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A traditional single-pixel camera needs a large number of measurements to reconstruct the object with compressive
sensing computation. Compared with the 1/0 matrices in classical measurement, the 1/−1 matrices in the complementary
measurement has better property for reconstruction computation and returns better reconstruction results. However, each
row of the 1/−1 matrices needs two measurements with the traditional single-pixel camera which results into double measurements compared with the 1/0 matrices. In this paper, we consider the pseudo complementary measurement which only
takes the same amount of measurements with the row number of some properly designed 1/0 matrix to compute the total
luminous flux of the objective and derives the measurement data of the corresponding 1/−1 matrix in a mathematical way.
The numerical simulation and experimental result show that the pseudo complementary measurement is an efficient tool for
the traditional single-pixel camera imaging under low measurement rate, which can combine the advantages of the classical
and complementary measurements and significantly improve the peak signal-to-noise ratio.
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1. Introduction
Compressive sensing (CS) [1–5] is very powerful in signal
and image processing, which can reduce sampling rate and
guarantee reconstruction quality with the sparse property of
objects. According to the methodology of CS, a single-pixel
camera [6–8] has been built, which has the following structure.
As shown in Fig. 1, the object is imaged onto a digital
micro-mirror device (DMD) which consists of individually addressable mirrors, and each mirror can be tilted in two different
directions, +12◦ (1) or −12◦ (0) with respect to the surface of
the DMD. The incident light from the target is reflected into
the two directions depending on the 0/1 pattern encoded on
the DMD and collected into a point detector. Obviously, only
non-negative matrices can be directly displayed by DMD in
physics.
Compared to traditional optical cameras, the single-pixel
camera only uses the one detector to derive much lager luminous flux which can efficiently decrease the signal-to-noise
ratio of observed data. With the above characteristic, the
single-pixel camera has gotten great success in many optical fields, such as infrared imaging, [9,10] three-dimensional
imaging, [11–13] fluorescence microscopy, [14] spectroscopic
imaging [15–18] and super-resolution domain imaging. [19–21]

As we introduced above, the traditional single-pixel camera can only measure the flux of partial pixels in the object
where the corresponding micro-mirrors turn +12◦ and the corresponding elements in the measurement matrix are 1, which
is called the classical measurement. Recently, the complementary measurement single-pixel camera has been proposed in
Refs. [22–26], which can derive the two fluxes of the partial
pixels in the object simultaneously by two detectors where the
corresponding elements in the measurement matrix are 1 and
−1, respectively. However, each detector has its own optical characteristic which influences the consistency about the
two complementary fluxes and may return unbelievable reconstruction result. Therefore, we focus on the traditional singlepixel camera.
For the traditional single-pixel camera, we can also implement one complementary measurement with obtaining the
fluxes of the 1 and −1 parts in the measurement matrix by
two measurements, which is called the complementary measurement. No matter we take the classical measurement or
the complementary measurement, the measurement matrix includes random, [27–29] Toeplitz [27,28,30] and Hadamard [31–33]
matrices.
The measurement matrix is very critical for the reconstruction result. Usually, 1/−1 matrices in the complementary

∗ Project

supported by the National Key Research and Development Program of China (Grant No. 2018YFB0504302), the Youth Innovation Promotion Association of Chinese Academy of Sciences, and the National Natural Science Foundation of China (Grant Nos. 11701545, 11971466, and 11991021).
† Corresponding author. E-mail: yaoxuri@nssc.ac.cn
© 2020 Chinese Physical Society and IOP Publishing Ltd
http://iopscience.iop.org/cpb http://cpb.iphy.ac.cn

114202-1

Chin. Phys. B Vol. 29, No. 11 (2020) 114202
measurement outperform 1/0 matrices in the classical measurement for reconstructing the object with the single-pixel
camera under the same sampling rate, which can been seen
in the following text. However, as we said above, the sampling number of the former is twice as many as that of the latter when the row number of the measurement matrix is fixed.
Therefore, we need compare the performance of the both under same measurement number and consider the improvement
of the reconstruction result by some subtly designed measurement matrix.
−12Ο

DMD

halogen lamp
& collimating
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imaging lens

object
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point detector

computer
Fig. 1. Single-pixel camera.

