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Fermionic Covariant Prolongation Structure for a Super Nonlinear Evolution
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The integrability of a (2+1)-dimensional super nonlinear evolution equation is analyzed in the framework of the
fermionic covariant prolongation structure theory. We construct the prolongation structure of the multidimen-
sional super integrable equation and investigate its Lax representation. Furthermore, the Bédcklund transformation
is presented and we derive a solution to the super integrable equation.
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The supersymmetric generalizations of integrable
equations in 1+1 dimensions have attracted a lot of in-
terest from theoretical physics as well as mathematics,
such as the Korteweg-de Vries (KdV) equation, "
the Kadomtsev-Petviashvili (KP) equation,l’] the
nonlinear Schrédinger equation (NLSE)*" and the
Heisenberg ferromagnet model.'" % Supersymmetry
offers a powerful tool for widening the scope of inte-
grability of the systems. However, much less is known
about the structure and properties of supersymmet-
ric integrable systems in 2+1 dimensions. There
has been an increasing interest in the multidimen-
sional supersymmetric integrable equations. Saha
and Chowdhuryl”! presented two procedures to con-
struct the supersymmetric integrable systems in 241
dimensions. Based on the auxiliary matrix vari-
able, an approach to construct (2-+1)-dimensional in-
tegrable Heisenberg supermagnet (HS) models have
been proposed and their gauge equivalent counter-
parts have been derived.['"! Quite recently, by estab-
lishing different auxiliary matrix variables, one con-
structed two types of (2+1)-dimensional integrable HS
models and their integrability has been studied.!''] A
number of techniques in standard theory have been
extended to investigate the supersymmetric integrable
systems, such as the Darboux transformations,!'? the
Bicklund transformations,['”] the Painlevé test,!'!] 7
functions,'”) the Hirota bilinear method,['?] super-
trace identity,['” binary nonlinearization!'®! and pro-
longation theory.!']

The prolongation structure theory (PST) pro-
posed by Wahlquist and Estabrook!'”! is a very useful
method to analyze the nonlinear evolution equation
(NEE). There has been considerable interest in the
study of integrable systems by means of PST.[?0:2!]
Morris!?>??] generalized this approach to higher di-
mensions and some (2+1)-dimensional super NEEs
have been well investigated. With the successful appli-
cation of nonlinear realization of connection,”* Guo et
al. developed a covariant prolongation structure the-
ory of the NEE. Then Cheng et al.”! established the
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fermionic covariant PST of (1+1)-dimensional super
NEE in terms of the theory of super connection on
fibre bundle. Recently, the fermionic covariant PST
in the (1+1)-dimensional NEE has been extended to
the multidimensional super NEE.’"l In this Letter,
we focus our attention on the integrability of (2+1)-
dimensional supersymmetric integrable systems in the
framework of the multidimensional fermionic covari-
ant PST.

We begin by summarizing the fermionic covariant
PST that will be useful in the following. A more de-
tailed description can be found in Ref. [27].

For a (2+1)-dimensional super NEE, it can be
transformed into a partial differential equation (PDE)
of the first order by adding appropriate new vari-
ables. Let us suppose all variables {z,y,t,u”, v =
4,...,m+ 3} = {z",u = 1,...,m + 3}, which be-
long to the super space M with dimension m + 3. We
can represent the corresponding first order PDE as the
set of even and odd differential 3-forms,

o = daz" Adx” A dx ki

NZ%)

(v, y=1,....m+3, i=1,...,1), (1)

which constitutes a differential ideal I, ie.,
do' = 0,mod(al,...,al). However, these three

forms restricted on the solution manifold S =
{z,y,t,u’(x,y,t)} are null, i.e., a’|ls = 0, then we
obtain the super NEE again.

Now we consider a super principal bundle P(M, G)
and a super bundle E(M, F,G, P) with base super-
manifold M, fibre F, structure super Lie group G.

