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Solutions to local and nonlocal integrable discrete nonlinear Schrédinger (IDNLS) equations are studied via
reduction on the bilinear form. It is shown that these solutions to IDNLS equations can be expressed in terms of
the single Casorati determinant under different constraint conditions.

PACS: 02.30.1k, 05.45.Yv

Recently, the nonlocal nonlinear integrable system
has attracted considerable attention after Ablowitz
and Musslimani found the parity-time (PT) sym-
metry nonlinear Schrédinger (NLS) equation from
a nonlocal reduction of the Ablowitz—Kaup—Newell—
Segur (AKNS) spectral problem.?) Many nonlocal
integrable equations have been established from the
general AKNS scattering problem via the different
symmetry reductions involving the reverse space-time
symmetry, or the partially PT symmetry and the par-
tially reverse space-time symmetry in the higher di-
mensional case.[' ) These nonlocal systems have po-
tential application in nonlinear PT-symmetry medial*
and more universal Alice-Bob events.[”’] Due to the
integrability of such nonlocal models, they can be
treated by classical methods such as inverse scatter-
ing transform, Darboux transformation and bilinear
approach.['0—27]

As integrable discrete analogues of local and non-
local NLS equations, there exist four reductions from
the Ablowitz-Ladik (AL) spectral problem[* %%l

iwn,t :wn+1 + wnfl - 2¢n

- 5%%(%“ + wn—l)a (1)
iq/}n,t :1/)n+1 + ¢n—1 - 21/%
- 5wn¢*—n('¢)n+l + djn—l)a (2)

7;wn,t :¢n+1 + Yn—1 — 2¢n

= YYntn (=) (Ynt1 + Pn-1), (3)
Wnt =Vnt1 + Yno1 — 2¢p

= Yt —n (=) (Pns1 + Yn-1), (4)

where 6 = +1, and v is an arbitrary complex con-
stant. The four cases correspond to the standard
AL symmetry, the discrete PT preserved symmetry,
the reverse time discrete symmetry and the reverse
discrete-time symmetry.[*10-111721.25] Very recently,
a bilinearisation-reduction approach has been used
to derive solutions to Egs. (1) and (4) uniformly and
these solutions were expressed in terms of double Ca-
sorati determinant.[*’] It is noted that for the local
integrable discrete NLS (IDNLS) Eq. (1), its bright
soliton solutions can be expressed by the double Caso-
rati determinant whereas its dark soliton solutions are
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given by the single Casorati determinant.’") There-
fore, the question arises whether nonlocal IDNLS
equations allow the single Casorati determinant solu-
tions or not. To answer this question, our goal in the
present study is to derive general single Casorati de-
terminant solutions to the defocusing local Eq. (1), the
PT-symmetry Eq.(2) and the reverse discrete-time
symmetric Eq. (4). In this Letter, we firstly introduce
the before-reduction IDNLS equation whose solution
is expressed in terms of the single Casorati determi-
nant. Then solutions to local and nonlocal IDNLS
equations are derived by imposing different constraint
conditions.

Let us firstly recall the Casorati solution of the
before-reduction IDNLS equation. According to the
derivation in Ref.[26], the before-reduction IDNLS
equations

z% + (c+ d)uy, — [ab — (ab — 1)uyvy)]
(dupt1 + cup—1) =0, (5)
- z’% + (c+ d)vp, — [ab — (ab — 1)unvy)
“(cvpy1 +dvp—1) =0 (6)

can be transformed into the bilinear form

(ZDt +c+ d)gn . fn - dgn+1fn71 - anflfn%»l = O(; )
7

(th —C— d)hn . fn + Cthrlfnfl + dhnflf'rH»l =0,
(8)

fn+1fn71 - f72L = (ab - 1)(](3 - gnhn)a (9)

via the dependent variable transformation u,, = ¢,/ fn
and v, = h,/ fn.