The rest of this paper is organized as follows. In Section 2, we introduce the mathematical formulation for the
single-pixel camera and show the reconstruction result of the
classical and complementary measurements. In Section 3, we
propose the pseudo complementary measurement, design certain matrix satisfying some assumptions, and study the properties of that matrix. In Section 4, we show the performance
profile and take numerical simulation about our pseudo complementary measurement with some standard testing image.
In Section 5, we reconstruct certain object with our pseudo
complementary measurement compared with the classical and
complementary measurements under the same low measurement rate. In Section 6, we conclude this paper.

algorithms to reconstruct the object. In this paper, we use
TVAL3 [34] to solve the above system (1), which is a very efficient solver using the sparseness of the gradient information
of the object.
Now we show the reconstruction quality versus sampling
rate of different matrices for the 64 × 64 head phantom picture (Fig. 2(a)) in Matlab. Here we use random, Toeplitz and
Hadamard matrices as measurement matrices. All of these matrices are employed in the classical and complementary measurements, which are denoted by the 1/0 and 1/−1 matrices,
respectively. The Hadamard matrices in this paper are in a
random sequence, which means that we take random permutation of the original Hadamard matrices in rows and columns.
The sampling rate, i.e., the ration between m and n, is taken
from 10% to 100%. Without the influence of noise (e = 0m ),
we can see that 1/−1 matrices have much better construction
results than 1/0 matrices under the same sampling rates from
Fig. 2(b). This is due to the fact that the off-diagonal components in AT A for 1/−1 matrices are close to 0 while those for
1/0 matrices are about half the diagonal components, which is
shown in Fig. 3. The sampling rate in Fig. 3 is 30%. That is
to say, the dimension of the matrices in Fig. 3 is 1228 × 4096.
Since the row number is less than the column number, the orthogonality of columns in these matrices can not be guaranteed. However, the inner products of columns in 1/−1 matrices are close to 0 due to the random property or the characteristic of the Hadamard matrix. When the diagonal components
dominate the matrix, we can derive high-quality solution easily in mathematical numerical computation. Consequently, the
complementary measurement returns better reconstruction result than the classical measurement.

(a) Head phantom.

160
140
120
PSNR

2. Comparison between the classical and complementary measurements
The measurement processing of the single-pixel camera
can be expressed mathematically in the following way:
b = Au + e,
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(1)

where u ∈ Rn is the measured object, A ∈ Rm×n is the measurement matrix, e ∈ R m is the noise, and b ∈ R m is the received data. In Eq. (1), the matrix A usually has fewer rows
than columns due to the low sampling rate. Therefore, the
above linear system (1) is undetermined. Fortunately, the measured object always has some sparse structures. With this priority knowledge, researchers have proposed many excellent
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(b) PSNR vs sampling rate, noiseless case.

Fig. 2. The reconstruction quality versus sampling rate of different matrices
for head phantom picture. In (b), the “random”, “toeplitz” and “hadamard”
mean the random, Toeplitz and Hadamard matrices, respectively; the “1/0”
and “1/−1” mean the 1/0 and 1/−1 matrices, respectively. The “hadamard–
1/0” matrix is made with the 1 part of the corresponding Hadamard matrix.
The sampling rates are taken 0.1, 0.2, 0.3, . . ., 1.
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Fig. 3. The components in the 2048th row of AT A of different matrices, where A ∈ R1228×4096 .

However, as we analyzed above, 1/−1 matrices in the
complementary measurement need a doubling of measurements compared with 1/0 matrices in the classical measurement under the same sampling rate which means the ratio between the row number of the measurement matrix and the pixel
number of the object. That is obviously unfair for the classical
measurement. Therefore, in this paper, we introduce the measurement rate which respects the ratio between the number of
the measurements and the pixel number of the object. Under
the same measurement rate, all matrices have the same number
of measurements with the single-pixel camera. Specifically,
with the same measurement rate, the number of the complementary sampling, i.e., the row number of 1/−1 matrices, become half of the number of classical sampling, i.e., the row
number of 1/0 matrices.

