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Properties of One-Dimensional Highly Polarized Fermi Gases *
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Using both the exact Bethe ansatz method and the variational method, we study properties of the one-dimensional

Fermi polaron.

We focus on the binding energy, effective mass, momentum distributions, Tan contact and

correlation functions. As the attraction increases, the impurity is more tightly bound and correlated with the
surrounding particles, and the size of formed polaron decreases. In addition, compared with the Bethe ansatz
method, the variational method is totally qualified to study the one-dimensional Fermi polaron. The intrinsic
reason is that the number of particle-hole excitations in a Fermi sea, caused by a single impurity, is always rather
small. The variational method can be well extended to other impurity systems.

PACS: 03.75.Ss, 67.85.Lm, 05.30.Fk

Due to the high tunability, the ultracold Fermi gas
has been used as a versatile platform to explore vari-
ous many-body phenomena.['°! In particular, recent
experimental observations of Fermi polarons in two-
and three-dimensional ultracold atoms!®~*! provide in-
sightful understanding of the quasiparticle physics in
many-body systems,!'”) and make the impurity sys-
tem and the associated concept of polarons attract
much attention.!''~'°) The Fermi polaron is a dressed
impurity immersed in a Fermi sea, and undergoes
a polaron-molecule transition in two and three di-
mensions as the attraction increases. In addition to
the Fermi polaron, the concept has been extended to
bosonic systems,!'°~?l and even the impurity system
with repulsive interactions.l*!l The polaron not only
has its own physical uniqueness, but also is the first
step towards the multi-impurity system and even the
imbalanced mixture.[””]

Theoretically, researchers are mainly using varia-
tional methods, including mean field theory, to study
the polaron.?*? These methods are perturbative,
based on the number of particle-hole excitations in
the major component.['”?l However, in one dimen-
sion (1D) the Fermi polaron can be exactly studied by
the Bethe ansatz (BA) method.?°~ %% Tt is a special
case of the 1D spin-1/2 §-function interacting Fermi
gases, whose properties with arbitrary spin popula-
tion imbalance were exactly studied by Yangl®'! and
Gaudin.’”) The BA method can be used to test the
quality of other methods.

In this Letter, we utilize both the variational
method and the exact BA method to study proper-
ties of the 1D Fermi polaron. Comparisons between
the results obtained by these two methods are made.
Although the binding energy and effective mass have
been studied in Ref.[25], here we further calculate
momentum distributions, Tan contact and correlation
functions for different attractions. In particular, we
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extract the Tan contact from several aspects. The
Tan contact measures the probability of finding two
particles at the same place. It is highly related to
the thermodynamics, the asymptotic behavior of the
momentum distribution tail, and the local density-
density correlation function.”>=%°! It is a key prop-
erty of many-body systems. The Tan contact for the
1D Fermi polaron has been calculated by the T-matrix
method,[*°] here we further focus on testing the quality
of the variational method. Compared with the exact
BA method, the variational method gives quite good
results, especially the Tan contact. The variational
method is totally qualified to study the 1D Fermi po-
laron, and could give reasonable good results for other
impurity systems.

We consider a 1D highly polarized two-component
fermionic system with a single spin-| fermion in a spin-
1 Fermi sea. The corresponding Hamiltonian can be
written as

1 = Y elho)ycun +9 Y chyehcuscii—ar
ko kk'q
(1)

with €(k,0) = k2/2 (h = 1). The masses of fermions
are the same, and are used as the unit of mass,
c}:,a (cko) is the creation (annihilation) operator of a
fermion with momentum % and spin o. The density
for spin-1 fermion is denoted as ny = kp/m, with kp
being the Fermi momentum. The interaction between
the impurity and other particles is a contact inter-
action and we only consider the attractive case with
negative ¢.°’'! It is a function of the 1D scattering
length a with g = —1/a.[%7]

Introduced by Chevy,['?] a variational wave func-
tion for the ground state can be written as

|0) = a0cy 10) + Y Chaay €y k1 Chy 1t 0)

k1q:
(2)
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where [ki(2)| > kp and |q;| < kp. The vacuum |0)
is defined as a product state of the true vacuum for
spin-}. fermion and the Fermi sea for spin-1 fermions.
Here p denotes the momentum of the polaron or the
whole system. The first two terms describe zero and
one particle-hole excitations in the Fermi sea. High
order excitations are omitted, and these two terms
can give very good results. Minimizing the functional
(V7|(H—E)|¥), one can obtain the following two cou-
pled equations!'"

