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Auditory Hopf Amplification Revealed by an Energy Method ∗
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We report on the auditory Hopf amplification contributed by the electrical energy of the hair cell during its
bundle deflecting. An energy method to calculate the active force is adopted according to the electrical energy
consumption of the hair cell. After some experimental data was analyzed and simulated, we find that the
electrical energy determines the value of the active force and enlarges the mechanical response of the hair bundle.
This amplification is controlled by the cell voltage and makes the sensor a Hopf vibrator with hearing nonlinear
characteristics. A velocity-dependent active force derived previously from the force-gating channel operation
strongly reinforces our conclusion.
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The sense of mammalian hearing exhibits dis-
tinguishing characteristics such as high sensitivity
to weak sound, nonlinear compression of dynamic
range, sharp frequency selectivity, two-tone suppres-
sion and combination-tone production.[1] These char-
acteristics endow hearing systems with marvelous sig-
nal processing function to extract information from
complex acoustic circumstances.[1−3] Active force in
the cochlea is suggested to be the origin of these
characteristics.[4−12] However, research work is still
in the dark about such critical mechanism that it
is even impossible to distinguish where this am-
plification originates from.[13] Recently, we derived
an active force from the force-gating channel opera-
tion in the hair cell bundle, which amplifies the re-
sponse of hearing sensor to sound stimulus and makes
the sensor a Hopf vibrator with hearing nonlinear
characteristics.[13]

In this work, we adopt an energy method to iden-
tify the active force within the cochlea according to
its electrical energy consumption in carrying out me-
chanical work. The electrical energy determines the
value of the active force and enlarges the mechani-
cal response of the hair bundle. This general physical
process reveals an active force similar to that derived
from the force-gating channel operation in the hair
cell bundle,[14] which is controlled by the cell voltage
and provides the Hopf amplification. The Hopf vi-
brator exhibits the nonlinear phenomena of hearing,
which are theoretically demonstrated[2,3,6−11] and are
further supported experimentally.[16]

In a moving cause of the hair bundle, the me-
chanical work (𝑊active) carried out by the active force
(𝐹active) is

𝑊active =

∫︁
𝐹active𝑑𝑥. (1)

This mechanical work corresponds to the consump-
tion of other forms of energy, which is converted to
mechanical energy of the hair bundle movement. In
deflection of a hair bundle, force-gating channels of
the hair bundle open, the ion current enters the hair

bundle through the channels, and there is electrical
energy consumption 𝑊e accompanying the movement
of a hair bundle. This electrical energy is the energy
source of mechanical amplification. Part of this elec-
trical energy consumption is transformed into mechan-
ical energy of the hair bundle movement,

𝑊active = 𝑟𝑊e, (2)

where 𝑟 is the ratio of the conversion. Thus the ac-
tive force in a hair bundle can be obtained from the
electrical energy consumption,

𝐹active = 𝑟
𝑑𝑊e

𝑑𝑥
, (3)

instead of laborious direct measurement by flexible
fiber,[15,17] which is prone to error due to complex fac-
tors involved in measurement, especially in a moving
state, such as frictional force and inertial force. We
use this energy method to identify an active force in
a moving hair bundle.

To simplify the problem, we consider a voltage-
clamped mammalian hair cell, with a constant cell
voltage 𝑈 and not somatic movement driven by elec-
tromotility (Fig. 1). When the hair bundle stays in a
steady state with deflection 𝑥, there is a steady current
𝐼met(𝑥, 𝑥̇ = 0) = 𝐼0 through force-gating channels in
the hair bundle, and the electrical energy is consumed
(Fig. 1(a)). This energy consumption in the steady
state is not converted to mechanical energy of the hair
bundle because there is no movement and no mechani-
cal work is carried out by the active force in the steady
state. Instead, in a moving state of the hair bundle
with velocity 𝑥̇, the active force does carry out me-
chanical work, and what contributes to the mechani-
cal work is the additional electrical energy consump-
tion in the moving process (in Fig. 1(b)). There is an
extra component 𝐼extra in the dynamic force-gating
channel current 𝐼met(𝑥, 𝑥̇ ̸= 0) = 𝐼0 + 𝐼extra. The dy-
namic force-gating channel current 𝐼met(𝑥, 𝑥̇ ̸= 0) in a
moving hair bundle is larger than the steady current
𝐼met(𝑥, 𝑥̇ = 0) with the same deflection 𝑥 due to the
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adaptation of gating channel operation.[18,19] The ad-
ditional electrical energy consumption, 𝑊e(extra), in a
moving process compared with the steady state is