3. Pseudo complementary measurement
In the above section, we find that 1/−1 matrices in the
complementary measurement have better reconstruction results than 1/0 matrices in the classical measurement with the
single-pixel camera but the true measurement number of 1/−1
matrices are twice 1/0 matrices under the same sampling rate.
Those facts drive us to study the implementation about the
complementary measurement of 1/−1 matrices just with the
same measurement number of the classical measurement.
3.1. Basic idea

120

The complementary measurement processing has the following mathematical formulation:

100

b+ = A+ u + e+ ,

(2)

b− = A− u + e− ,

(3)
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A+ =

(4)
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and e+ ∈ R m and e− ∈ R m respect the noises in b+ ∈ R m
and b− ∈ R m, respectively. As Eqs. (2) and (3), the traditional single-pixel camera receives two fluxes b+ and b− corresponding to 1 and −1 elements in the matrix A. According
to Eqs. (4) and (5), we obtain

0.9

Fig. 4. Peak signal-to-noise ratio (PSNR) vs measurement rate of different measurements (matrices), noiseless case. The legends are the same
as the ones in Fig. 2. The measurement rates are taken as 0.1, 0.2, 0.3,
. . . , 1.

Now we compare the reconstruction quality versus the
measurement rate of different measurements (matrices) shown
in Fig. 4. Figure 4 shows that with low measurement rate
(about less than 30%) the classical measurement (1/0 matrices) can actually reconstruct the object better than the complementary measurement (1/−1 matrices) and only if the measurement rate is enough large (about greater than 40%) the
complementary measurement can return better results than the
classical measurement. The performance of the complementary measurement motivates us to consider how to improve the

Au = (A+ u − A− u).

(6)

Combining Eqs. (4) and (5), we have
A− = 1m×n − A+ .

(7)

From Eqs. (6) and (7), we derive
Au = 2A+ u − Fu 1m ,

(8)

where Fu = uT 1n respects the total flux of the object. Equation (8) provides us one way to derive the term b only with the
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same number of measurement with the row number of the matrix A if we can estimate the total luminous flux of the object.
We call Eq. (8) the pseudo complementary measurement since
the complementary measurement receives both A+ u and A− u,
but in Eq. (8) we only need A+ u.
3.2. Assumptions on the matrix A+
In tradition, the total flux is computed by the summation
of all pixel values of the image in numerical simulation and
measured through turning all micro-mirrors +12◦ in real experiment. If we just measure the total luminous flux once, its
value is seriously affected by the measurement error. Based
on the statistical theory, we can take several times measurements to derive the accurate value of total flux. Fortunately,
we find that certain part of the total luminous flux Fu can be
derived in each measurement based on Eq. (1). If we can design the measurement matrix properly, the total luminous flux
Fu can be computed easily in a mathematical way. Therefore,
we consider the following assumption on the matrix A+ to obtain the total luminous flux Fu from A+ u.
Assumption 1 The matrix A+ satisfies
m
AT+ 1m = 1n .
(9)
2
Assumption 1 essentially requires that half of the elements in each column of the matrix A+ is 1. With Assumption
1, we immediately derive the following lemma.
Lemma 1 Suppose Assumption 1 holds. Then it holds
that
m
(A+ u)T 1m = Fu .
(10)
2
Proof From the matrix vector multiplication, we have
m
m
(A+ u)T 1m = uT (AT+ 1m ) = uT 1n = Fu .
2
2
It is easily seen that Lemma 1 provides us one way to obtain the total flux Fu based on the measured data. According to

Lemma 1, the pseudo complementary measurement (8) under
Assumption 1 is equivalent to
Au = 2(A+ u − A+ u1m ),

(11)

where A+ u = m1 (A+ u)T 1m respects the mean value of measured fluxes. Obviously, we can see that the pseudo complementary measurement (11) only takes the measurement about
A+ u and does not need A− u.
In this paper, we also suppose that the matrix A+ satisfies
the following assumption.
Assumption 2 The matrix A+ satisfies
A+ 1n =

n
1m .
2

(12)

Assumption 2 essentially requires that half of the elements in each row of the matrix A+ is 1. With Assumption
2, we immediately derive the following lemma.
Lemma 2 Suppose Assumption 2 holds. Then it holds
that
A1n = 0m .

