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The integrability of a (2+1)-dimensional super nonlinear evolution equation is analyzed in the framework of the
fermionic covariant prolongation structure theory. We construct the prolongation structure of the multidimen-
sional super integrable equation and investigate its Lax representation. Furthermore, the Bäcklund transformation
is presented and we derive a solution to the super integrable equation.
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The supersymmetric generalizations of integrable
equations in 1+1 dimensions have attracted a lot of in-
terest from theoretical physics as well as mathematics,
such as the Korteweg–de Vries (KdV) equation,[1,2]
the Kadomtsev–Petviashvili (KP) equation,[3] the
nonlinear Schrödinger equation (NLSE)[4,5] and the
Heisenberg ferromagnet model.[6−8] Supersymmetry
offers a powerful tool for widening the scope of inte-
grability of the systems. However, much less is known
about the structure and properties of supersymmet-
ric integrable systems in 2+1 dimensions. There
has been an increasing interest in the multidimen-
sional supersymmetric integrable equations. Saha
and Chowdhury[9] presented two procedures to con-
struct the supersymmetric integrable systems in 2+1
dimensions. Based on the auxiliary matrix vari-
able, an approach to construct (2+1)-dimensional in-
tegrable Heisenberg supermagnet (HS) models have
been proposed and their gauge equivalent counter-
parts have been derived.[10] Quite recently, by estab-
lishing different auxiliary matrix variables, one con-
structed two types of (2+1)-dimensional integrable HS
models and their integrability has been studied.[11] A
number of techniques in standard theory have been
extended to investigate the supersymmetric integrable
systems, such as the Darboux transformations,[12] the
Bäcklund transformations,[13] the Painlevé test,[14] 𝜏
functions,[15] the Hirota bilinear method,[16] super-
trace identity,[17] binary nonlinearization[18] and pro-
longation theory.[19]

The prolongation structure theory (PST) pro-
posed by Wahlquist and Estabrook[19] is a very useful
method to analyze the nonlinear evolution equation
(NEE). There has been considerable interest in the
study of integrable systems by means of PST.[20,21]
Morris[22,23] generalized this approach to higher di-
mensions and some (2+1)-dimensional super NEEs
have been well investigated. With the successful appli-
cation of nonlinear realization of connection,[24] Guo et
al. developed a covariant prolongation structure the-
ory of the NEE. Then Cheng et al.[26] established the

fermionic covariant PST of (1+1)-dimensional super
NEE in terms of the theory of super connection on
fibre bundle. Recently, the fermionic covariant PST
in the (1+1)-dimensional NEE has been extended to
the multidimensional super NEE.[27] In this Letter,
we focus our attention on the integrability of (2+1)-
dimensional supersymmetric integrable systems in the
framework of the multidimensional fermionic covari-
ant PST.

We begin by summarizing the fermionic covariant
PST that will be useful in the following. A more de-
tailed description can be found in Ref. [27].

For a (2+1)-dimensional super NEE, it can be
transformed into a partial differential equation (PDE)
of the first order by adding appropriate new vari-
ables. Let us suppose all variables {𝑥, 𝑦, 𝑡, 𝑢𝜈 , 𝜈 =
4, . . . ,𝑚 + 3} ≡ {𝑥𝜇, 𝜇 = 1, . . . ,𝑚 + 3}, which be-
long to the super space 𝑀 with dimension 𝑚+ 3. We
can represent the corresponding first order PDE as the
set of even and odd differential 3-forms,

𝛼𝑖̄ = 𝑑𝑥𝜇 ∧ 𝑑𝑥𝜈 ∧ 𝑑𝑥𝛾ℎ𝑖̄𝜇𝜈𝛾 ,
(𝜇, 𝜈, 𝛾 = 1, . . . ,𝑚+ 3, 𝑖 = 1, . . . , 𝑙), (1)

which constitutes a differential ideal 𝐼, i.e.,
𝑑𝛼𝑖̄ = 0,mod(𝛼1, . . . , 𝛼𝑙). However, these three
forms restricted on the solution manifold 𝑆 =
{𝑥, 𝑦, 𝑡, 𝑢𝜈(𝑥, 𝑦, 𝑡)} are null, i.e., 𝛼𝑖̄|𝑆 = 0, then we
obtain the super NEE again.

Now we consider a super principal bundle 𝑃 (𝑀,𝐺)
and a super bundle 𝐸(𝑀,𝐹,𝐺, 𝑃 ) with base super-
manifold 𝑀 , fibre 𝐹 , structure super Lie group 𝐺.

The super connection form on 𝐸 is written as

𝜔𝑗 = 𝑑𝑧𝑗 + 𝑑𝑥𝜇Γ 𝑗
𝜇(𝑥, 𝑧)

= 𝑑𝑧𝑗 + 𝑑𝑥𝜇Γ 𝑎
𝜇 (𝑥)𝜆𝑗𝑎(𝑧), (2)

where 𝑥 = {𝑥𝜇, 𝜇 = 1, . . . ,𝑚 + 3}, 𝑧 = {𝑧𝑖, 𝑖 =
1, . . . , 𝑛}, Γ 𝑎

𝜇 (𝑥) and Γ 𝑗
𝜇(𝑥, 𝑧) are the coefficients of

the connection on 𝑃 and 𝐸, respectively. Note that
Γ 𝑗
𝜇(𝑥, 𝑧) may be a nonlinear connection, since the vari-

able 𝑧 in 𝜆𝑗𝑎 is usually nonlinear.
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Then we introduce the super induced connection
𝐿𝑗
𝑘𝜇(𝑥, 𝑧(𝑥)) as follows:[26]

