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We propose four different models of three-terminal quantum dot thermoelectric devices. From general thermo-
dynamic laws, we examine the reversible efficiencies of the four different models. Based on the master equation,
the expressions for the efficiency and power output are derived and the corresponding working regions are deter-
mined. Moreover, we particularly analyze the performance of a three-terminal hybrid quantum dot refrigerator.
The performance characteristic curves and the optimal performance parameters are obtained. Finally, we discuss
the influence of the nonradiative effects on the optimal performance parameters in detail.

PACS: 05.70.—a, 73.50.Lw, 73.63.Kv, 85.80.Fi

Recently, various three-terminal thermoelectric de-
vices and processes have been proposed, where the
electrons interchange energy with a boson or Fermi
reservoir, e.g., photons, phonons, electron—hole exci-
tations, electrons or magnons. The boson or Fermi
reservoir coupled to the electron system represents
the third terminal, making the setup a three-terminal
one.[' "1l Compared with two-terminal thermoelectric
devices, three-terminal thermoelectric ones can sepa-
rate electric and heat currents. In this study, we pro-
pose four different models of the three-terminal quan-
tum dot thermoelectric devices and define various effi-
ciencies (or, equivalently, coefficients of performance).
As an example, we analyze the thermodynamic per-
formance characteristics and optimal performance of
a three-terminal quantum dot hybrid thermoelectric
refrigerator. The influence of the nonradiative effect
on the optimal performance parameters is discussed
in detail.

The three-terminal quantum dot thermoelectric
device we consider is illustrated in Fig.1. The two
coupled single-level quantum dots with energy levels
e, and eg (er, < er) are connected with the two elec-
tronic terminals at different temperatures 71, and Tg,
respectively. The single energy level €1, (eR) is near
the Fermi level of the left (right) electronic terminal,
and we define the energy level difference e, = er — ..
The left (right) quantum dot with energy level ey, (eg)
can only exchange electrons with the left (right) ter-
minal, respectively. The left and right terminals are
connected by an external circuit (an applied bias volt-
age AV = (ur —p1)/q or a load, where ¢ is the charge
of an electron). We suppose that the Coulomb inter-
actions prevent two electrons from being present at
the same time. Thus the single energy level e1, (er)
can be occupied only by zero or one electron with re-
spective probabilities p; with ¢ € {0,L,R}. The left
(right) quantum dot is coupled by two possible mech-
anisms. The first is due to the incoming photon (ther-
mal terminal with temperature kept at Tr) radiation
at the resonant energy of ¢, = hv. The second is due
to nonradiative processes at the same resonant tran-
sition. The relationship between the temperatures of
the three terminals satisfies T, < Tr < Tr. Driven by
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thermal photons, electrons can be transmitted from
the left terminal to the right terminal via the left and
right quantum dots and come back to the left terminal
through an external circuit, forming a net circulation
of electrons. Such a three-terminal quantum dot ther-
moelectric device can be designed to operate in four
different scenarios (models), as shown in Figs. 1(a)-

(b)

I
v

J > PR

:

Fig.1l. The schematic diagram of three-terminal quan-
tum dot thermoelectric devices in four different scenarios.
The dark arrows show the different allowed electron tran-
sitions. Transitions between the left and the right energy
levels induced by thermal photons, and nonradiative pro-
cesses are indicated by an upper curly red arrow and a
lower curly blue arrow, respectively. The overall electron
current through the device is shown by the hollow arrow
with J. The left and right electronic terminals are con-
nected by a load or bias voltage.

The operating principle of various scenarios is de-
scribed as follows: (a) Three-terminal hybrid thermo-
electric refrigerator: it is a ‘double driving’ refriger-
ator model. The ‘double driving’ comprises the heat
@ from the thermal terminal and the electric power
— P supplied by the applied bias voltage, taking heat
Qv from the left terminal and dumping heat —Qr into
the right terminal. Thus @y, is the cooling power, and
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the COP of the refrigerator is defined as
o = {QL/<—PE)7 AV #0,

AV =0. o

QL/QT7
For a reversible process, the entropy production rate
is

L) (2)

Combining the energy conservation formula

QL+ Qr+Qr— Pg=0, (3)

the corresponding reversible COP is obtained as fol-
lows:

nrev _ QL/QT
(@ =y - Tw/Tr — (Qu/Q7)(Tr/Tr, — 1)

When the applied bias voltage is zero, the reversible
COP is (1 — ) g 117

(b) Three-terminal hybrid thermoelectric heat en-
gine: it absorbs the invested heat Qr from the thermal
terminal and the heat Qr, from the left terminal, re-
leases heat —Qg to the right terminal, and produces

the electric power Pg. The efficiency is defined as!'’]