(13)

Proof From Eq. (4), we have that
A1n = (2A+ − 1m×n )1n = 0m .
We can see that if the matrix A+ satisfies Lemma 2, the
matrix A can remove the direct-current component and only
keep the difference of the measured object.
3.3. Matrix design for the pseudo complementary measurement
Assumptions 1 and 2 require that the half of elements in
both each row and each column are 1, which can be generated
in Algorithm 1.

Algorithm 1: Matrix generation based on Assumptions 1 and 2
1 Generate the 1/0 random matrix A+ which has m/2 1s in each column.
2 Compute and sort the quantity of 1s in each row. If the smallest value is equal to n/2, the algorithm ends.
3 Switch 0 and 1 at the random column in the two rows which have the smallest and largest value respectively.
4 Go to Step 2.

The step 1 in Algorithm 1 guarantees each column of the
matrix A+ has half of 1s as the row number of A+ . The step
2 and 3 only adjust the distribution of 1s among rows of A+
and keep the number of 1s in each column m2 . With executing
the step 2 and 3 once, the difference between the smallest and
largest quantity of 1s in each row will decrease. Consequently,
Algorithm 1 can be terminated with finite steps, which is concluded in the following theorem.
Algorithm 1 can generate the matrix A+ satisfying Assumption 1 and 2 within finite steps.
For the large-scale matrix, we can generate it from the
small-scale matrix based on the following lemma.

Lemma 3 Suppose that the matrix A0 ∈ Rm×n satisfies
Assumption 1 and 2. It holds that the following matrix A1
generated from A0 also satisfies Assumption 1 and 2,

A1 =

A0
A0
A0 1m×n − A0


.

Proof With the block matrix vector multiplication, we
have

114202-4
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Fig. 5. The flow chart based on Algorithm 1 and Lemma 3.

Combing Algorithm 1 and Lemma 3, we can build a flow
chart about the matrix generation for the pseudo complementary measurement as shown in Fig. 5. First, we initialize a
small-scale matrix just satisfying Assumption 1. Then we
switch 0 and 1 in the same column from the rows having the
smallest and largest amount of 1s respectively in order to make
the small-scale matrix satisfy Assumption 2. Finally, we augment the initial matrix in rows and columns recurrently to obtain the desired matrix.
3.4. Computational property and error analysis for the
pseudo complementary measurement
The designed matrix by Algorithm 1 has the similar
property with the random matrix. Here we first generate a
R306×1024 matrix, and then we extend the matrix double and
four times in size based on Lemma 3. From Fig. 6, we can see
that the matrix A designed by Algorithm 1 for the pseudo complementary measurement has the similar computational property with 1/−1 matrices for the complementary measurement
shown in Fig. 3. Therefore, we believe that our new matrix
with the pseudo complementary measurement can have good
performance for reconstructing the object with the single-pixel
camera.
Now we consider the error analysis of the pseudo comple(a) 306T1024

new 1/0
new 1/-1

≈ 2(A+ u − A+ u1m ) + 2e+ .
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Since 2e+ ∼ N(0m , 4σ 2 Im×m ) and e+ − e− ∼ N(0m , 2σ 2 Im×m ),
combining Eqs. (14) and (15), the ratio about the standard
deviation of noises between the pseudo complementary and
√
complementary measurements is 2. In addition, based on
Eq. (14), the ratio about the standard deviation of noises between the pseudo complementary and classical measurements
is 2. That is to say, the noise level for the pseudo complementary measurement is similar to the classical and complementary measurements.