𝑊e(extra) =

∫︁
𝑈 · [𝐼met(𝑥, 𝑥̇ ̸= 0)− 𝐼met(𝑥, 𝑥̇ = 0)]𝑑𝑡.

(4)

Substituted 𝑊e(extra) in Eqs. (3) and (4), the active
force in a moving hair bundle is expressed as

𝐹active = 𝑟𝑈
[𝐼met(𝑥, 𝑥̇ ̸= 0)− 𝐼met(𝑥, 𝑥̇ = 0)]

𝑥̇
. (5)

(a)

Static situation Dynamic situation

(b)

Wactive=∫Factivedx
Wactive=rWe(extra)

/

x/
⊲

x ≠ 
⊲

Imet/I0 Imet/I0+Iextra

Fig. 1. The static force-gating current (a) and the dy-
namic force-gating channel current (b). There is an extra
electrical energy consumption corresponding to the active
force carrying out the mechanical work.

According to Eq. (5), the active force in a mov-
ing hair bundle can be obtained by the measure-
ment of the difference between the steady current
𝐼met(𝑥, 𝑥̇ = 0) and the dynamic current 𝐼met(𝑥, 𝑥̇ ̸= 0)
through force-gating channels in the hair bundle.

Steady current through gating channels of a static
hair bundle observed in experiments has been de-
scribed in Refs. [16,18–20] by a Boltzmann function
of hair bundle deflection 𝑥,

𝐼met(𝑥, 𝑥̇ = 0) =
𝐼max

1 + 𝑒−(𝑥−𝑥0)/𝑥e
= 𝐼max𝐵(𝑥), (6)

where 𝐼max, 𝑥0, 𝑥e are constants given by experiment,
and 𝐵(𝑥) = 1/(1 + 𝑒−(𝑥−𝑥0)/𝑥e).

Dynamic gating channel current 𝐼met(𝑥, 𝑥̇ ̸= 0) in a
moving hair bundle has not been described in the for-
mula in literature. Without losing generality, it can be
described by a polynomial function of the hair bundle
deflecting velocity 𝑥̇

𝐼met(𝑥, 𝑥̇) = 𝜀0(𝑥) + 𝜀1(𝑥)𝑥̇+ 𝜀2(𝑥)𝑥̇
2 + . . . , (7)

where 𝜀𝑖(𝑥) are functions to be determined according
to experimental measurements. Among them, 𝜀0(𝑥) is
the steady current 𝐼met(𝑥, 𝑥̇ = 0) described in Eq. (6).
To reflect the fact that the peak current through gat-
ing channels in a hair bundle driven by step stimulus
of different amplitudes is a Boltzmann function of de-
flection 𝑥 (see Fig. 2 and its caption in Ref. [16]), other
𝜀𝑖(𝑥) can be described in the polynomial function of
Boltzmann function of deflection 𝑥,

𝜀𝑖(𝑥) =
∑︁
𝑛>0

𝑎𝑖,𝑛𝐵
𝑛(𝑥). (8)

Due to the fact that the deflection velocity 𝑥̇ is small,
the dynamic current in Eq. (7) can be approximated
to

𝐼met(𝑥, 𝑥̇) ≈ 𝐼max𝐵(𝑥) +
[︁∑︁

𝑛

𝑎1,𝑛𝐵
𝑛(𝑥)

]︁
· 𝑥̇

+
[︁∑︁

𝑛

𝑎2,𝑛𝐵
𝑛(𝑥)