The super connection form on FE is written as

wl =dz? +dx“Fg(x,z)

=d +dx“Fﬁ(x))\i(z), (2)
where 2 = {zt,p = 1,....m+ 3}, z = {z',i =
L,...,n}, I'i(z) and I7j(z,2) are the coefficients of

the connection on P and F, respectively. Note that
I'}(z, z) may be a nonlinear connection, since the vari-

able z in A/ is usually nonlinear.
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_ Then we introduce the super induced connection
Ly, (z,2(x)) as follows: "]
0N}
OxH

. A]’;: b .
L, (@ 2(@) = [575 + (CDF TG M. ()
By means of super induced connection Ly, we de-
fine the following covariant derivative of w’ restricted
on the section,

Do’ =dw’ + wF A Li,
1

l k j
pnrta 2("} ANw Mlglﬂ (4>

1 .
= - idx” ANdz*(F ) +

where Li = dw”Li o Fj, and M, ,zl are given by

a a[’l(’l 0z ory b+D)é e a
By = =G + ()W S+ ()T, o
. N AN
_ l a ka+lk a
MlZl - (_1) a)‘% azl - (_1) ¢ )\? 8Zk . (6>

‘ One introduces a set of even and odd two forms
27.(j=1,...,k) defined on E,

“Qj:ﬂ/\wj, (7)

where w’ is given by Eq. (2), and 8 defined on M is a
1-form to be determined.

Based on Eq. (4), we obtain the covariant deriva-
tive of (27,

DY =df Aw’ —BAdw’ +BAWFALL
1 » .
= — 5/3’ ANdz” N dztF},
. 1 .
+ (dﬂ/\w’ + §Ql /\wkM,zl). (8)

Let us extend tﬁhe qlosed ideal I on M to a new
closed idea I' = {a*, 27} on E, we have

Duw’ C T, (9)
Using Eq. (8) and the closed ideal condition (9),
we have
1 . )
~ 58N AdatF), + (dB AW
1 , .y o
+ 5@ AGEMY) = ol f 4+ @ A, (10)

where f? and 7] are the zero and one forms on M,
respectively.

Equation (10) can be decomposed into the follow-
ing two fundamental prolongation structure equations

) , -
—gBAde’ ndat(F,N) =o', (11)

and the constraint condition

s = 0. (13)

In general, we may completely determine the pro-
longation structure of a given super nonlinear system
when the solutions of the fundamental equation can
be found.

Next, we apply the multidimensional fermionic co-
variant PST to investigate the following super NEE['!]

it + Bowy + (f19)as — i(f20)s + 2f1 (0@ + P)p

+ {07110y (209 + Y1) + fio (200 + )]}

+ 90,80, (00) + frathp] = 0,

iy + BYuy + (f1¥)ee — i(f21))x

+2f1080 + {07180y (99) + frop@l}v

+ 90780y (@Y) + fra@¥] = 0, (14)
where ¢ and 1 are the Grassman even and odd fields,
respectively, 3 is a real constant, and 9, ! f(z,y) is the
integral of the function f(z,y) with respect to x.

Under the reduction f; = fo = 0 and 8 = 1,
Eq. (14) reduces to the super NLSE[!'’]

Pt + Puy + (05 20y (0@ + V)| + 0 10y (By)
+ 10,10, () =0,
Wy + Vey + [0 "0y (@)Y + 005 M0, (1)) = 0. (15)

Let us consider the integrability of Eq.(14) by
means of the (2+1)-dimensional fermionic covariant
PST. Taking @1 = ¢y, 1 = @y, V1 = Py, V1 = 1y,
k= ¢z, k_: Guy I =Yg, I = Yy, m = a_;p_1<90¢)7
n =0, (Y), p = 9,10, (pp), ¢ = 059, (), r =
9,10y (@v), s = 9,19, (¥), u = 97 (Yp) and v =
9,1 (p1) as new independent variables, we can define
the 3-forms in the twenty five-dimensional space M =