(4)

Qu+Qr
For a reversible process, using Eqgs. (2), (3) and (5),
we obtain the reversible efficiency

M(b) (5)

rev (1 E) 7 E TT/TL -1

U ) Ty /G )

O

In particular, when QL = 0, the reversible efficiency
is reduced to

rev Tr
Ny =1 - T (7)

which is the Carnot efficiency of the two-terminal case.
(c) General three-terminal thermoelectric heat en-

gine: it absorbs heat Qp from the thermal terminal,
releases heat —QL to the left electronic terminal and
heat —Qg to the right electronic terminal, and pro-
du[(]:(?]s the electric power Pg. The efficiency is defined
asl™

Ny = Pe/Qr- (8)

For a reversible process, using Egs. (2), (3) and (8) we
can obtain the corresponding reversible efficiency

ney = (1 TR) ¥ @(1 - E)

 Tr QT 11,
:(1—%)+g;‘(1—%). 9)

It is obvious that Qr/Qr < 0 and Qr/Qr < 0, thus

we have

T3
< <1 (10)

1 2R
Tr

Tr

Notice that, when Qr, = 0 or Qr = 0, the three-
terminal model degenerates to a two-terminal one,
and the corresponding Carnot efficiencies 1 — T /Tt
and 1 — T1,/Tr are obtained. In particular, when
T, = Tg = T, this model is similar to the ‘solar
cell’,['] and the reversible efficiency is the Carnot
value 7iey =1 —T /T like a two-terminal one.

(d) Another kind of general three-terminal thermo-
electric heat engine: it absorbs the invested heat Qr
from the thermal terminal and the heat Qg from the
right terminal, releases heat —QL to the left terminal,

and produces the electric power Pg. The efficiency is
defined as

M) = Ps/(Qr + Qr). (11)

For the reversible process, using Egs. (2), (3) and (11),
similarly we obtain the reversible efficiency!'?!

rev 11, T1, TT/TR -1
M) = (1 - T7> B PR (12)
T T1+Qr/Qr

In this case, Q1/Qr is bounded in [0, +00), in the lim-

its Q1/Qr = 0 (Qr = 0) and Q1/Qr — o0 (Qr = 0),
Eq. (12) is bounded in

11, 11,
l— =< <1 ——. 13
Tn (d) Tr (13)

We also find that the lower bound and the upper

bound of 77{3 are the Carnot efficiencies for the two-

terminal ones. In particular, when Tg = T = T, the

reversible efficiency is also the Carnot value ng =

1-Ty,/Tr.

The dynamics of the left and right quantum dots
is described using the master equation formulation for
driven open systems. The evolution of the probabili-
ties po, prL, and pr to find no electron or one electron in
energy level 1, or g, respectively, with time is given
byl

Do —kor. — kor kro kro
pL | = kot —krLo — kLR krL
PR kor kLR —kro — krL
DPo
: [pL] . (14)
PR

At the steady state, i.e., pg = pr, = pr = 0, and the
probabilities meet pg + pr, + pr = 1. The occupation
probabilities of each state are derived as