𝐿𝑗
𝑘𝜇(𝑥, 𝑧(𝑥)) =

[︁𝜕𝜆𝑎𝑘
𝜕𝑥𝜇

+ (−1)𝑐𝑘̂Γ 𝑐
𝜇𝜆

𝑏
𝑘𝐶

𝑎
𝑏𝑐

]︁
𝜆𝑗𝑎. (3)

By means of super induced connection 𝐿𝑘𝜇, we de-
fine the following covariant derivative of 𝜔𝑗 restricted
on the section,

𝐷𝜔𝑗 = 𝑑𝜔𝑗 + 𝜔𝑘 ∧ 𝐿𝑗
𝑘,

= − 1

2
𝑑𝑥𝜈 ∧ 𝑑𝑥𝜇(𝐹 𝑎

𝜇𝜈𝜆
𝑗
𝑎) +

1

2
𝜔𝑙 ∧ 𝜔𝑘𝑀 𝑗

𝑘𝑙, (4)

where 𝐿𝑗
𝑘 = 𝑑𝑥𝜇𝐿𝑗

𝑘𝜇, 𝐹 𝑎
𝜇𝜈 and 𝑀 𝑗

𝑘𝑙 are given by

𝐹 𝑎
𝜇𝜈 = −𝜕Γ

𝑎
𝜈

𝜕𝑥𝜇
+ (−1)𝜇̂𝜈

𝜕Γ 𝑎
𝜇

𝜕𝑥𝜈
+ (−1)(𝑏̂+𝜈)𝑐Γ 𝑐

𝜇Γ
𝑏
𝜈𝐶

𝑎
𝑐𝑏,(5)

𝑀 𝑗
𝑘𝑙 = (−1)𝑙̂𝑎̂𝜆𝑎𝑘

𝜕𝜆𝑗𝑎
𝜕𝑧𝑙

− (−1)𝑘̂𝑎̂+𝑙̂𝑘̂𝜆𝑎𝑙
𝜕𝜆𝑗𝑎
𝜕𝑧𝑘

. (6)

One introduces a set of even and odd two forms
Ω 𝑗 , (𝑗 = 1, . . . , 𝑘) defined on 𝐸,

Ω 𝑗 = 𝛽 ∧ 𝜔𝑗 , (7)

where 𝜔𝑗 is given by Eq. (2), and 𝛽 defined on 𝑀 is a
1-form to be determined.

Based on Eq. (4), we obtain the covariant deriva-
tive of Ω 𝑗 ,

𝐷Ω 𝑗 = 𝑑𝛽 ∧ 𝜔𝑗 − 𝛽 ∧ 𝑑𝜔𝑗 + 𝛽 ∧ 𝜔𝑘 ∧ 𝐿𝑗
𝑘

= − 1

2
𝛽 ∧ 𝑑𝑥𝜈 ∧ 𝑑𝑥𝜇𝐹 𝑗

𝜇𝜈

+
(︁
𝑑𝛽 ∧ 𝜔𝑗 +

1

2
Ω 𝑙 ∧ 𝜔𝑘𝑀 𝑗

𝑘𝑙

)︁
. (8)

Let us extend the closed ideal 𝐼 on 𝑀 to a new
closed idea 𝐼 ′ = {𝛼𝑖̄,Ω 𝑗} on 𝐸, we have

𝐷𝜔𝑗 ⊂ 𝐼 ′. (9)

Using Eq. (8) and the closed ideal condition (9),
we have

− 1

2
𝛽 ∧ 𝑑𝑥𝜈 ∧ 𝑑𝑥𝜇𝐹 𝑗

𝜇𝜈 +
(︁
𝑑𝛽 ∧ 𝜔𝑗

+
1

2
Ω 𝑙 ∧ 𝜔𝑘𝑀 𝑗

𝑘𝑙

)︁
= 𝛼𝑖̄𝑓 𝑗

𝑖̄
+ Ω 𝑖 ∧ 𝜂𝑗𝑖 , (10)

where 𝑓 𝑗
𝑖̄

and 𝜂𝑗𝑖 are the zero and one forms on 𝑀 ,
respectively.

Equation (10) can be decomposed into the follow-
ing two fundamental prolongation structure equations

− 1

2
𝛽 ∧ 𝑑𝑥𝜈 ∧ 𝑑𝑥𝜇(𝐹 𝑎

𝜇𝜈𝜆
𝑗
𝑎) = 𝛼𝑖̄𝑓 𝑗

𝑖̄
, (11)

1

2
Ω 𝑙 ∧ 𝜔𝑘𝑀 𝑗

𝑘𝑙 = Ω 𝑖 ∧ 𝜂𝑗𝑖 , (12)

and the constraint condition

𝑑𝛽 = 0. (13)

In general, we may completely determine the pro-
longation structure of a given super nonlinear system
when the solutions of the fundamental equation can
be found.