{t,z,y,0,P,0,0, 01, @1, 01,01, k, k, 1, L,m,n,p, q,7, 5, u,
v, f1, fa},
a1 =dt ANdx A dp — prdt A dz A dy,
g =dt ANdx ANdp — @rdt A dz A dy,
az =dt Adx Ady —Pdt A dx A dy,
a4:thdxAd1L—z/;1thdxAdy,
as =dt ANdp A dy — kdt A dx A dy,
ag =dt Adp A dy — kdt A dx A dy,
a7 =dt ANdy Adyp — Idt A\ dx A dy,
ag =dt Adip Ady — ldt A dx A dy,
ag =dt Adp A dy — p.dt Adz A dy,
a1g =dt ANdg A dy — qdt A dx A dy,
a1y =dt ANdr ANdy — rpdt Adx A dy,
a1 =dt ANds N dy — sdt A dx A dy,
a3 =dt Adu A\ dy — ugdt Adz A dy,
ayy =dt ANdv A dy — vgdt A dx A dy,
a1s =tdp Ndx ANdy + Bdt A der A dy
+ fidt Ndk A dy + Adt A dx A dy,
aie =tdy ANdx A dy + Bdt Adyr A dy
+ fidt Ndl A dy + Cdt Adzx A dy,
a1y =idp ANdx AN dy — Bdt Adgpy A dy
— fidt Adk A dy — Bdt A dx A dy,
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aig =idp A dx A dy — Bdt A dyn A dy
— fidt Ndl A dy — Ddt A dz A dy,
a9 =dt Adm A dy — mgdt A\ dx A dy,
oo =dt Adn A dy — nidt A\ dx A dy,
ag1 =dt ANdfy ANdy — frzdt A dx A dy,
Qoo =dt ANdfo ANdy — fordt Adx A dy, (16)

where A, B, C' and D are as follows:

A =2f1.k —iforp —ifok + B[(20+ s)p + ¥q]
+2f1(9P + V)p + frz[(2m + n)e + Yul,

B =2f12k + ifou® + ifok + B[@(2p + ) + r1))]
+2/18(P + V) + frzl(2m 4+ n)@ + v,

C =2f1al —ifor) —ifol + B(pp + 1)
+ 2f100% + f1o(pv + my),

D =2f1,l +iforth +ifol + B(¢p + qp)
+ 2f1000 + f1o(up + Ym). (17)

To establish the fermionic covariant prolongation
structure, we extend the above ideal I by adding to it

a set of even and odd two forms 27, (j =1,...,k),
27 =B AW
=B A (d2’ + datT](X, 2)),
j=1...,p,p+1,...,q, (18)
where [ defined on M is a 1l-form to be
determined, M = {z*,p = 1,...,25} =

{tvx,y»¢a¢7¢7¢»¢17¢17¢17¢1a kvlam7n7p7 q,7,8, UV,
f1, f2). According to the multidimensional fermionic
covariant PST developed, the closed condition of the
extended ideal will lead to the covariant fundamental
Egs. (11), (12) and the constraint condition (13).

Then we obtain its prolongation structure when
the solutions of one fundamental equation can be
found.

From Eq. (13), we suppose

B8 =Cydat, (19)

where C), is a constant. By substituting the 3-form
Eq. (16) and 1-form Eq.(19) into the fundamental
Eq. (11), we obtain

C1Fjs — CoFjg + CeFiy = 0,

C\F}, — CoF), 4+ C7Fl, =0,

CiFig — CoF 1 + CroFfy = 0,

C1Fy, — CoFfy, + CniFi, =0,

CIFlez - C2F1jl2 + 012F1jQ =0,

C1Ffyy — CoFf 5+ C1sFi, =0,

CLF3yy — CoFy + CraFfy =0,

C1Fy 5 — CoF}y5 + CisFly = 0,

C1Fy — CoF s + Ci6Fiy =0,

C1Fy; — CoFf 1 + C17Fi, =0,

070203-3

Clejls - 02F1j18 + ClSFfz =0,
OlFij - C’2Flj19 + ClQFljz =0,
ClFQjQO - C2F1jQO + CQOF{Q =0,
C1Fiyy — CoFyy + Co1 Fy = 0,
Clejm - CQFljzz + C22F1jz =0,
ClFsz:a - C2F523 + CQ3F1jQ =0,
CIFsz4 - C2F1jz4 + C243F1jz =0,
C1 Fiys — CaFiys + CosFly = 0,
C1F, — CsFYy5 — i f1(CaFY,
— C3Fy,) + C1aFly = 0,
C\FYy3 — CaFi + i f1(CaFs
— C3Fjs) + CiaFy = 0,
CiFiyy — CsFlyy — if1(CaFg
— C3Flg) + CraFly = 0,
C1Fyi5 — CsF} 5 +if1(CaFY
— C3Fy) + C15F}y =0,
ClF?{lﬁ - CSFljléi =0, Cngl? - CSFljn =0
CoFs — C3Fjg + CsFgy = 0,
CoF3, — C3F, + C7Fjy = 0,
CyFyyo — C3F3y + CroFis = 0,
CoFjy — C3Fyy, + C11Fj; =0,
CoF}y — C3Fy 1, + C12Fy; = 0,
CoFy iy — C3Fiyy + CiaFiy = 0,
C2F3{14 - C3F2j14 + C'14F2j3, =0,
CoF3s — C3Fd 5 + Ci5F3 = 0,
CoF}1g — C3Fd 1+ Ci6Fy; = 0,
CoFyy7 — C3Fiy7 + CrrFiy = 0,
CyFyig — C3Fi g + CigFiy = 0,
CoFig — C3Fd g+ CroF3s = 0,
CoFlyy — C3Fday + CaFgy = 0,
C2F3{21 - OSFszl + C21F2j3 =0,
C2F:’f22 - C’i‘anjm + CZ?szs =0,
CyFyy — C3Fiyy + CoaFiy = 0,
CoFlyy — C3Fdyy + CouFjy =0,
CoFiys — C3Fys + CasFis =0,
fi