_ krokro + kLrERo + FLoKRL
Po = 0 ) (15&)
oL = korLkro + kOLgRL + koRkRL7 (15b)
_ krokor + kLrKoL + kLR kor
PR = 0 3 (15C)
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where (2 = korkro + koLkLR + korkLR + koLkro +
kLokro + kLrKRo + koLARL + korKkRL + kLoKkRL is the
normalization factor that ensures the sum of proba-
bilities to be equal to unity, k;; (¢, = 0,L,R) is the
transition rate from state ¢ to state j. The rates de-
scribing the exchange of electrons with the electronic
terminals are given by

koL = I'L f(2L), (16a)
kuo =TIl — f(zu)], (16b)
kor = IR f(7R), (16¢)
kro =Ir[l — f(zr)], (16d)

where f(z) = 1/[exp(x) + 1] is the Fermi distribution,
xr, = (eL, — pr)/kpTL and ar = (er — ur)/kpTR are
the scaled energies, kg is the Boltzmann constant, I7,
and I'r are the bare tunneling rates between energy
level €; (¢ = L,R) and the corresponding electronic
terminal. The rates describing the transitions between
energy levels due to photons from the thermal termi-
nal (T) and to nonradiative (nr) effects are given by

kir = FTn(xT) + an(ng), (17&)
kry, = FT[l + n(xT)] + Fnr[l + TL(:CgR)], (17b)

where n(xz) = 1/[exp(z) — 1] is the Bose-Einstein
distribution with the scaled energy zr = eg/ksTr,
Tol, = 5g/kBTL and TgR = Eg/kBTR, FT is the pro-
portional constant of the photon radiative processes,
and I, is the proportional constant of the nonradia-
tive processes. Notice that I, indicates the strength
of nonradiative effect.

At the steady state, the electron current entering
the left quantum dot from the left terminal is equal to
the electron current from right quantum dot to right
terminal. It can be written as

J = korLpo — kLopr = kropr — korpo- (18)

This current can be decomposed as J = Jp+ Jy,, with
Jr and Jy; being the contributions to the current due
to the interaction with the thermal photons and the
nonradiative processes, respectively,

Jr =Trn(er)pL — Ir[l + n(zr)lpr, (19)
Jnr = nrn(mgL)pL - Fnr[l + n(ng)]pR- (2())

The motion of the electrons between the electronic ter-
minals and the system gives rise to an associated heat
exchange. According to the fundamental equation of
thermodynamics for an open system at constant vol-
ume and pressure, we can obtain the associated heat
current flowing from the electronic terminals at the
steady state, which are given by

Qu =J(eL — ), (21)
QR = — J(er — pRr)- (22)

The net heat current coming from the thermal photon
terminal is

Qr = Jreg, (23)

whereas the heat current due to the nonradiative pro-
cesses 1s

Qur = JurEy. (24)
The electric output power is expressed as
Pg = J(pr — pL)- (25)

We can verify that Qp, +Qr+ Q1+ @un— Pg = 0. This
energy conservation formula is suitable for the above
four different models. Thus we can rewrite the ex-
pressions for the efficiency or the COP of each model
as

QL — EL—HL AV 7& 07

—Pg HL—HR’

n(a) = . _ (263)
Qu _ J(eL—pL) _
G Jeom) Ay =,
My =t = TURZI) o
®) QL+0Qr J(ew—pL) + Jreg’
Py J(MR - ML)
Me) =5 =" (26¢)
Qr TEg
P J —
My = B o Jlm o) o)

Qr +Qr  Jreg — J(er — pR)

It is found from Egs. (21)—(26) that the performance
parameters of the device (e.g., electric output power,
efficiency or COP) are the functions of the positions
of energy level 1, and er of two quantum dots, the
temperatures 11, Tr and T, the chemical potentials
pr, and pg of two electronic terminals, the bias volt-
age AV, the strength of nonradiative effect I3, and
the bare tunneling rates I't,, I'r and I'7.

Since the three-terminal quantum dot thermoelec-
tric device can operate in four different models, one
may obtain the corresponding working regions by de-
ciding the signs of the four thermodynamic parameters
QL, @r, QT and Pg. In model (a): Qr >0, Qr > 0,
Qr < 0, and Pg < 0; in model (b): Q1 > 0, Qr > 0,
Qr < 0, and Pg > 0; in model (c): @1 > 0, QL < 0,
Qr < 0, and Pg > 0; and in model (d): QT > 0,
QL <0, Qr > 0, and Pg > 0.