- g_l‘E|aU = Z Xky1g15

k1q1

—1 71 _
-9 Equlakllh =ap + E Qkogrs (3>
k2

where B! = —E + gnt +e(p + q1 — k1,1) + e(kq, 1
)—e€(q1,7), and F is the ground-state energy, which is
also defined as the energy of the polaron. We have set
the ground-state energy for the non-interacting sys-
tem (g = 0) to zero. Given a dimensionless parameter
g/m4, one can solve the above coupled equations, ob-
tain ag, oq and the ground-state energy E explicitly
expressed as

1

E=Y FI S —— (4)
@ 9 k1 Ell1 a1
When p < kg, the energy of the polaron under
the quasiparticle picture can be written as E(p) =
By, +p?/2m*, which is the ground-state energy for the
system with p = 0, where F}, is called the binding en-
ergy of the polaron, and m™* is the effective mass of
the polaron. These two quantities are the major char-
acteristics of a polaron. However, with the variational
wave function one can calculate other quantities, like
momentum distributions and correlation functions.

The Hamiltonian Eq. (1) can also be exactly solved
by the BA method.l"'! In real space, it can be written
as

2
H= =33 [ o) ggen)te
ey / 6} (@) (1) 61 ()61 (2)dz,  (5)

where ¢f(x) is the creation operator of a spin o
fermion at position . After expanding the many-body
wave function with plane waves, the quasi-momenta
k; of fermions under the periodic boundary condition
satisfies the BA equations!®']

i ¥ k_Aa+lg/2
exp(mjng(m)’
Cr (Ao = kj +ig)2 M~ Ag +ig
j=1,...,N, a=1,..., M, (6)

where N is the number of all particles, M = 1 is the
number of spin-| particles, and 4, are additional M
quantities which describe down spins. The energy of
a state with a set of k; is given by £ = Zj k;JQ/Q
Working in the thermodynamic limit and using the
perturbation method, the binding energy FEy in the
weakly attractive region (|g|/nt < 1) is

2o 22y Tyt (L) arctan(y) + OGP, (7)
F 71' 2

with y = g/2kr and the Fermi energy Ep = ki /2.
It agrees with McGuire’s calculation.l”® Here vy is
a dimensionless parameter, which is a scaled g/nq.
On the other hand, in the strongly attractive region
(lg]/ns > 1), the binding energy and the effective
mass are

Ey 2 4 -2
—=—-2y*-1-—+40 , 8
B y 3my (v™) (8)
2
*=24 = +0(y?). 9
m' =2+ = 40y )
In the strongly attractive limit y = —oo, the impurity

forms a very tight pair with a particle in the Fermi sea,
and the effective mass equals 2. In general, for a finite
system one can solve the above coupled BA equations
directly and obtain quasi-momenta k;. Then with the
many-body wave function one can calculate the bind-
ing energy, the effective mass and so on. In our nu-
merical calculations, L = 1 for the sake of simplicity
and the number of spin-1 fermions equals 21.

0
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Fig. 1. The binding energy of polaron versus dimension-
less parameter y = g/2kp, calculated by the variational
method (Labeled by Vari), the numerical BA method
(NBA), the small interaction (SBA) and the large inter-
action (LBA) perturbations (Egs. (7) and (8)). Inset: En-
largement of the weakly attractive region.