250
150

(14)

The approximation in Eq. (14) is due to the fact that e+ ∼
N(0m , σ 2 Im×m ) and m is large enough, which results in e+ ≈ 0
with the statistical theory, which means that the total flux Fu
can be estimated by A+ u accurately. For the complementary
measurement, we have

(b) 612T2048
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mentary measurement. Suppose that e+ , e− ∼ N(0m , σ 2 Im×m )
and e+ and e− are independent of each other. According to
Eqs. (2) and (11), we have
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Fig. 6. The components in the 1st row of AT A of the matrices. The dimension of A is listed in the sub-figures. The “new–1/0” matrix is
designed by Algorithm 1 and Lemma 3, and the “new–1/−1 matrix” is computed based on Eq. (4).
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4. Numerical simulation

surement rates (about less than 30%) the pseudo complemen-

In this section, we first draw the figure about performance
profile of the pseudo complementary measurement to compare
it with the classical and complementary measurements. Then
we show the reconstructed images.

tary measurement rapidly improves the construction quality of

4.1. Performance profile of the pseudo complementary
measurement
Now we reconstruct the 64 × 64 head phantom picture
(Fig. 2(a)) with the pseudo complementary measurement.
Here we generate the data b followed by Eqs. (2), (3), (14),
and (15). Then we take the reconstruction computation and
obtain Fig. 7.
For the noiseless case, we can see that under low mea-

the complementary measurement. For the noise case (σ = 1),
which is close to the real experimental situation, the pseudo
complementary measurement has the best reconstruction quality. In both the noiseless and noise cases, the pseudo complementary measurement overcomes the poor reconstruction
quality of the complementary measurement under low measurement rate with the single-pixel camera. Figure 7 shows
that the pseudo complementary measurement can combine the
advantages of the classical and complementary measurements
and give the robust reconstructed results under different measurement rates.
45
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(a) Noiseless case.
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Fig. 7. PSNR vs measurement rate with the pseudo complementary measurement. The “new–1/−1” matrix is generated by Algorithm 1 and
the other legends are the same as the ones in Fig. 4. The measurement rates are taken as 0.1, 0.2, 0.3, . . . , 1.

4.2. Reconstructed image comparisons
In this subsection, we show the reconstructed images under 30% measurement rate in the above subsection with Fig. 7.
Since the resolution ratio of the original image is 64 × 64, the
measurement number in Table 1 is 1228, which means that
each of the sub-figures except (a) and (i) is reconstructed by
1228 measurements with the virtual traditional signal-pixel

camera. In detail, the row number of the pseudo complementary and classical measurements, which include “new 1/−1”,
“rand. 1/0”, “toep. 1/0” and “hada. 1/0” in Table 1, is 1228;
the row number of the complementary measurements, which
include “rand. 1/−1”, “toep. 1/−1” and “hada. 1/−1” in Table 1, is 614 due to the two measurements about the fluxes of
the 1 and −1 parts in each row of the 1/−1 matrix.

(a) new 1/-1

(b) rand. 1/0

(c) rand. 1/-1

(d) toep. 1/0
(e) toep. 1/-1
Noiseless case, σ= 0

(f) hada. 1/0

(g) hada. 1/-1

(h) new 1/-1

(i) rand. 1/0

(j) rand. 1/-1

(k) toep. 1/0
(l) toep. 1/-1
Noise case, σ=1

(m) hada. 1/0

(n) hada. 1/-1

Fig. 8. The reconstructed image of the head phantom in Fig. 2(a). Here the measurement rate is 0.3, and σ is the standard deviation of the
noise. The “new 1/−1” matrix is generated by Algorithm 1; the “rand.”, “toep.” and “hada.” mean the random, Toeplitz and Hadamard matrix
respectively; the “1/0” and “1/−1” mean the 1/0 and 1/−1 matrices, respectively.
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Table 1. The reconstructed PSNR of the head phantom in Fig. 1(a).
σ

new 1/−1

rand. 1/0

rand. 1/−1

toep. 1/0

toep.1/−1

hada. 1/0

hada. 1/−1

0

99.74

31.98

19.16

30.01

20.89

32.31

19.77

1

31.35

30.42

18.46

26.25

17.74

30.94

19.13

From Fig. 8, we can see that the reconstruction results
of the pseudo complementary measurement (“new 1/−1”) are
visibly better than the others. For the noiseless case (σ = 0),
the reconstructed image by the pseudo complementary measurement is very close to the original one and every detail in
“new 1/−1” is correct. For the noise case (σ = 1), the reconstructed image by the pseudo complementary measurement
can give most of the details of the original one but the others like “rand. 1/0” and “hada. 1/0” in Fig. 8 even give some
wrong details. From Fig. 8, we can obviously see the effective performance of the pseudo complementary measurement
for both noiseless and noise cases compared with the classical
and complementary measurements.