Next, we apply the multidimensional fermionic co-
variant PST to investigate the following super NEE[11]

𝑖𝜙𝑡 + 𝛽𝜙𝑥𝑦 + (𝑓1𝜙)𝑥𝑥 − 𝑖(𝑓2𝜙)𝑥 + 2𝑓1(𝜙𝜙+ 𝜓𝜓)𝜙

+ {𝜕−1
𝑥 [𝛽𝜕𝑦(2𝜙𝜙+ 𝜓𝜓) + 𝑓1𝑥(2𝜙𝜙+ 𝜓𝜓)]}𝜙

+ 𝜓𝜕−1
𝑥 [𝛽𝜕𝑦(𝜓𝜙) + 𝑓1𝑥𝜓𝜙] = 0,

𝑖𝜓𝑡 + 𝛽𝜓𝑥𝑦 + (𝑓1𝜓)𝑥𝑥 − 𝑖(𝑓2𝜓)𝑥

+ 2𝑓1𝜙𝜙𝜓 + {𝜕−1
𝑥 [𝛽𝜕𝑦(𝜙𝜙) + 𝑓1𝑥𝜙𝜙]}𝜓

+ 𝜙𝜕−1
𝑥 [𝛽𝜕𝑦(𝜙𝜓) + 𝑓1𝑥𝜙𝜓] = 0, (14)

where 𝜙 and 𝜓 are the Grassman even and odd fields,
respectively, 𝛽 is a real constant, and 𝜕−1

𝑥 𝑓(𝑥, 𝑦) is the
integral of the function 𝑓(𝑥, 𝑦) with respect to 𝑥.

Under the reduction 𝑓1 = 𝑓2 = 0 and 𝛽 = 1,
Eq. (14) reduces to the super NLSE[10]

𝑖𝜙𝑡 + 𝜙𝑥𝑦 + [𝜕−1
𝑥 𝜕𝑦(𝜙𝜙+ 𝜓𝜓)]𝜙+ 𝜙𝜕−1

𝑥 𝜕𝑦(𝜙𝜙)

+ 𝜓𝜕−1
𝑥 𝜕𝑦(𝜓𝜙) = 0,

𝑖𝜓𝑡 + 𝜓𝑥𝑦 + [𝜕−1
𝑥 𝜕𝑦(𝜙𝜙)]𝜓 + 𝜙𝜕−1

𝑥 𝜕𝑦(𝜙𝜓) = 0. (15)

Let us consider the integrability of Eq. (14) by
means of the (2+1)-dimensional fermionic covariant
PST. Taking 𝜙1 = 𝜙𝑦, 𝜙1 = 𝜙𝑦, 𝜓1 = 𝜓𝑦, 𝜓1 = 𝜓𝑦,
𝑘 = 𝜙𝑥, 𝑘 = 𝜙𝑥, 𝑙 = 𝜓𝑥, 𝑙̄ = 𝜓𝑥, 𝑚 = 𝜕−1

𝑥 (𝜙𝜙),
𝑛 = 𝜕−1

𝑥 (𝜓𝜓), 𝑝 = 𝜕−1
𝑥 𝜕𝑦(𝜙𝜙), 𝑞 = 𝜕−1

𝑥 𝜕𝑦(𝜓𝜙), 𝑟 =
𝜕−1
𝑥 𝜕𝑦(𝜙𝜓), 𝑠 = 𝜕−1

𝑥 𝜕𝑦(𝜓𝜓), 𝑢 = 𝜕−1
𝑥 (𝜓𝜙) and 𝑣 =

𝜕−1
𝑥 (𝜙𝜓) as new independent variables, we can define

the 3-forms in the twenty five-dimensional space 𝑀 =
{𝑡, 𝑥, 𝑦, 𝜙, 𝜙, 𝜓, 𝜓, 𝜙1, 𝜙1, 𝜓1, 𝜓1, 𝑘, 𝑘, 𝑙, 𝑙̄,𝑚, 𝑛, 𝑝, 𝑞, 𝑟, 𝑠, 𝑢,
𝑣, 𝑓1, 𝑓2},

𝛼1 = 𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝜙− 𝜙1𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼2 = 𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝜙− 𝜙1𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼3 = 𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝜓 − 𝜓1𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼4 = 𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝜓 − 𝜓1𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼5 = 𝑑𝑡 ∧ 𝑑𝜙 ∧ 𝑑𝑦 − 𝑘𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼6 = 𝑑𝑡 ∧ 𝑑𝜙 ∧ 𝑑𝑦 − 𝑘𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼7 = 𝑑𝑡 ∧ 𝑑𝜓 ∧ 𝑑𝜓 − 𝑙𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼8 = 𝑑𝑡 ∧ 𝑑𝜓 ∧ 𝑑𝑦 − 𝑙̄𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼9 = 𝑑𝑡 ∧ 𝑑𝑝 ∧ 𝑑𝑦 − 𝑝𝑥𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼10 = 𝑑𝑡 ∧ 𝑑𝑞 ∧ 𝑑𝑦 − 𝑞𝑥𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼11 = 𝑑𝑡 ∧ 𝑑𝑟 ∧ 𝑑𝑦 − 𝑟𝑥𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼12 = 𝑑𝑡 ∧ 𝑑𝑠 ∧ 𝑑𝑦 − 𝑠𝑥𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼13 = 𝑑𝑡 ∧ 𝑑𝑢 ∧ 𝑑𝑦 − 𝑢𝑥𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼14 = 𝑑𝑡 ∧ 𝑑𝑣 ∧ 𝑑𝑦 − 𝑣𝑥𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼15 = 𝑖𝑑𝜙 ∧ 𝑑𝑥 ∧ 𝑑𝑦 + 𝛽𝑑𝑡 ∧ 𝑑𝜙1 ∧ 𝑑𝑦

+ 𝑓1𝑑𝑡 ∧ 𝑑𝑘 ∧ 𝑑𝑦 +𝐴𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼16 = 𝑖𝑑𝜓 ∧ 𝑑𝑥 ∧ 𝑑𝑦 + 𝛽𝑑𝑡 ∧ 𝑑𝜓1 ∧ 𝑑𝑦