In Fig. 1 we show the binding energy as a function
of the dimensionless parameter y (the scaled interac-
tion strength). The results obtained from different
methods agree with each other very well. The relative
error (EY2(y) — ENBA(y))/ENBA(y) for Fig. 1 is less
than 3.3%. Compared with the BA method, the varia-
tional method gives a very good binding energy, which
can also be seen in Ref. [25]. In the weakly attractive
region (Jy| < 1), the impurity slightly interacts with
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particles in the Fermi sea, and under the mean field ap-
proximation the binding energy F = gny = (2y/7)Er,
which is the leading order of Eq. (7). As the attrac-
tion |y| increases, the binding between the impurity
and particles in the Fermi sea becomes stronger and
the binding energy |Ep| increases. In the strongly
attractive region, one can think that the impurity
forms a tightly bound pair with a particle in the Fermi
sea. From the two-particle physics the binding energy
E = —g¢%/2 = —2y?Ep, which is the leading order of
Eq. (8).

2.0
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Fig. 2. The effective mass of polaron. Inset: The ground-
state energy versus p? for a system with dimensionless
parameter y = —2.

Not only the binding energy, we also calculate the
ground-state energy for systems with finite p. After
linearly fitting the energy versus p?, one can obtain
the effective mass of polaron. In the inset of Fig.2
we show the ground-state energy versus p? for a typi-
cal system, and a linear relation indeed shows up. In
Fig. 2 we show the effective mass versus the dimension-
less parameter y. The maximal relative error is around
10%. Compared with the BA method, the variational
method gives quite good results, especially if the rela-
tive error is less than 2.8% when |y| < 1. The effective
mass m* > 1 because the impurity is dressed by par-
ticles in the Fermi sea. As the attraction |y| increases,
the impurity is more entangled with the Fermi sea
and harder to move with a larger effective mass. In
the strongly attractive region, the impurity is tightly
paired with a particle in the Fermi sea, and the effec-
tive mass m* — 2.

With the ground-state energy, one can obtain the
variational wave function by solving Eq.(3). Then
other quantities can also be calculated. In Fig.3 we
show momentum distributions of the major compo-
nent for systems with p = 0 and different attractions.
It is defined as nq4(k) = <W‘CLTC]€T| ¥). Distributions
are symmetric about & = 0, and we only show the right
half. For systems with p # 0, momentum distributions
are asymmetric, but as the attraction increases they
have the same behavior as for systems with p = 0.
When the attraction is weak (|y| < 1), the momentum
distribution is basically a step function, and particle-
hole excitations concentrate on the Fermi surface. As

the attraction increases, particles in the Fermi sea are
more entangled with the impurity, and more inner par-
ticles are excited to higher momentum states. How-
ever, there is only one impurity, and no matter how
large the attraction is the overall number of excita-
tions in the Fermi sea is still small. We think this is
the intrinsic reason why the variational method can
work so well. In the inset of Fig.3 we show the cor-
responding momentum distributions for the impurity,
which are defined as ny (k) = <L17|c£¢ck¢| 7). There is a
discontinuity at k = 0, and n (k = 0) = |ap|?, which is
the residue of impurity that remains un-excited. The
residual has a significant weight, which also indicates
that the fraction of excited particles is relatively small.
In the strongly attractive region (|y| > 1), every parti-
cle in the Fermi sea has almost the same chance to be
excited out, and there is a peak at finite momentum
in the distribution for impurity.

1.00
T 0.75
1 ~ 05

=

Fig. 3. Momentum distributions n4 (k) for systems with
different y. Inset: the corresponding momentum distribu-
tions for the impurity.
Now we come to study the Tan contact. For the
1D Fermi polaron, it is defined as

C=92/d$<Wlﬂ(ﬁ)éj(w)m(@%(@lW% (10)

which measures the probability of finding two particles
with different spins at the same place.l’”l Compared
with Eq. (5), the Tan contact is highly related to the
interaction energy and the local density-density cor-
relation function. Using the variational wave function
Eq. (2), the Tan contact can be calculated directly by
being transformed into momentum space. In addition
to the direct calculation, the Tan contact can also be
extracted from the momentum distribution. One of
Tan’s universal relations is

c
ny (k> k) = ny(k > ke) = -7, (11)

where C' is the Tan contact. There is a linear relation
between lnn, (k) and lnk when k& > kg (an example
is shown in the inset of Fig.4). After linearly fitting,
one can extract the Tan contact.