pixel camera is 1228. That is to say, for the pseudo complementary measurement (“new 1/−1” in Table 2), we take 1228
times measurements to obtain the fluxes of the 1 part in each
row of the 1/0 matrix and estimate the total flux of the objective by doubling the average of the receive data; for the classical measurement (“rand. 1/0”, “toep. 1/0” and “hada. 1/0” in
Table 2), we only take 1228 times measurements to obtain the
fluxes of the 1 part in each row of the 1/0 matrix; for the complementary measurement (“rand. 1/−1”, “toep. 1/−1” and
“hada. 1/−1” in Table 2), we take 614 times measurements to
obtain the fluxes of the 1 part in each row of the 1/−1 matrix
and another 614 times measurements to obtain the fluxes of
the −1 part in each row of the same 1/−1 matrix.

5. Experimental result
In this section, we use the traditional single-pixel camera
to observe 3 alternating opaque and transparent stripes with
the different measurements under 30% measurement rate. The
experimental setup is given in Fig. 1. The illumination source
is a halogen lamp with the central wavelength of 550 nm. The
object to be imaged in transmission is Group 2, Element 2 portion of the standard U.S. Air Force (USAF) resolution target,
and it is imaged onto the DMD using an achromatic imaging
lens ( f = 50.4 mm). The DMD consists of a 1024×768 array of individually addressable mirrors, and the size of each
mirror is 13.68×13.68 µm. An area on the DMD in the window of size 876×876 µm (64×64 piexls) is employed to provide binary patterns on the object plane. In this experiment, a
charge-coupled device (CCD, IMPERX 1620M) camera plays
as a bucket detector to measure the total intensity transmitted
from the object.
The resolution ratio of the original image in the experiment is 64 × 64. Similar to our numerical simulation, the measurement number of all types of measurements with the single-

(a) new 1/-1

(b) rand. 1/0

(c) rand. 1/-1

Fig. 9. The original image in the experiment.

After collecting the data, we take the reconstruction computation and derive Table 2 and Fig. 10, from which we can
obviously see that the pseudo complementary measurement
has the best reconstruction result. The image in “new 1/−1”
derived by our pseudo complementary measurement is the
closest to the original one and has clear 3 stripes. Table 2
and Fig. 10 also show that the pseudo complementary measurement has the huge advantage for reconstructing the object
under low measurement rate with the traditional single-pixel
camera compared with the classical and complementary measurement.

(d) toep. 1/0

(e) toep. 1/-1

(f) hada. 1/0

(g) hada. 1/-1

Fig. 10. The reconstructed image of Fig. 9. Here the measurement rate is 0.3. The “new 1/−1” matrix is generated by Algorithm 1; the “rand.”,
“toep.” and “hada.” mean the random, Toeplitz and Hadamard matrix respectively; the “1/0” and “1/−1” mean the 1/0 and 1/−1 matrices,
respectively.
Table 2. The reconstructed PSNR of Fig. 2(a).

PSNR

new 1/−1
26.49

rand. 1/0
14.27

rand. 1/−1
13.97

toep. 1/0
11.65
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toep.1/−1
12.11

hada. 1/0
14.64

hada. 1/−1
14.02
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6. Conclusions
In summary, we have proposed a pseudo complementary
measurement for a traditional single-pixel camera. The noise
of this procedure can be guaranteed in the same level with the
classical and complementary measurements. With the properly designed measurement matrix, the pseudo complementary measurement can obtain the total luminous flux of the
object and construct the received data b for that matrix. The
performance of the pseudo complementary measurement in
the numerical simulation is better than the classical and complementary measurements under the same measurement rates,
which shows that the pseudo complementary measurement can
combine the advantages of the classical and complementary
measurements under different measurement rates. The experimental result shows that the pseudo complementary measurement can improve the peak signal-to-noise ratio (PSNR) significantly for the traditional single-pixel camera imaging under low measurement rate.
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