+ 𝑓1𝑑𝑡 ∧ 𝑑𝑙 ∧ 𝑑𝑦 + 𝐶𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼17 = 𝑖𝑑𝜙 ∧ 𝑑𝑥 ∧ 𝑑𝑦 − 𝛽𝑑𝑡 ∧ 𝑑𝜙1 ∧ 𝑑𝑦

− 𝑓1𝑑𝑡 ∧ 𝑑𝑘 ∧ 𝑑𝑦 −𝐵𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
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𝛼18 = 𝑖𝑑𝜓 ∧ 𝑑𝑥 ∧ 𝑑𝑦 − 𝛽𝑑𝑡 ∧ 𝑑𝜓1 ∧ 𝑑𝑦
− 𝑓1𝑑𝑡 ∧ 𝑑𝑙̄ ∧ 𝑑𝑦 −𝐷𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,

𝛼19 = 𝑑𝑡 ∧ 𝑑𝑚 ∧ 𝑑𝑦 −𝑚𝑥𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼20 = 𝑑𝑡 ∧ 𝑑𝑛 ∧ 𝑑𝑦 − 𝑛𝑥𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼21 = 𝑑𝑡 ∧ 𝑑𝑓1 ∧ 𝑑𝑦 − 𝑓1𝑥𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦,
𝛼22 = 𝑑𝑡 ∧ 𝑑𝑓2 ∧ 𝑑𝑦 − 𝑓2𝑥𝑑𝑡 ∧ 𝑑𝑥 ∧ 𝑑𝑦, (16)

where 𝐴, 𝐵, 𝐶 and 𝐷 are as follows:

𝐴 = 2𝑓1𝑥𝑘 − 𝑖𝑓2𝑥𝜙− 𝑖𝑓2𝑘 + 𝛽[(2𝑝+ 𝑠)𝜙+ 𝜓𝑞]

+ 2𝑓1(𝜙𝜙+ 𝜓𝜓)𝜙+ 𝑓1𝑥[(2𝑚+ 𝑛)𝜙+ 𝜓𝑢],

𝐵 = 2𝑓1𝑥𝑘 + 𝑖𝑓2𝑥𝜙+ 𝑖𝑓2𝑘 + 𝛽[𝜙(2𝑝+ 𝑠) + 𝑟𝜓]

+ 2𝑓1𝜙(𝜙𝜙+ 𝜓𝜓) + 𝑓1𝑥[(2𝑚+ 𝑛)𝜙+ 𝑣𝜓],

𝐶 = 2𝑓1𝑥𝑙 − 𝑖𝑓2𝑥𝜓 − 𝑖𝑓2𝑙 + 𝛽(𝑝𝜓 + 𝜙𝑟)

+ 2𝑓1𝜙𝜙𝜓 + 𝑓1𝑥(𝜙𝑣 +𝑚𝜓),

𝐷 = 2𝑓1𝑥 𝑙̄ + 𝑖𝑓2𝑥𝜓 + 𝑖𝑓2 𝑙̄ + 𝛽(𝜓𝑝+ 𝑞𝜙)

+ 2𝑓1𝜙𝜙𝜓 + 𝑓1𝑥(𝑢𝜙+ 𝜓𝑚). (17)

To establish the fermionic covariant prolongation
structure, we extend the above ideal 𝐼 by adding to it
a set of even and odd two forms Ω 𝑗 , (𝑗 = 1, . . . , 𝑘),

Ω 𝑗 =𝛽 ∧ 𝜔𝑗

=𝛽 ∧ (𝑑𝑧𝑗 + 𝑑𝑥𝜇Γ 𝑗
𝜇(𝑋, 𝑧)),

𝑗 = 1, . . . , 𝑝, 𝑝+ 1, . . . , 𝑞, (18)

where 𝛽 defined on 𝑀 is a 1-form to be
determined, 𝑀 = {𝑥𝜇, 𝜇 = 1, . . . , 25} =
{𝑡, 𝑥, 𝑦, 𝜙, 𝜙, 𝜓, 𝜓, 𝜓1, 𝜓1, 𝜓1, 𝜓1, 𝑘, 𝑙,𝑚, 𝑛, 𝑝, 𝑞, 𝑟, 𝑠, 𝑢,𝑣,
𝑓1, 𝑓2). According to the multidimensional fermionic
covariant PST developed, the closed condition of the
extended ideal will lead to the covariant fundamental
Eqs. (11), (12) and the constraint condition (13).

Then we obtain its prolongation structure when
the solutions of one fundamental equation can be
found.

From Eq. (13), we suppose

𝛽 = 𝐶𝜇𝑑𝑥
𝜇, (19)

where 𝐶𝜇 is a constant. By substituting the 3-form
Eq. (16) and 1-form Eq. (19) into the fundamental
Eq. (11), we obtain