Through the dimensional reduction from bilinear
equations of the Backlund transformation of Toda lat-
tice and the discrete two-dimensional Toda lattice, it
is found that the bilinear IDNLS Egs. (7)—(9) possess
the solution in terms of Casorati determinant

fn=|Fnxn|= |p?+j_16£i +qzb+j_1em|N><Na (10)
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n—+j ?th

p; & i i
= G = 2 v i s 1]_
gn=|Gxn| 1—api.  1—ag  Inxn (11)
ntj—2 ntj—2
b; ; 4q; ;
h.—=|H :| ( iy i i 12
n | NXN‘ |(1_api)_1e T(l—aqi)_le N><N’ ( )

with & = i(acpi—k%‘j)t—i—{w and n; = i(acqi—kl;—‘j)t—l—m,o,
where the wave numbers p; and ¢; need to satisfy the
constraint condition

Lo by 13
qz‘ﬁ*pil—ap[ (13)

In the following, we consider reductions for local
and nonlocal IDNLS equations.

(A) The defocusing local IDNLS Eq. (1): Firstly,
we introduce the following diagonal matrices and a
Vandermonde matrix

A =Diag(ay, as,...,an),
B :Diag(bl,bg,...,bN),
C:Diag(clvc27"'vCN)v (14)
N—i
wefov x ()
e Y (Tw)], .05
1Sky<ke<--<ky_;<N [=1
ky#j
with the elements a; = (—1)N*t1_2i_ b, = —1_ and

Pi—qi’ qreli
¢ = %. For example, when N = 1,2,3, the Van-
k3
dermonde matrices read

V=), v = (),

q2q3 q3q1 41492
Vi=l ®©2-63 —63—a —qg-—q¢|.
1 1 1

Meanwhile, we take exponential functions in Ca-
sorati determinants as
N

exp(&) =[] [ (ax — pi)) " exp(&)),

exp(;) =[] [ (o —a)] exp(mi),  (16)

k=1
k#i
with & = i(acpi—l—%il)t—i—ﬁio and 7} = i(acqi+2—f)t+n£,o.
Due to the gauge freedom, we can find that

fu=|F| = |AFV,B|

8ij 1 ppesi
= 1 ]Ch‘ + 1 q; p;en/,’ 9 (17)
- IJT - E qj e'li INXN
gn =|G| = |CAGV,B|
1 n ¢
1—% 1 _ g 1% nenjInxN’ (18)
Pi qi qj e’
h, =|H|=|C~'AHV,B|
1 /
T _p?egi‘ (19)
1—3)—:'_17%—a 1*%%‘@";’ NxN’

still satisfy the bilinear IDNLS Egs. (7)—(9).
To conduct the complex conjugate reduction, we
impose the constraints

1
¢ =—, a"c" =bd,
p;
= 4 1 2 * |2
§i,0: — 15,05 ;—a’ = |pi —a*|". (20)

7

Then, we have the relations

F:; = Fji; G;kj = Hji7 (21)

which means f;: = fn and g = h,. Thus it immedi-

ately gives u* = §*/f* = hn/fn = Up.
Moreover, a direct substitution to the constraint
condition (13) yields

1 p; 1 2 2
=——"(p;—0b), or |——al"=[p;—0b]". (22
o= b), or [ —al = pi - b (22

Comparing the conditions (20) and (22), we simply
take b = a* and d = ¢* to ensure the dimensional
constraint condition (13) held.

In addition, if we let p; = k; +ih; and a = a1 +ias,
then the condition |p% —al? = |p; — a*|? gives rise
to h; = —as £ \/2a1k; +a% —k? — 1. It requires
2a1k; —l—a% — kf —1 > 0, which means that the discrim-
inant 4(a? + a3 — 1) needs to be positive for k;. That
is to say, the parameter a needs to satisfy |a|? > 1.

Therefore, the before-reduction IDNLS Egs. (5)
and (6) reduce to the single equation with v} = u,,
b=a* d=c* and |a]? > 1. Through the variable
transformations

w, :ﬁexp(—ine—i—ie ‘ t—2it),
Va |al (23)
la]?> — 1 e~
= —m-- C = ——
la[? jaf?’

one can obtain the defocusing local IDNLS Eq. (1)
with § = 1. Finally, we obtain the following theorem
about the dark soliton solution of the IDNLS equa-
tion, which coincides with the result in Ref. [26].