]︁
· 𝑥̇2. (9)

The first two terms of Eq. (9), 𝐼max𝐵(𝑥)+𝑎1,1𝐵(𝑥) · 𝑥̇
can reflect the main feature of the gating current in
the hair bundle. Between the measured peak current-
deflection relation (solid line in Fig. 2(a)) in different
step stimuli in literature and the fitted line (dashed
line in Fig. 2(a)) by the first two terms of Eq. (9),
there is a small difference. This difference is a non-
monotonous function of deflection 𝑥 with a single peak
(solid line in Fig. 2(b)). To reflect this difference,
the simplest form of the rest terms in Eq. (9) is the
quadratic function of 𝐵(𝑥), [𝑎2,1𝐵(𝑥)+𝑎2,2𝐵

2(𝑥)] ·𝑥2.
The dashed line in Fig. 2(b) is the fit line of the dif-
ference by the quadratic term of Eq. (9), which has
a slight horizontal shift 𝛿 compared with the differ-
ence to be fitted. Thus the dynamic current can be
described by

𝐼met(𝑥, 𝑥̇) ≈ 𝐼max𝐵(𝑥) + 𝑎1,1𝐵(𝑥) · 𝑥̇
+ [𝑎2,1𝐵(𝑥+ 𝛿) + 𝑎2,2𝐵

2(𝑥+ 𝛿)] · 𝑥̇2.
(10)
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Fig. 2. (a) Measured peak force-gating current (solid
line)[16] and the fitting results of 𝐼max𝐵(𝑥) + 𝑎1,1𝐵(𝑥) · 𝑥̇
(dashed line). (b) Difference in (a) (black line) and the
fitting results of Eq. (9) (dashed line). The parameters
𝐼max = 0.67nA, 𝑥0 = 284 nm, 𝑥e = 132 nm obtained
from Ref. [16] provided the measurement. Fitting pa-
rameters 𝑎1,1 = 150 nA(m/s)−1, 𝑎2,1 = 1.5mA(m/s)−2,
𝑎2,2 = −1.5mA(m/s)−2 and 𝛿 = 65 nm.

Equation (10) is valid as a general expression in
describing the gating current in the hair bundle. This
can be demonstrated by its ability to describe the tem-
poral variance of the gating current in the whole stim-
ulus process. Figure 3 illustrates an example of this.
It is demonstrated that the time variance of the gat-
ing current produced by Eq. (10) (Fig. 3(d)) is highly
consistent with the measured one (Fig. 3(b)).

Equation (10) demonstrates that there is an addi-
tional velocity-dependent component in the dynamic
gating current compared with the steady force-gating
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current 𝐼max𝐵(𝑥). According to Eq. (5), the active
force in a moving hair bundle identified by the energy
method is velocity-dependent,

𝐹active = 𝑟𝑈𝑚𝑎1,1𝐵(𝑥) + 𝑟𝑈𝑚[𝑎2,1𝐵(𝑥+ 𝛿)

+ 𝑎2,2𝐵
2(𝑥+ 𝛿)] · 𝑥̇. (11)

The efficacy of the active force in Eq. (11) can be di-
rectly tested by experimental results. Figure 4(a) is
the measured temporal variance of the active force in
the hair bundle driven by the step stimulus (Fig. 3(a)),
and Fig. 4(b) is the corresponding active force ob-
tained by Eq. (11). It is illustrated that the active
force given by Eq. (11) is quite consistent with the
measurement.
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Fig. 3. (a, c) The hair bundle motion and the channel cur-
rent after a step Piezo stimulus.[16] (b, d) The simulated
by the exponential process with a time constant 0.6ms.
The parameters are the same as those in Fig. 2.
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Fig. 4. (a) Glass fiber measured extra force produced by
the step-stimulus driven moving hair bundle.[16] (b) The
active force calculated by the energy method. The pa-
rameters are the same as those in Fig. 2. The rate 𝑟 of the
energy transduction is adopted as a constant 𝑟 = 2%.