𝐶1𝐹
𝑗
26 − 𝐶2𝐹

𝑗
16 + 𝐶6𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
27 − 𝐶2𝐹

𝑗
17 + 𝐶7𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
210 − 𝐶2𝐹

𝑗
110 + 𝐶10𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
211 − 𝐶2𝐹

𝑗
111 + 𝐶11𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
212 − 𝐶2𝐹

𝑗
112 + 𝐶12𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
213 − 𝐶2𝐹

𝑗
113 + 𝐶13𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
214 − 𝐶2𝐹

𝑗
114 + 𝐶14𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
215 − 𝐶2𝐹

𝑗
115 + 𝐶15𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
216 − 𝐶2𝐹

𝑗
116 + 𝐶16𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
217 − 𝐶2𝐹

𝑗
117 + 𝐶17𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
218 − 𝐶2𝐹

𝑗
118 + 𝐶18𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
219 − 𝐶2𝐹

𝑗
119 + 𝐶19𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
220 − 𝐶2𝐹

𝑗
120 + 𝐶20𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
221 − 𝐶2𝐹

𝑗
121 + 𝐶21𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
222 − 𝐶2𝐹

𝑗
122 + 𝐶22𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
223 − 𝐶2𝐹

𝑗
123 + 𝐶23𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
224 − 𝐶2𝐹

𝑗
124 + 𝐶243𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
225 − 𝐶2𝐹

𝑗
125 + 𝐶25𝐹

𝑗
12 = 0,

𝐶1𝐹
𝑗
312 − 𝐶3𝐹

𝑗
112 − 𝑖𝑓1(𝐶2𝐹

𝑗
34

− 𝐶3𝐹
𝑗
24) + 𝐶12𝐹

𝑗
13 = 0,

𝐶1𝐹
𝑗
313 − 𝐶3𝐹

𝑗
113 + 𝑖𝑓1(𝐶2𝐹

𝑗
35

− 𝐶3𝐹
𝑗
25) + 𝐶13𝐹

𝑗
13 = 0,

𝐶1𝐹
𝑗
314 − 𝐶3𝐹

𝑗
114 − 𝑖𝑓1(𝐶2𝐹

𝑗
38

− 𝐶3𝐹
𝑗
28) + 𝐶14𝐹

𝑗
13 = 0,

𝐶1𝐹
𝑗
315 − 𝐶3𝐹

𝑗
115 + 𝑖𝑓1(𝐶2𝐹

𝑗
39

− 𝐶3𝐹
𝑗
29) + 𝐶15𝐹

𝑗
13 = 0,

𝐶1𝐹
𝑗
316 − 𝐶3𝐹

𝑗
116 = 0, 𝐶1𝐹

𝑗
317 − 𝐶3𝐹

𝑗
117 = 0

𝐶2𝐹
𝑗
36 − 𝐶3𝐹

𝑗
26 + 𝐶6𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
37 − 𝐶3𝐹

𝑗
27 + 𝐶7𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
310 − 𝐶3𝐹

𝑗
210 + 𝐶10𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
311 − 𝐶3𝐹

𝑗
211 + 𝐶11𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
312 − 𝐶3𝐹

𝑗
212 + 𝐶12𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
313 − 𝐶3𝐹

𝑗
213 + 𝐶13𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
314 − 𝐶3𝐹

𝑗
214 + 𝐶14𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
315 − 𝐶3𝐹

𝑗
215 + 𝐶15𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
316 − 𝐶3𝐹

𝑗
216 + 𝐶16𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
317 − 𝐶3𝐹

𝑗
217 + 𝐶17𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
318 − 𝐶3𝐹

𝑗
218 + 𝐶18𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
319 − 𝐶3𝐹

𝑗
219 + 𝐶19𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
320 − 𝐶3𝐹

𝑗
220 + 𝐶20𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
321 − 𝐶3𝐹

𝑗
221 + 𝐶21𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
322 − 𝐶3𝐹

𝑗
222 + 𝐶22𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
323 − 𝐶3𝐹

𝑗
223 + 𝐶23𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
324 − 𝐶3𝐹

𝑗
224 + 𝐶24𝐹

𝑗
23 = 0,

𝐶2𝐹
𝑗
325 − 𝐶3𝐹

𝑗
225 + 𝐶25𝐹

𝑗
23 = 0,

𝑓1
𝛽

(𝐶3𝐹
𝑗
16 − 𝐶1𝐹

𝑗
36) + 𝐶1𝐹

𝑗
312

− 𝐶3𝐹
𝑗
112 + 𝐶12𝐹

𝑗
13 = 0,

𝑓1
𝛽

(𝐶3𝐹
𝑗
17 − 𝐶1𝐹

𝑗
37) + 𝐶1𝐹

𝑗
313

− 𝐶3𝐹
𝑗
113 + 𝐶13𝐹

𝑗
13 = 0,

𝑓1
𝛽

(𝐶3𝐹
𝑗
110 − 𝐶1𝐹

𝑗
310) + 𝐶1𝐹

𝑗
314

− 𝐶3𝐹
𝑗
114 + 𝐶14𝐹

𝑗
13 = 0,
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𝑓1
𝛽

(𝐶3𝐹
𝑗
111 − 𝐶3𝐹

𝑗
311) + 𝐶1𝐹

𝑗
315

− 𝐶3𝐹
𝑗
115 + 𝐶15𝐹

𝑗
13 = 0,

𝑖

𝛽
(𝐶3𝐹

𝑗
16 − 𝐶1𝐹

𝑗
36) + 𝐶3𝐹

𝑗
24 − 𝐶2𝐹

𝑗
34 − 𝐶4𝐹

𝑗
23 = 0,

𝑖

𝛽
(𝐶1𝐹

𝑗
37 − 𝐶3𝐹

𝑗
17) + 𝐶3𝐹

𝑗
25 − 𝐶2𝐹

𝑗
35 − 𝐶5𝐹

𝑗
23 = 0,

𝑖

𝛽
(𝐶3𝐹

𝑗
110 − 𝐶1𝐹

𝑗
310) + 𝐶3𝐹

𝑗
28 − 𝐶2𝐹

𝑗
38 − 𝐶8𝐹

𝑗
23 = 0,

𝑖

𝛽
(𝐶3𝐹

𝑗
111 − 𝐶1𝐹

𝑗
111) + 𝐶3𝐹

𝑗
29 − 𝐶2𝐹

𝑗
39 − 𝐶9𝐹

𝑗
23 = 0,

− 𝐶1𝐹
𝑗
23 − 𝜙1(𝐶1𝐹

𝑗
24 − 𝐶2𝐹

𝑗
14) − 𝜙1(𝐶1𝐹

𝑗
25 − 𝐶2𝐹

𝑗
15)