When the nonradiative effect I3, is not taken into
account, we have Jr = J and Qu = 0. The overall
entropy production rate is given by

Y 7L "ML ER T HR | Eg
§ = J( T T +TT>' (27)

According to the principle of entropy increase, i.e.,
S >0, we find J > 0 corresponding to the region

r_ Y fs

<0 28
TL TR ( )

TT ~ I’

where © = e, — up, and y = er — pur are the relative
positions of the two energy levels in relation to the
chemical potential of left (right) electronic terminal.
Thus the difference of chemical potential is

- R =y — T — e (20)

The inequality (28) and Eq.(29) play an impor-
tant role in deciding the signs of Q1,, Qr, QT and Pg.
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Interestingly, when the inequality (28) takes the equal
sign, i.e., S = 0, associating with Eqgs. (15)—(18), we
verify that J = 0. This means that the electrons can
reversibly transfer between the two electronic termi-
nals and the quantum dots. We also derive the re-
lationship between efficiency and entropy production
rate

«

77(&) = T, (30&)
1-1x/Tr — o(Tr/TL — 1) — TrS/QT
Tw Tr Tr/TL —1 TR S
nwy:1ff5f§§ o=l kS . (30b)
T T14+Q1/QL Qu+Qr
n(c)—lfﬁﬁ’@(l*E)*TiS
Tr  Qr 1y, Qr
T TN G TS
:1——£+(1—4£)25—4£§, (30¢)
Ty TR/ Qr Qr
T, Ty Tr/Tg —1 Ty.S
I L Tr/Tr LS (30d)

may =1 — =& L ATRZ L ALY
@ Tr Tr1+Qr/Qr Qr+Qr

According to Egs. (21)—(23) and (25), we obtain the
corresponding working regions of the four different
models when I, = 0, as shown in Fig. 2. In the ana-
lytical calculation, it is set that 71, = 4K, Tg = 8K,
TT = 16K, Eg/k‘B = GK, Fnr = O, and FT = FL =
I'y = I'. Tt is seen from Fig.2 that by tuning the
relative positions of the two energy levels, the device
can operate in four different models at other related
parameters given.

e o
120 ——mong=0 (a)
wp T am=0
(o) E —— eg—up =0
S
< 6F
~
D 4F
2F
_2§_
_4:...|...|...|..|...|...|...|...
—-10 -8 —6 —4 —2 0 2 4 6
z/kg (K)
Fig.2. The corresponding working regions of the four

different models.

For convenience and uniformity, we introduce the
total power output P for each model, i.e.,

P {QL, model (a), (31)
Pg, models (b), (c) and (d).

Using Egs. (21)—(26) and (30), we plot the three-
dimensional (3D) projection graph of the total power
output P and the efficiency n varying with the rel-
ative positions of the two energy levels x and y at
different nonradiative effects I}, as shown in Figs. 3
and 4. It is seen that when the nonradiative effects
do not exist (I, = 0), the working regions will be in
good agreement with that in Fig.2. When the non-
radiative effects exist, the working regions can only
be numerically calculated. As the nonradiative effects
increase, the corresponding working regions diminish

gradually. Some positive values in the working regions
can be decreased to zero or negative, and hence the
working regions diminish gradually as the nonradia-
tive effects increase. Since the corresponding working
regions for models (b) and (c) are finite, we can infer
that these two regions will vanish at some values of
I',,. Both the total output power P and the efficiency
(or COP) n decrease as the nonradiative effects Iy, in-
crease. When the nonradiative effects do not exist, the
efficiency n monotonously varies with x or y when the
other of them are given, and the maximum efficiency
Nmax should lie on the line for J = 0 since the device
can reversibly operate in this case. Particularly in re-
gion (a), i.e., the device works as a ‘double driving’ re-
frigerator, the contour for pur, — ur (white dashed line)
becomes longer as its value increases. This means that
as the applied bias voltage AV increases, the working
region will increase, and more cooling power Qr, (P)
can be obtained. These are the advantages of the dou-
ble driving refrigerator.