Theorem 1.1: The defocusing local IDNLS Eq. (1)
has the dark soliton solution

la|? =1 (ino—iel+e"" ¢ 1041y Gn

’(/} = la|? , (24)
" |al? n
where
r 51] 1 7, K1 E/"'Ff/'*
f":‘l %4_1— Hpipjel "
‘pi‘ pipj
1
6ij ;_ 1 s
G, = S i1 o &itE (25
G ‘1 \pl.\z pi—a 1 p‘;* Pib; XN (25)
2 T ]
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. . . * 16
with & = i(hH + 47 )# +&i o and the parameters
need to satisfy the constraint condition

—_—az—f(pi_a*)~ (26)

For example, the defocusing local IDNLS Eq. (1)
possesses a one-soliton solution

b = la|2 — 1€(in07i519‘t|627w t42it)
=
\ laf?

1—apy
p1(p; —a)

L+ [py el

+ [py [Prefite

; (27)

with & = i(2B +C€0) Ly +€] o, where a, py and &
are arbitrary complex parameters, 6 is an arbitrary
real parameter and these parameters need to satisfy
% —a= _%(pi —a*) and |al? > 1.

(B) The PT-symmetry IDNLS Eq. (1): For the sec-
ond nonlocal IDNLS, we take the same diagonal ma-
trices B and C' and the same Vandermonde matrix Vj,
in Eq. (14) except for the elements of matrix A which
is replaced by a; = (fl)N“ﬁ. The exponential
functions in Casorati determinants are also changed
the same as Eq. (16). Owing to the gauge freedom,
one can find that

fo =|F| = |AFV,B|

S5ii 1 pre
=|—2 4 bier ‘ , (28)
Pi—q DPi—Gq; q]n@nj NxN
gn =G| = |CAGV, B
1 !
0 — —Q 1 " e
=|— ij . plz, +— _p;en’.‘ , (29)
pz_%a—a pz—qjqjey NxN
hn, =|H|=|C~YAHV,B|
1 !
Pi =45 gje's INxN

1
pi—QiE—a

are still the solution to the bilinear IDNLS Egs. (7)—-
(9).

If we impose the following conditions

g =pf, a*'c" =ac, b"d" =bd,

§z',*o = — 1505 11— api|2 =1~ a*pi‘z’ (31)

then we have

Fzﬂ;(_”) = _Fji(n)v éfj(_n) = _ﬁji(n)v (32)

which leads to f*,, = (=1)V f, and §*,, = (=1)Nh,,.
Thus it immediately reaches u* ,, = j;:"' = ;ﬁ =

Furthermore, a direct substitution to the con-
straint condition (13) yields

(b b
l—ap; = fp—*(1**>, or |1fapi|2 = ’17* - (33)
p; Di Di

1 7

If both the equations in the before-reduction IDNLS
Eq. (5) and (6) are consistent, we will require a* = a,
b* =10, c* =cand d* =d.

Similarly, let p; = k; + ih;, then the constraint

condition |1 — ap;|? = |1 — %F generates h; =

+1./—a2k? + 2ak; — ab. It requires —a’k? + 2ak; —
ab > 0, which suggests that the discriminant 1 — ab
needs to be positive for k;. That is to say, the param-
eters a and b need to satisfy the condition ab < 1.

Therefore, the before-reduction IDNLS Egs. (5)
and (6) become the single equation (v*, = u, and
ab < 1) with the PT symmetry invariance. Through
the variable transformations

0 -0
U, :%exp(—710—1—1'%15—21‘15)7
ab—1 e ? e?
@ ab ' " ab’ ab’ (34)

with § =1 (ab < 0) and § = —1 (0 < ab < 1), we
obtain the PT-symmetry IDNLS Eq. (1). Finally, we
arrive at the following theorem about the solution of
the nonlocal IDNLS Eq. (1).