− 𝜓1(𝐶1𝐹
𝑗
28 − 𝐶2𝐹

𝑗
18) − 𝜓1(𝐶1𝐹

𝑗
29 − 𝐶2𝐹

𝑗
19)

+ 𝑘(𝐶1𝐹
𝑗
34 − 𝐶3𝐹

𝑗
14)

+ 𝑘(𝐶1𝐹
𝑗
35 − 𝐶3𝐹

𝑗
15) − 1

𝛽
[𝐴(𝐶1𝐹

𝑗
36 − 𝐶3𝐹

𝑗
16)

+𝐵(𝐶1𝐹
𝑗
37 − 𝐶3𝐹

𝑗
17) + 𝐶(𝐶1𝐹

𝑗
310 − 𝐶3𝐹

𝑗
110)

+𝐷(𝐶1𝐹
𝑗
311 − 𝐶3𝐹

𝑗
111)] − 𝜓1(𝐶1𝐹

𝑗
28 − 𝐶2𝐹

𝑗
18)

+ 𝑙(𝐶1𝐹
𝑗
38 − 𝐶3𝐹

𝑗
18) + 𝑙̄(𝐶1𝐹

𝑗
39 − 𝐶3𝐹

𝑗
19)

+ 𝑝𝑥(𝐶1𝐹
𝑗
318 − 𝐶3𝐹

𝑗
118) + 𝑞𝑥(𝐶1𝐹

𝑗
319 − 𝐶3𝐹

𝑗
119)

+ 𝑟𝑥(𝐶1𝐹
𝑗
320 − 𝐶3𝐹

𝑗
120) + 𝑠𝑥(𝐶1𝐹

𝑗
321 − 𝐶3𝐹

𝑗
121)

+ 𝑢𝑥(𝐶1𝐹
𝑗
322 − 𝐶3𝐹

𝑗
122) + 𝑣𝑥(𝐶1𝐹

𝑗
323 − 𝐶3𝐹

𝑗
123)

+ 𝐶2𝐹
𝑗
13 − 𝐶3𝐹

𝑗
12 +𝑚𝑥(𝐶1𝐹

𝑗
316 − 𝐶3𝐹

𝑗
116)

+ 𝑛𝑥(𝐶1𝐹
𝑗
317 − 𝐶3𝐹

𝑗
117) + 𝑓1𝑥(𝐶1𝐹

𝑗
324 − 𝐶3𝐹

𝑗
124)

+ 𝑓2𝑥(𝐶1𝐹
𝑗
325 − 𝐶3𝐹

𝑗
125) = 0. (20)

Solving Eq. (20), we have the constants 𝐶𝜇 and
connection coefficients as follows:

𝐶1 = 1, 𝐶2 = 0, 𝐶3 = − 1

𝜆𝛽
, 𝐶𝜇 = 0 (𝜇 > 4),

Γ 𝑎
1 = 0, Γ 𝑎

𝜇 = 0 (𝜇 > 4, 𝑎 = 1, . . . 8, 𝜇 = 1, . . . 25),

Γ 1
2 =

𝑖

2
(𝜙+𝜙), Γ 2

2 =
𝑖

2
(𝜙−𝜙), Γ 3

2 = − 𝑖𝜆
2
, Γ 4

2 =
𝑖𝜆

2
,

Γ 5
2 =

𝑖

2
(𝜓 + 𝜓), Γ 6

2 =
1

2
(𝜓 − 𝜓), Γ 7

2 = 0, Γ 8
2 = 0,

Γ 1
3 =

1

2𝜆𝛽
[𝛽(𝜙1 − 𝜙1) + 𝑓1𝑥(𝜙− 𝜙) + 𝑓1(𝑘 − 𝑘)

+ 𝑖(𝑓2 − 𝜆𝑓1)(𝜙+ 𝜙)],

Γ 2
3 =

𝑖

2𝜆𝛽
[𝛽(𝜙1 + 𝜙1) + 𝑓1𝑥(𝜙+ 𝜙) + 𝑓1(𝑘 + 𝑘)

+ 𝑖(𝑓1 − 𝜆𝑓2)(𝜙− 𝜙)],

Γ 3
3 =

𝑖

2𝜆𝛽
[𝜆2𝑓1 − 𝜆𝑓2 − 𝛽(2𝑝+ 𝑠) − 𝑓1(2𝜙𝜙+ 𝜓𝜓)

− 𝑓1𝑥(2𝑚+ 𝑛)],

Γ 4
3 =

𝑖

2𝜆𝛽
(−𝜆2𝑓1 + 𝜆𝑓2 − 𝛽𝑠− 𝑓1𝜓𝜓 − 𝑓1𝑥𝑛),

Γ 5
3 =

1

2𝜆𝛽
[𝛽(𝜓1 − 𝜓1) + 𝑓1𝑥(𝜓 − 𝜓) + 𝑓1(𝑙̄ − 𝑙)