E(C3F1j6 — C1Fjs) + C1Fj)y
— C3F] 5 + CraFly =0,
%(CBFf7 - Cngﬂ + OlFSjB
— C3Ff 5+ C13Ffy =0,
%(CBFflo - Cngm) + ClF?{m
- C3F1jl4 + CI4F1j3 =0,
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f , .
51(03F1]11 C3F3y,) + C1Fd) 5
— C3F}\s + C15Fy = 0,
i , , ,
B(O3F1jﬁ — C1Fis) + C3F3, — CoF}; — CuFfy =0,
Z . . . .
E(Cngn Cs3Fi;) + C3F35 — CoFygy — C5Fy3 = 0,
E(C3F1]1o — C1Fiyg) + Oy Fig — CoFjs — Cs Y = 0,
i . .
5(03 f11 — C1FY) + C3F5y — O2F39 CyFy; =0,
— C\Fs — ¢1(C1Fi, — CoFY,y) — ¢1(C1F; — CoFYy)
— 1(C1Fg — CoFlg) — 1 (C1F39 — CoFly)
+ k(C1F3, — C3FY,)

_ ‘ A 1 , .
+ k(C1Fi5 — C3Ff5) — B[A(Cnga — C3FY5)
+ B(Cng7 - C3F1j7) + C(Cngw - O3F1jlo)
+ D(C1F3, — C3F} )] — 91 (C1Fig — CaFly)
+1(CLFig — C3Fg) + 1(CLFiy — C3FYy)
+ P2 (C1Fg — C3F}g) + ¢ (C1 F g — CsFi )
+1:(C1F35 — C3 120) + 52(C1F3y — C3FYyy)
+ Uy (C1F3yy — C3 122) + 02 (C1Fp3 — C3FYy3)
+ CoFfy — C3F, + my(C1F36 — C3FY )
+ 1y (C1Fd 7 — CsFY17) + f1a(C1F3y, — CsFYyy)
+ f2z(C1F§25 - CSF{%) =0. (20)

Solving Eq.(20), we have the constants C,, and
connection coefficients as follows:

1
=1 = = —— = 24’
Ci=1, (=0, C3 Yk Cu=0(u=4)
Iy =o, FSZO(,U,BZI,a=1,...8,,u=1,...25),
) _ ) _ A A
F21 = 5(30"1‘50), F22 = 5(90_90), F23:_§7 [‘51: 57
7 _ 1 _
1
Iy = 2)\6[5( @1)+f1r(90 @)+ f1(k — k)

+ilfa = M) (e + @),
2= (851 + 1) + fral@ + @) + filk+ )

220
+ilfi = M) (e~ @),
1§ = 5y Wh = A2 = B0 +5) = 1205+ 49)
—flx(2m+”)}
Iy = 2/\5( N fi4 Az = Bs — frinh — fran),
1§ = 511800 —0) + fuald = )+ 1T

+i(f2 = M) (@ + )],

1§ = 535000 +90) + fral@ 4 0) + T+ 1)
+i(f2—>\f1)(1z—¢)]7

Iy = w[ﬂ(rw)+fu(u+v)+f1(sow+w)]
I3 = 5580 = 0+ fualo = 0) + filpw — )l 21)

The prolongation algebra is su(2/1) x R()), where
the parameter )\ is a complex constant. Its commuta-
tion relations are given by