Theorem 1.2: The PT-symmetry IDNLS Eq. (1)
has the solution

/ab—l n _iee+e_9 i gn
1/)71 _ We( 0 w112 t)fTj (35)

n

with § = 1(ab < 0) and 6 = —1(0 < ab < 1), where

Pi—=D; Pi—DP;D; NxN
1
Oii . @ 1 e
o = | R o R (36)
pi_pip?_a pi —D; p; NxN

with & = i(£5 + %;)t+f£,0a and the parameters need
to satisfy the constraint condition

1—api:—l%(1——). (37)

For example, taking N = 1, the solution for the
PT-symmetry IDNLS Eq. (1) reads

ab—1 cef4e? .
1% — e(n(ifi Le—t4-2it)
V' Sab

Pi(1=ap1) | (p1yn €l +€"
. pi(l—api) Jr(pi‘) c

1+ (%)nefﬁﬁi*

; (38)

with 6 = 1(ab < 0) and 6 = —=1(0 < ab < 1).
Here & = i(£5 + ;%;)t + &l o, p1 and & are arbi-
trary complex parameters, a, b and 6 are arbitrary

real parameters and it is necessary for them to satisfy
l1—ap =-0(1- p%) and ab < 1.
1
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If we set p; = exp(a; +i5;), [(i Zgi;] — e2im and

define & + & = 294, then the modular square of ¥,
is given by

1—ab
2
l? = exp(2n0) |
0l = exp(2nt)|
| 2sin(2nf + B1 +9) sin(By + 7)} (39)
cosh(291) 4 cos(2np1) ,
which implies that the singularity of |1,|? occurs at

b1 =km (k==+1,£2,...).

(C) The reverse time discrete symmetric IDNLS
Eq. (1): For the nonlocal IDNLS Egq. (1), we fail to
construct its general Casorati determinant solution.
Here we list a one-soliton solution to show the reduc-
tion process. To be specific, taking N = 1, one has

13

S

q1 p1 (ﬂ)ne

1—aq 1—ap1 \q1/ ¢m
"o 1+ (e
e
T (e = W0
P/ &1
1:111“11 1*10;]01 (%)n 62:1
Un(—t) = o =,
T+ (g
l—ap; l—aq1 (q1 neg
Un(—t) = — BT (2) B (41)
L+ G

)t and 1} = i(acq; + bd)t. To
in v, as the same as the term

with & = i(acp; +
keep the term (g—i)"
(B)" in up(—

yields v,, =

t), only ¢1 = —p1 can be chosen, which

t). In

this situation, the constraint condition (13) reduces to
p? = L. Through the variable transformations

pll

2
U (—t) and u, = #%_lvn(f

71% . 1 27(0‘1)71)2
un =" e |20y 1, 0=
1
—d=— 42
c=d=—, (42)

where a, b and « are complex constants, we obtain the
reverse time discrete symmetric IDNLS Eq. (1). Thus
a one-soliton solution has the following form

1 2t
T api e—Qz(i—l)t Zzi-ﬁ-l +( ) e (43)
" 1l-a @t
P1 1+ (_1)neam
with o? = % and p? = g.

Note that for fixed a and b, the constraint condi-
tion p? = g does not result in different values of the
wave number p; except for its opposite value. There-
fore, in the manner of this reduction, we cannot obtain
the general Casorati determinant solution of the non-
local IDNLS Eq. (1). However, if we consider a pair

reduction for the wave numbers p; and ¢;, the solution
with even number (2N) solitons can be derived. The
details have been discussed in a separate work.

(D) The reverse discrete-time symmetric IDNLS
Eq. (1): For the nonlocal IDNLS Eq. (1), we define
the diagonal matrices and another Vandermonde ma-
trix as follows:

A =Diag(ar,as2---,an),
B Diag(by,bo - -,
= Diag(bf, by - -

1
=Diag(c}, ¢y
D Diag(d;,

(

(b, b2

(b

C’ Diag(c1,ca--+,cn
(

(dy,d2

= Diag(d}

do---
- dly

N—i
V== Z (Hpkl)]NxNa

1<ky <ko<..<ky_;<N [=1 (46)
ky#3j
with the elements a; = ——, b; = —1—, bl = =L
T pi—qi VT ] qrenir Vi — p?eﬁﬂ
_1)N+1 _1)N+1 1/2
Cz:() .76/:() ~, di = L 1/2and
IT (pe—ai)> IT (ge—pi) (1—ap;)
ki ki
q1/2
d; = Tag) 72" In this case, the exponential func-