+ 𝑖(𝑓2 − 𝜆𝑓1)(𝜓 + 𝜓)],

Γ 6
3 =

𝑖

2𝜆𝛽
[𝛽(𝜓1 + 𝜓1) + 𝑓1𝑥(𝜓 + 𝜓) + 𝑓1(𝑙̄ + 𝑙)

+ 𝑖(𝑓2 − 𝜆𝑓1)(𝜓 − 𝜓)],

Γ 7
3 =

𝑖

2𝜆𝛽
[𝛽(𝑟 + 𝑞) + 𝑓1𝑥(𝑢+ 𝑣) + 𝑓1(𝜙𝜓 + 𝜓𝜙)],

Γ 8
3 =

1

2𝜆𝛽
[𝛽(𝑟 − 𝑞) + 𝑓1𝑥(𝑣 − 𝑢) + 𝑓1(𝜙𝜓 − 𝜓𝜙)]. (21)

The prolongation algebra is 𝑠𝑢(2/1)×𝑅(𝜆), where
the parameter 𝜆 is a complex constant. Its commuta-
tion relations are given by

[𝑇1, 𝑇2] = 2𝑖𝜆𝑇3, [𝑇1, 𝑇3] = −2𝑖𝜆𝑇2,

[𝑇1, 𝑇4] = 0, [𝑇1, 𝑇5] = 𝑖𝜆𝑇8,

[𝑇1, 𝑇6] = −𝑖𝜆𝑇7, [𝑇1, 𝑇7] = 𝑖𝜆𝑇6,

[𝑇1, 𝑇8] = −𝑖𝜆𝑇5, [𝑇2, 𝑇3] = 2𝑖𝜆𝑇1,

[𝑇2, 𝑇4] = 0, [𝑇2, 𝑇5] = 𝑖𝜆𝑇7,

[𝑇2, 𝑇6] = 𝑖𝜆𝑇8, [𝑇2, 𝑇7] = −𝑖𝜆𝑇5,
[𝑇2, 𝑇8] = −𝑖𝜆𝑇6, [𝑇3, 𝑇4] = 0,

[𝑇3, 𝑇5] = 𝑖𝜆𝑇6, [𝑇3, 𝑇6] = 𝑖𝜆𝑇5,

[𝑇3, 𝑇7] = −𝑖𝜆𝑇8, [𝑇3, 𝑇8] = 𝑖𝜆𝑇7,

[𝑇4, 𝑇5] = −𝑖𝜆𝑇6, [𝑇4, 𝑇6] = 𝑖𝜆𝑇5,

[𝑇4, 𝑇7] = −𝑖𝜆𝑇8, [𝑇4, 𝑇8] = 𝑖𝜆𝑇7,

[𝑇5, 𝑇5]+ = 𝜆3(𝑇3 + 𝑇4), [𝑇5, 𝑇6]+ = 0,

[𝑇5, 𝑇7]+ = 𝜆3𝑇1, [𝑇5, 𝑇8]+ = −𝜆3𝑇2,
[𝑇6, 𝑇6]+ = 𝜆3(𝑇3 + 𝑇4), [𝑇6, 𝑇7]+ = 𝜆3𝑇2,

[𝑇6, 𝑇8]+ = 𝜆3𝑇1, [𝑇7, 𝑇7]+ = 𝜆3(𝑇4 − 𝑇3),

[𝑇7, 𝑇8]+ = 0, [𝑇8, 𝑇8]+ = 𝜆3(𝑇4 − 𝑇3), (22)

where 𝑇𝑖’s, for 𝑖 = 1, . . . , 4 and 𝑖 = 5, . . . , 8, are
bosonic and fermionic generators, respectively, and
[𝑇𝑖, 𝑇𝑗 ]+ denotes the anti commutation relations. We
derive a linear realization of the prolongation algebra
as follows:

𝑇1 =𝜆𝑧2
𝜕

𝜕𝑧1
+ 𝜆𝑧1

𝜕

𝜕𝑧2
, 𝑇2 = 𝑖𝜆𝑧2

𝜕

𝜕𝑧1
− 𝑖𝜆𝑧1

𝜕

𝜕𝑧2
,

𝑇3 =𝜆𝑧1
𝜕

𝜕𝑧1
− 𝜆𝑧2

𝜕

𝜕𝑧2
,

𝑇4 =𝜆𝑧1
𝜕

𝜕𝑧1
+ 𝜆𝑧2

𝜕

𝜕𝑧2
+ 2𝜆𝜉

𝜕

𝜕𝜉
,

𝑇5 =𝜆2𝜉
𝜕

𝜕𝑧1
− 𝑖𝜆2𝑧1

𝜕

𝜕𝜉
, 𝑇6 = 𝑖𝜆2𝜉

𝜕

𝜕𝑧1
− 𝑖𝜆2𝑧1

𝜕

𝜕𝜉
,

𝑇7 =𝜆2𝜉
𝜕

𝜕𝑧1
− 𝑖𝜆2𝑧1

𝜕

𝜕𝜉
, 𝑇8 = 𝑖𝜆2𝜉

𝜕

𝜕𝑧2
− 𝑖𝜆2𝑧2

𝜕

𝜕𝜉
,

(23)

where 𝑧1 and 𝑧2 are even prolongation variables. We
denote odd prolongation variable 𝑧3 by 𝜉.