The efficacy of the active force in Eq. (11) can be
further tested by measuring the compound force in
the hair bundle. Experimentally measured force 𝐹 in
the hair bundle[16] is the compound of the spring force
and the active force in the hair bundle

𝐹 = 𝑘s𝑥− 𝐹active, (12)

where 𝑘s is the linear spring coefficient of the hair
bundle. Using Eq. (11), the compound force in a hair

bundle is

𝐹 = 𝑘s𝑥− 𝑟𝑈 · 𝑎1,1𝐵(𝑥)− 𝑟𝑈 · [𝑎2,1𝐵(𝑥+ 𝛿)

+ 𝑎2,2𝐵
2(𝑥+ 𝛿)] · 𝑥̇. (13)

Figure 5(a) is the measured force in a hair bundle
driven by step stimuli with different amplitudes,[16]
and Fig. 5(b) is the corresponding force obtained by
Eq. (13). It is clear that the result is highly consistent
with the direct measurements.
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Fig. 5. (a) The force-displacement relations measured at
successive times after the transduction current reaches its
peak in response to step stimuli: 𝑡 = 0, 0.07, 0.27, 0.47,
0.67, 3.9 and 8ms.[16] (b) The corresponding force versus
the displacement. The successive times (𝑡 = 0, 0.07, 0.27,
0.47, 0.67, 3.9 and 8ms) and the parameters (𝑥0 = 300nm,
𝑥e = 100 nm, 𝑈 = 84mV, 𝑘s = 3mN/m and 𝜏 = 0.6ms)
are the same as the experimental measurement. The fit-
ting parameters are 𝑟 = 2%, 𝑎1,1 = 100nA·(m/s)−1,
𝑎2,1 = 2mA·(m/s)−2, 𝑎2,2 = −1mA·(m/s)−2 and 𝛿 =
65nm.
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Fig. 6. (a) The linear friction resistance coefficient 𝛾
(horizontal dashed line), the negative resistance coeffi-
cient 𝛾a(𝑥) (dotted line) and the compound resistance 𝛾C
(solid line). (b) The force-displacement trajectory of spon-
taneous hair bundle oscillation, with velocity-dependent
force (solid line). The parameters are 𝑥0 = 300 nm,
𝑥e = 100 nm, 𝑈 = 84mV, 𝑘s = 3mN/m, 𝜏 = 0.6ms,
𝑎1,1 = 80 nA·(m/s)−1, 𝑎2,1 = 0.4mA·(m/s)−2, 𝑎2,2 =
−0.4mA·(m/s)−2, 𝛿 = 68nm, 𝑚 = 3ng and 𝛾 =
60nm·(m/s)−1.

Equation (13) shows that the active force in
the hair bundle consists of two parts: the velocity-
independent part and the velocity-dependent part.
The velocity-independent part 𝑟𝑈𝑚𝑎1,1𝐵(𝑥) makes
force in a hair bundle, 𝑘s𝑥 − 𝑟𝑈𝑚𝑎1,1𝐵(𝑥) is smaller
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than its linear spring force 𝑘s𝑥 and produces the neg-
ative stiffness effect. However, due to its velocity-
independent character, this part will make the trajec-
tory of periodic motion of a hair bundle a single line in
a force-displace plot (dashed line in Fig. 6(b)), which
does not enclose a zone with area. Thus the velocity-
independent active force does not carry out any me-
chanical work in hair bundle’s periodic motion, and
makes no contribution to mechanical amplification of
hair bundle movement. The velocity-dependent part
will make the trajectory of periodic motion of a hair
bundle in force-displace plot a close curve (solid curve
in Fig. 6(b)), which encloses a zone with an area corre-
sponding to its mechanic work in a period movement.
Thus it is the velocity-dependent active force, instead
of the negative stiffness effect, which makes a contri-
bution to the mechanical amplification of hair bundle
movement.