tions in Casorati determinants are changed as

N

exp(§;) = H(Pk - Qi)1/2(pk: —Pz‘>_1/2 exp(&7),

k=1
k#1

N
exp(n;) = [ [ (ax — pi)"/*(ak — ;) ™"/ exp(n), (47)

k=1
ki

with & = i(acp; + pb) t and n} = i(acq; + Zcil)t.
Based on the gauge freedom of tau functions, it

can be checked that

fo=|F| = |CABFV,A™|
£l .
—| B =g o B )|
gn = |G| = |D "'CABGV,A"'D7!|
£ o
pze o Qipi—q; ’
‘P Qz 677@ (Z ']) o Pj Pj—q; (Z#]) NxN
(49)
hn, = |H| = |D'CABHV,A~'D|
P; Qz pzeE . Pipi—q . ‘
=[BT (=) or =L A2
(50)
. p}/z q.1/2
with P; W, Qi:mandf-:

N
) Hk;‘é (e =) gk —9:)"* (P — i)~/ (qe —pi) /2,
=1,k#i
still satisfying the bilinear Eqs. (7)—(9).
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On the other hand, using another kind of transfor-
mation, we can obtain

= |F'| = ‘C’B’FV}Z|
)1” LT (=) or BTG <z'7éj>\ (51)
n 5 pl_q] J\f><1\/'7
W, = |H’\ = |DC'B'HV, D'
Qz q@ 6771 .. Q] pz qi ;. . ‘
B i = o GE x|
(52)
Then, it can be found that
Fij(fnv ) F]/m Gij(*na ) Hjlm (53)

which yields

fon(=t) =, =|C'B' (BT ATICT R AV, V|
B'|C"|V,] =
_IBUCV| -
|BIICIIVy |
G_n(—t) =h', = |DC'B'(B"*A"'C~'D'!
1 AT BVl 5
-HD AV, 1)VD|:|7qhn.
r P TBI s
Thus it immediately reaches u_,,(—t) s}ng:g =
Furthermore, through the variable transformations
0, .—0
Uy, fﬁexp<fn9+i%t72it),
¢ (56)
_ -0 0
2 = ab 1 CcC = 677 d = 6—7
Yyab ab ab

where a, b, o and 6 are complex constants, we obtain
the reverse discrete-time symmetric IDNLS Eq. (1).
Finally, we obtain the following theorem regarding the
solution to the nonlocal IDNLS Eq. (1).

Theorem 1.3: The reverse discrete-time symmetric
IDNLS Eq. (1) has the following solution

w _ ae(n@ = t+21t) gn az = ab — 1, (57)
fn ~vyab
where
_ ple . p; —4q . ‘
=1+ 1~t— (i= )
‘ + o (z j) or py— CFD|
) Py preti N Qipi—aj .
n= +—I= i=j)or ==L (j ‘ )
g ]P Oy g (=0 o o= G|y
(58)
with & = ( )t7 n = i(b%‘? + aql)t b=
1/2 1/ N
P, o= 4 -
a7z @i = [ragye and Ii = k= gm(pk

pi) Y (qr — 4:) Y (pr. — 4:) "V (qx — pi) ~V/?. Here a, b,

0, p; and ¢; are arbitrary parameters, and they need
to satisfy the constraint condition (13),

b—p;

—— (59)

q; =

For example, taking N = 1, the solution to reverse
discrete-time symmetric IDNLS Eq. (1) is given by

+ P1 (Pl )nefl 1

— (n6— 77f+2zt) Pl
Yn = ae 1+ (@)”efl—m - (60)
q1
ith o2 = ab—1 P 1 Q _ 1/2
w1 a” = »yab’ 1= @@= ap1 (A=ap)i/2’ L= - aql)l/z’
& =i(&s —i—m)t and 7} = (%5 + = )t where a, b, 0,

p1 and ¢ are arbitrary complex parameters and they
need to satisfy the constraint condition ¢; = b fpll

In summary, we have investigated solutlons to lo-
cal and nonlocal IDNLS equations via reduction. Due
to the gauge invariance for the before-reduction equa-
tions, tau functions in terms of the single Casorati
determinant are written as several alternative forms.
Based on the different forms of the Casorati determi-
nant, solutions to local and nonlocal IDNLS equations
are derived by imposing the corresponding constraint
conditions.
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