By requiring Ω 𝑗 |𝑆 = 0, it yields the inverse scat-
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tering equation(︃
𝑧1
𝑧2
𝜉

)︃
𝑥

= − 𝑖

(︃
0 𝜙 𝜓
𝜙 𝜆 0
𝜓 0 𝜆

)︃(︃
𝑧1
𝑧2
𝜉

)︃
,

(︃
𝑧1
𝑧2
𝜉

)︃
𝑡

= − 𝜆𝛽

(︃
𝑧1
𝑧2
𝜉

)︃
𝑦

+𝐺

(︃
𝑧1
𝑧2
𝜉

)︃
, (24)

where 𝐺 is

𝐺̃ =

(︃
𝐺11 𝐺12 𝐺13

𝐺21 𝐺22 𝐺23

𝐺31 𝐺32 𝐺33

)︃
, (25)

with

𝐺11 = 𝑖𝜕−1
𝑥 [𝛽𝜕𝑦(𝜙𝜙+ 𝜓𝜓) + 2𝑓1𝑥(𝜙𝜙+ 𝜓𝜓)

+ 𝑓1𝜕𝑥(𝜙𝜙+ 𝜓𝜓)]

𝐺12 =𝛽𝜙𝑦 + 𝜕𝑥(𝑓1𝜙) − 𝑓2𝜙+ 𝑖𝜆𝑓1𝜙,

𝐺13 =𝛽𝜓𝑦 + 𝜕𝑥(𝑓1𝜓) − 𝑓2𝜓 + 𝑖𝜆𝑓1𝜓,

𝐺21 = − 𝛽𝜙𝑦 − 𝜕𝑥(𝑓1𝜙) − 𝑓2𝜙+ 𝑖𝜆𝑓1𝜙,

𝐺22 = − 𝑖𝜕−1
𝑥 [𝛽𝜕𝑦(𝜙𝜙) + 2𝑓1𝑥(𝜙𝜙) + 𝑓1𝜕𝑥(𝜙𝜙)]

+ 𝑖𝜆2𝑓1 − 𝑖𝜆𝑓2,

𝐺23 = − 𝑖𝜕−1
𝑥 [𝛽𝜕𝑦(𝜙𝜓) + 2𝑓1𝑥(𝜙𝜓) + 𝑓1𝜕𝑥(𝜙𝜓)], (26)

𝐺31 = − 𝛽𝜓𝑦 − 𝜕𝑥(𝑓1𝜓) − 𝑓2𝜓 + 𝑖𝜆𝑓1𝜓,

𝐺32 = − 𝑖𝜕−1
𝑥 [𝛽𝜕𝑦(𝜓𝜙) + 2𝑓1𝑥(𝜓𝜙) + 𝑓1𝜕𝑥(𝜓𝜙)],

𝐺33 = − 𝑖𝜕−1
𝑥 [𝛽𝜕𝑦(𝜓𝜓) + 2𝑓1𝑥(𝜓𝜓) + 𝑓1𝜕𝑥(𝜓𝜓)]

+ 𝑖𝜆2𝑓1 − 𝑖𝜆𝑓2. (27)

The super Riccati equation and the Bäcklund trans-
formation of the (2 + 1)-dimensional super NLSE
have been investigated in Ref. [11] and the solution
of Eq. (14) has been given as follows:

𝜙′ =
{︁

(𝛼̄1 − 𝛼1)𝜉 exp
[︁ 𝑖𝑓1(𝑦 + 𝛼1)2

𝑡𝛽2

− 𝑖(𝑦 + 𝛼1)𝑥+ 𝑖𝑓2𝑡𝑦

𝑡𝛽

]︁}︁⧸︁{︁
𝑡𝛽(1 + |𝛽|2

· exp
[︁ 𝑖(𝛼1 − 𝛼1)(2𝑓1𝑦 + 𝑥𝛽) − 2𝑖𝑓2𝛽𝑡𝑦

𝑡𝛽2

]︁
− 𝜃𝜃|𝛾|2)

}︁
,

𝜓′ =
{︁

(𝛼̄1 − 𝛼1)𝜉 exp
[︁ 𝑖𝑓1(𝑦 + 𝛼1)2

𝑡𝛽2

− 𝑖(𝑦 + 𝛼1)𝑥+ 𝑖𝑓2𝑡𝑦

𝑡𝛽

]︁
𝜃𝛾
}︁⧸︁{︁

𝑡𝛽(1 + |𝛽|2

· exp
[︁ 𝑖(𝛼1 − 𝛼1)(2𝑓1𝑦 + 𝑥𝛽) − 2𝑖𝑓2𝛽𝑡𝑦

𝑡𝛽2

]︁
− 𝜃𝜃|𝛾|2)

}︁
, (28)

where the parameters 𝛼 and 𝛾 are the Grassmann even
constants, and 𝜃 is the Grassmann odd constant.

In summary, we have investigated the integrabil-
ity of the (2+1)-dimensional super NEE by means of
the multidimensional fermionic covariant PST, where
the 𝑠𝑢(2/1)×𝑅(𝜆) prolongation structure of the super
NEE has been presented. The Lax representation of
the super NEE has been studied in terms of the rep-
resentations of the prolongation algebra. Moreover, a
solution to the (2+1)-dimensional super NEE is de-
rived. It is pointed out that the conservation laws
can be constructed by means of the Lax pair and the
Riccati equation for the integrable systems.[28] How
to construct the conservation laws based on the super
Riccati equation for the super integrable systems is
still under investigation. As to the multidimensional
super NEEs in this study, their applications should be
of interest.
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