(p—pe) /b =TK

0.12

(a) 0.10 0.08

b
o N //q’ 0.08 0.06
X 12 @
o \@\ 0.06 0.04
& - . . X
< B Qu/ (k) (K)o 04 Qu/(kT) (K)
I, =0 0.02 =051 0.02
8 0
0 2 4 6 0
8+ P/ksl(K),[x=0 0.12 8 P/ksI(K),[=0.5G 0.09
0.08
6 6
0.10 ) 0.07
X4 0.08 4 0.06
g 0.05
m <1006 2
= |
= 0.04
= -H0.04 0 0.03
0.02.2 (d 0.02
0.01
4 0 —4 4 0
—-10-8 -6 —4 —2 0 2 —-10-8 -6 —4 —2 0 2
z/kp(K) x/kp(K)

Fig. 3. The 3D projection graph of the total output power
P varying with z and y at different nonradiative effects
Iy
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Fig. 4. The 3D projection graph of the efficiency n vary-

ing with x and y at different nonradiative effects I'nr.
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Using Egs. (22)—(27a), we plot the performance
characteristic curves of the cooling rate @Qp, versus
COP 7 at different nonradiative effects I, and ap-
plied bias voltage when the device works as a ‘double
driving’ refrigerator, as shown in Fig. 5. It can be seen
from Fig. 5 that, when the applied bias voltage is zero,
the performance characteristic curve for I,, = 0.1
is a closed loop-shaped one, while these curves are
open-shaped when I, = 0 or the applied bias voltage
is nonzero. The performance characteristic curves for
AV > 0 present a special point: the maximum cool-
ing rate point (nqL,@r). As the nonradiative effects

I, increase, both the maximum cooling power @1, max
and the corresponding COP nqr, decrease. The opti-
mal thermodynamic performance parameters at the
maximum cooling rate can be numerically calculated.

0.06 17—
1%L,
0054 T~ !
] St
2 0.04 -~ N
\M/ 0-0 ] /7 ! AN
— 1 il : N
~ h .
Qm 003: ///_ qAV/kg=-2K, 1,,=0 \\
= 1 ) qAV/ky=-2K, I, =0.1
0024 A —- AV=0,1,=0 \
< 1.7 \ 7T AV=0,1, =01 N
0.014s \ | \
1, \ | \
:” , I"?QI \
0.00 FH——4———— "
0.0 0.5 1.0 1.5 2.0 2.5
n

Fig. 5. The performance characteristic curves of the cool-
ing power versus the coefficient of performance at different
nonradiative effects ',y and applied bias voltages.

0.107 0.8
0.09
0.08
0.074
0.06
0.054
0.04

E . . . . 1
0'030. i

0.7

/(kgl) (K)
Na,

max

Q.

0.357
0.304

/(kpl) (K)

‘max

Q

—qAV/kg (K)

Fig. 6. The curves of the maximum cooling rate and the
corresponding COP versus the nonradiative effects Iy, at
given —qAV/kp = 4K and versus the applied bias voltage
AV when the nonradiative effects do not exist.

Using Egs. (22) and (27a) and the extremal condi-
tions

0Qu

Or =0, (32)

we can numerically calculate the maximum cooling
rate Qrmax and the corresponding COP nqr. The
curves of the two optimal performance parameters ver-
sus the nonradiative effects I, or the applied bias
voltage AV are plotted in Fig. 6. It can be seen that
both the maximum cooling rate @, max and the cor-
responding COP nqr, monotonously decrease as the
nonradiative effects I, increase. Thus in the actual
maximum cooling rate design one should minimize the
nonradiative effects I}, as largely as possible. As the
applied bias voltage AV increases, the maximum cool-
ing rate Qr, max increases monotonously while the cor-
responding COP 7qr, monotonously decreases.

The main results obtained are as follows: (1) as
the nonradiative effects I, increase, the correspond-
ing working regions diminish gradually and both the
total output power and the efficiency also decrease.
(2) For a hybrid thermoelectric refrigerator, as the
applied bias voltage increases, the working region will
increase, more cooling power can be obtained. (3)
The optimal performance of the hybrid thermoelec-
tric refrigerator is analyzed and the influence of the
nonradiative effect I, and applied bias voltage AV
on the optimal performance parameters is revealed.
The results obtained here can provide some theoreti-
cal guidelines for the design and operation of practical
quantum dot thermoelectric devices.
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