Furthermore, from Tan’s relation between adia-
batic energy and the scattering length, the Tan con-
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tact can be calculated by C' = dFE/da.l’"] This equa-
tion also suggests that given a Tan contact one can
determine the free energy and any thermodynamic
quantity at zero temperature, which makes the Tan
contact a very important quantity in the thermody-
namics. With the above BA resulted Egs. (7) and (8),
the Tan contact is

4
¢ _ —[2y* — 7y® 4 2yarctan(y) + O(y*)],
kFEF ™
lyl < 1, (12)
C 4
=2| -4y + — -1 1. 1
pE 2w rowTh w1 ()

In Fig.4 we show the Tan contact versus dimension-
less parameter y, calculated by different methods. All
results agree with each other very well. The relative
errors are less than 3.7%. Then compared with the
BA method, the variational method can also give very
good thermodynamic properties.

1000 X\ 10°
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400

C/kpEp

200+

Fig.4. The Tan contact versus dimensionless parame-
ter y. Here C\p is obtained from fitting the momentum
distribution tail, Ccorr is obtained from Eq. (10) with the
variational wave function. Inset: log-log plot of nq(k) for
a system with y = —2. The dotted straight line is a fitting
function in form o 1/k%.
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Fig. 5. Density-density correlation functions for systems
with different y. Inset: the corresponding pair correlation
functions.

Finally, we use the variational method to calculate
the correlation functions which are currently out of
reach for the BA method. The density-density cor-
relation function between different spins is defined as

Co(r) = (Plna (r)ny ()] #)—(Plny(r) | #){ |, (0)| #)
with n, (1) = ¢! (r)¢,(r) the density operator. Trans-
lation invariance has been used and only the rela-
tive coordinate matters. In Fig.5 we show density-
density correlation functions for systems with differ-
ent attractions. Correlation functions are symmetric
about 7 = 0 and we only show the right half. In the
absence of interaction (y = 0), there is no correlation
between two components. As the attraction increases,
a peak immediately emerges at the center (r = 0) and
becomes more sharp. This signature indicates the for-
mation of a polaron. The impurity only has significant
correlations with nearby spin-1 particles. The decay
rate of the correlation function indicates the size of
a polaron. As the attraction increases, the central
peak becomes higher and narrower, which indicates
that the polaron becomes more tightly bound with a
smaller size. In the inset of Fig.5 we show the cor-
responding pair correlation functions, which are de-
fined as Cp(r) = (¥[6}(r)6!(r)o,(0)61(0)| ¥). The
pair correlation shows oscillatory decay, the same as
the Friedel oscillation,!””) and the same as the density-
density correlation function, the pair correlation func-
tion becomes stronger as the attraction increases.

In summary, an impurity, immersed in a Fermi
sea with attractive interactions between them, will
be dressed up by surrounding particles to form a po-
laron. It becomes more tightly bound as the attrac-
tion increases. We used both the variational method
and the exact Bethe ansatz method to study prop-
erties of the 1D Fermi polaron. Explicitly, we have
studied the binding energy, effective mass, momen-
tum distributions, Tan contact and correlation func-
tions for systems with different attractions. Compared
with the Bethe ansatz method the variational method
gives very good results. Especially, they give almost
the same Tan contact, which means the same ther-
modynamic properties. The variational method is to-
tally qualified to study properties of 1D Fermi polaron.
The reason why the variational method can work so
well is that there is only one impurity and the num-
ber of caused particle-hole excitations in the Fermi
sea is rather small. It is reasonable to think that the
variational method is also good for other 1D impurity
systems and even for the two- or three-dimensional po-
laron. For example, for the two-impurity system one
just needs to replace the one impurity creation oper-
ator c; , by c;r)l Lc;2 | in the variational wave function.
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