Movement of a hair bundle driven by the active
force is controlled by

𝑚𝑥̈ = −𝑘s𝑥+ 𝐹active − 𝛾𝑥̇, (14)

where 𝑚 is the mass of a hair bundle, and 𝛾 is the fric-
tional resistance coefficient of the hair bundle motion.
Using Eq. (13), the equation is written as

𝑚𝑥̈+ 𝛾𝑥̇− 𝑟𝑈 · [𝑎2,1𝐵(𝑥+ 𝛿) + 𝑎2,2𝐵
2(𝑥+ 𝛿)] · 𝑥̇

+ 𝑘s𝑥− 𝑟𝑈 · 𝑎1,1𝐵(𝑥) = 0. (15)

In Eq. (15), the velocity-dependent active force
is a negative resistance with coefficient 𝛾a(𝑥) =
𝑟𝑈𝑚[𝑎2,1𝐵(𝑥+ 𝛿) + 𝑎2,2𝐵

2(𝑥+ 𝛿)], which provides
the mechanical energy for hair bundle movement, the
velocity-independent active force and the spring force
of the hair bundle compose compound spring force of
the hair bundle with negative stiffness.

Equation (15) shows that the hair bundle driven
by the velocity-dependent active force is a Hopf vi-
brator controlled by the compound resistance coeffi-
cient 𝛾C = 𝛾− 𝛾a. When the minimum of 𝛾C is below
zero axis, the hair bundle is destabilized and oscillates
spontaneously with limit cycle as shown in Fig. 6(b).
Remarkable theoretic research has demonstrated that
this kind of self-tuned Hopf vibrator behaves with a
series of nonlinear characteristics of hearing.[4,7]

The essentials of the velocity-dependent active
force in the hair bundle can be interpreted from the
adaptation of gating channel operation, and the cor-
responding physiological structure changes powered
by electricity.[14] In this adaptation process, the open
probability of the force-gating channels in the hair
bundle[14] is

𝑃 (𝑥) ≈ 𝐵(𝑥) +
𝜏

𝑥e
[𝐵(𝑥+ 𝑥a)−𝐵2(𝑥+ 𝑥a)] · 𝑥̇.(16)

This channel gate open in the hair bundle will elon-
gate the tip link of the hair bundle and will release the
link spring force as the active force

𝐹 = 𝑘g𝐷𝑁𝑃 (𝑥)

= 𝑘g𝐷𝑁𝐵(𝑥) + 𝑘g𝐷𝑁
𝜏

𝑥e
[𝐵(𝑥+ 𝑥a)

−𝐵2(𝑥+ 𝑥a)] · 𝑥̇, (17)

where 𝑘g is the spring coefficient of the gating spring,
𝐷 is the length released by one opened channel, and
𝑁 is the number of gating channels in a hair bundle.

Equation (17) is consistent in form with Eq. (11).
According to the derivation of Eq. (17), the velocity-
independent active force is produced by the steady
force-gating channel open in the hair bundle, and the
velocity-dependent active force is produced by the
adaptation of force-gating channel operation in the
hair bundle. Compelling evidence has shown that the
adaptation of the hair bundle gating operation is pro-
duced by Ca2+ ion binding with adaptation motors in
the hair bundle, which allows adaptation motor in the
hair bundle slipping along the actin core of stereocilia
to reclose opened force-gating channels.[21−23] It can
be suggested that it is the Ca2+ ion binding process
that releases the electrical energy carried by Ca2+ ions
and converts it into mechanical energy for mechani-
cal amplification of hair bundle movement. The final
source of electrical energy for the active mechanical
amplification is the bioenergy, by which ion pumps
maintain the cell voltage and provide Ca2+ ions with
the electrical energy to be consumed for mechanical
amplification.

The physics method adopted in this work reveals
that the velocity-dependent force for hearing am-
plification is powered by electricity. This has not
been recognized previously from the scope of biology
and mathematics. This electricity-powered amplifying
force is tuned by cell voltage. The tuning mechanism
will affect, or can be utilized to adjust hearing perfor-
mance, such as selective hearing attention.
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