.598, and two gapped
solutions when g is smaller than ∼0.299. We cannot draw the
second gapped dispersion, but we are sure of the existence of
the gapped solution according to the continuity of the poles
with respect to ω.

2

2

PHEinter

1
PHEintra

1

2
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Fig. 5. Dispersion of the collective modes for the one branch of gapped
mode. Here we use g = 0.46, Λ̄ = 10.

References
[1] Yang B J and Nagaosa N 2014 Nat. Commun. 5 4898
[2] Potter A C, Kimchi I and Vishwanath A 2014 Nat. Commun. 5 5161
[3] Rosenstein B, Shapiro B Y, Li D P and Shapiro I 2015 J. Phys.: Condens. Matter 27 025701
[4] Kung H H, Maiti S, Wang X, Cheong S W, Maslov D L and Blumberg
G 2017 Phys. Rev. Lett. 119 136802
[5] Hasan M Z and Kane C L 2010 Rev. Mod. Phys. 82 3045
[6] Wan X G, Turner A M, Vishwanath A and Savrasov S Y 2011 Phys.
Rev. B 83 205101
[7] Weng H M, Fang C, Fang Z, Bernevig B A and Dai X 2015 Phys. Rev.
X 5 011029
[8] Lv B Q, Weng H M, Fu B B, Wang X P, Miao H, Ma J, Richard P,
Huang X C, Zhao L X, Chen G F, Fang Z, Dai X, Qian T and Ding H
2015 Phys. Rev. X 5 031013
[9] Xu S Y, Belopolski I, Alidoust N, et al. 2015 Science 349 613
[10] Lu L, Wang Z Y, Ye D X, Ran L X, Fu L, Joannopoulos J D and Soljacic
M 2015 Science 349 622
[11] Dubcek T, Kennedy C, Lu L, Ketterle W, Soljacic M and Buljan H 2015
Phys. Rev. Lett. 114 225301
[12] He W Y, Zhang S Z and Law K T 2016 Phys. Rev. A 94 013606

117201-4

Chin. Phys. B Vol. 29, No. 11 (2020) 117201
[13] Raghu S, Chung S B, Qi X L and Zhang S C 2010 Phys. Rev. Lett. 104
116401
[14] Sachdeva R, Thakur A, Vignale G and Agarwal 2015 Phys. Rev. B 91
205426
[15] Srivatsa N S and Ganesh R 2018 Phys. Rev. B 98 165133
[16] Gorbar E V, Miransky V A, Shovkovy I A and Sukhachov P O 2019
Phys. Rev. B 99 155120
[17] Lv M and Zhang S C 2013 Int. J. Mod. Phys. B 25 1350177
[18] Kohler T, Goral K and Julienne P S 2006 Rev. Mod. Phys. 78 1311

[19] Chin C, Grimm R, Julienne P and Tiesinga E 2010 Rev. Mod. Phys. 82
1225
[20] Zhang S S, Yu X L, Ye J W and Liu W M 2013 Phys. Rev. A 87 063623
[21] Ryan J C 1991 Phys. Rev. B 43 4499
[22] Maiti S, Zyuzin V and Maslov D L 2015 Phys. Rev. B 91 035106
[23] Kumar A and Maslov D L 2017 Phys. Rev. B 95 165140
[24] Mir M and Abedinpour S H 2017 Phys. Rev. B 96 245110
[25] Principi A, Polini M and Vignale G 2009 Phys. Rev. B 80 075418

117201-5