Ty, Ts] = 20Ty, [Ty, T3] = —2i\Ty,

Ty, Ty) =0, [Ty, Ts] = irTg,

Ty, Ts) = —iXTy, [Ty, Ty7] = i\Ts,

Ty, T5] = —iXTs, [Ta, T3] = 20Ty,

Ty, Ty =0, [T, Ts] = iXTx,

Ty, Ts) = iMTg, [Ta, Ty = —i)Ts,

Ty, Tg) = —iXTs, [T3,Ty) =0,

Ts,Ts] = iXTs, [T3,Ts] = i\Ts,

T3, Tr] = —iXTy, [T3,Tx] = i\Ty,

Ty, Ts) = —iXTs, [Ty, Tg] = i\Ts,

Ty, Tr] = —iXTy, [Ty, Tx] = i\Ty,

Ts, Ts)+ = N*(T5 + Tu), [T5, Tg)+ = 0,

Ts, Tr]y = NTY, [T, Tx] 4 = — ATy,

To, To]+ = N (T3 + Ty), [Ts, Tr]+ = \3T,
Ts, Ts)4 = N°Ty, [T7, Tr) 4 = X3 (Ty — T3),
T7, Tx)y = 0, [Ts, Tx]y = N> (Ty — Ts), (22)

+ =
+ =

where T;’s, for ¢ = 1,...,4 and i = 5,...,8, are
bosonic and fermionic generators, respectively, and
[T}, T;]+ denotes the anti commutation relations. We
derive a linear realization of the prolongation algebra
as follows:

=z 88 + Az az Ty = iXz 881 le(%,
T3 =Azy aa — Az 522
Ty =Mz 88 + Azo 86 + 2)\5 e’
>\2§— — X2z 6‘1 Ts = A%— Xt 96"
>\2§— — iz 8‘1 Tg = 25— — 7)\222535
(23)

where z; and z, are even prolongation variables. We
denote odd prolongation variable z3 by &.
By requiring 27|g = 0, it yields the inverse scat-
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tering equation
%)
22
f x
21
(%)
£/

I
\
~.
—

Il
|
>
=
A/ &6 o
N W
N =
N . O >

where G is
~ G G2 Gis
G=|Ga G Ga |, (25)
Gz1 Gz G33
with

Gi11 =10, [BOy (0@ + Y1) + 212 (0P + Y1)
+ 18, (0@ + )]

G2 =Byy + 0:(fre) — fap +irfie,

Gz =By + 0u(f1¢0) — farb + iAfr1),

Go1 = — By — 0.([1p) — f20 +iMf10,

Gz = —i0; [0y (00) + 2f12(9P) + f10:(0P)]
+ A2 fL — iMfo,

Gas = —i0; '[B0y(PY) + 2f12(PY) + f10:(P0)], (26)

Ga1 = — By — 0.(f19) — forp + iXf19,

Gsz = —i0; ' [BOy(19) + 2f12(1bp) + f10: (D)),

Gz = — i0, ' [BOy (V) + 212 (V1)) + 102 (P0))]
+ X2 fL — iNfo.

(27)

The super Riccati equation and the Bécklund trans-
formation of the (2 + 1)-dimensional super NLSE
have been investigated in Ref.[11] and the solution
of Eq. (14) has been given as follows:

; 2
¢ ={(@ - angexp [W

iy ta)r+ if?ty} }/{tﬁ(l + 187

- exp [i(altf d1)(2f1:tt/6n; z3) — 2i fo Bty
— 00172},
¢ ={(@ - agexp [W
iy + oqt); - z‘fzty] éﬁ}/{tﬁu e
- exp [z‘(al - 041)(2]61?642‘ zf) — Qifgﬁty}
— 00y}, (28)

where the parameters o and y are the Grassmann even
constants, and 0 is the Grassmann odd constant.

In summary, we have investigated the integrabil-
ity of the (2-+1)-dimensional super NEE by means of
the multidimensional fermionic covariant PST, where
the su(2/1) x R(\) prolongation structure of the super
NEE has been presented. The Lax representation of
the super NEE has been studied in terms of the rep-
resentations of the prolongation algebra. Moreover, a
solution to the (2+1)-dimensional super NEE is de-
rived. It is pointed out that the conservation laws
can be constructed by means of the Lax pair and the
Riccati equation for the integrable systems.!*"] How
to construct the conservation laws based on the super
Riccati equation for the super integrable systems is
still under investigation. As to the multidimensional
super NEEs in this study, their applications should be
of interest.
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