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The properties of a collisionless plasma sheath are investigated by using a fluid model in which two species of positive
ions and secondary electrons are taken into account. It is shown that the positive ion speeds at the sheath edge increase
with secondary electron emission (SEE) coefficient, and the sheath structure is affected by the interplay between the two
species of positive ions and secondary electrons. The critical SEE coefficients and the sheath widths depend strongly on
the positive ion charge number, mass and concentration in the cases with and without SEE. In addition, ion kinetic energy
flux to the wall and the impact of positive ion species on secondary electron density at the sheath edge are also discussed.
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1. Introduction
Plasma with multiple positive ion species has been found
to have a wide range of applications in lab plasmas, [1] space
plasmas, [2] and fusion plasma devices. [3] The study of plasma
sheath with multiple ion species is an important topic theoretically and experimentally since the sheath plays a very important role in determining the plasma-wall interactions and
strongly affects the edge-plasma properties. For a weakly collisional sheath plasma with multiple positive ion species, Riemann pointed out that the ion velocities at the sheath edge must
satisfy the Bohm criterion [4]

∑(csi /vi )2 n0i /n0e ≤ 1,

(1)

i

where csi and vi are the ion sound speed and individual drift
velocity and n0e and n0i are the electron and ion densities at
the sheath edge, respectively. Apparently, an infinite number of combinations of ion velocities satisfy inequality (1).
However, two extreme cases are usually considered. One is
that each species satisfies its own Bohm velocity at the sheath
edge. The other is that all ions reach the sheath edge with the
common sound velocity. For the first case, the effects of the
mass ratio and the relative concentrations of two ion species
on the Bohm criterion are discussed in Refs. [5] and [6]. The
ion Bohm velocity increases with the increase of the charge
number of positive ions. [4,7] Though a huge number of contributions have been devoted to the Bohm criterion for multi-

ple ions, the effect of the SEE is not taken into account, [4–13]
since it has been found from simulations that SEE can change
the Bohm criterion in a single-ion plasma; [14] therefore, it is
important to study the Bohm criterion of multiple ion species
including the effect of SEE.
The characteristics of the sheath containing two singlecharged ions with different mass values have been investigated by several authors. [13,15–17] It is shown from these references that the two-ion-species plasma sheath is affected by ion
temperature, external applied magnetic field and negative ion.
However, the effect of SEE on a plasma sheath containing two
ion species is still absent. For a single-ion sheath, SEE can
cause the sheath potential drop and sheath width to decrease,
it can even give rise to the sheath instability if the SEE coefficient reaches a critical value γc (defined as the value when
the electric field equals zero at the wall). [18–25] For γ > γc , the
sheath structure becomes complex.
In this work, we will investigate a sheath of plasma with
two species of positive ions and secondary electrons. In Section 2, the fluid equations are described. In Section 3, the
Bohm criterion and the results of the analysis of the model
are presented. In Section 4, conclusions are given.

2. Governing equations
In this section, we consider a collisionless plasma model
containing electrons, two species of positive ions, and sec-
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ondary electrons emitted from the wall. As shown in Fig. 1, the
coordinate origin x = 0 is defined as the plasma-sheath boundary, x < 0 is the bulk plasma region and x > 0 is the plasma
sheath region.

For a steady plasma, the condition of zero current at the wall,
determining the flux balance, is written as

φ=φw

φ=0

According to Eqs. (5) and (6), the density of secondary
electrons in the sheath can be written as
ns0 vs0
ns = p
.
(7)
2(eφ − eφw + me v2sw /2)/me

φ

je = j1 + j2 + js ,

(8)

where j is the flux density. ji , je , and js can be given, respectively, by

bulk
plasma

ji = Zi eni0 vi0 ,




1
8Te 1/2
eφw
exp
,
je = ne0 e
4
πme
Te
js = γ je ,

sheath
x/

wall

(9)
(10)
(11)

Fig. 1. Schematic diagram of plasma sheath.

The electron density in the sheath can be described
by the Boltzmann distribution in the thermodynamic equilibrium [18–23]
ne = ne0 exp(eφ /Te ),

(2)

where ne and Te are the density and temperature of primary
electrons, respectively. ne0 is the primary electron density at
the sheath edge, and e is the elementary electron charge.
In the steady state, for a collisionless plasma sheath, the
continuity and momentum transport equations for cold ions
are described as follows:
d
(ni vi ) = 0,
dx
dvi
dφ
mi vi
= −Zi e , (i = 1, 2),
dx
dx

(3)
(4)

where mi , ni , Zi , and vi are the mass, density, charge number
and velocity of the i-th positive ion, respectively. The subscript
i = 1, 2 denotes single- and multi-charged ion, respectively.
When primary electrons impinge on the solid material,
secondary electrons can be emitted from the wall. Usually, the
ion-inducted SEE is small compared with the electron-induced
SEE, and the ion-inducted SEE is ignored unless ion impact
energies of Ti ≥ 1 keV. [26,27] Secondary electrons emitted from
the wall are low in energy due to the interplay between primary
electrons and the wall. The peak of energy distribution of secondary electrons from the wall is generally on the order of a
few electronvolts. Thus secondary electrons in the sheath can
be assumed to follow the conservation of flux and energy [21]
ns0 vs0 = ns vs = nsw vsw ,
dφ
dvs
me v s
=e ,
dx
dx

where γ is the SEE coefficient.
Charge neutrality at the sheath edge x = 0 is
n10 + Z2 n20 = ne0 + ns0 .

The electrostatic potential is determined by the Poisson equation
d2 φ (x)
e
= − (n1 + Z2 n2 − ne − ns ),
2
dx
ε0

where ns and vs are the density and velocity of secondary electrons, respectively. The subscripts “0”and “w” denote the locations at the sheath edge and the wall, respectively.

(13)

where ε0 is the permittivity of free space.
For convenience, we introduce the dimensionless variables as follows: ξ = x/λDe , ϕ = eφ /Te , Ne,i,s = ne,i,s /ne0 ,
ui = vi /cs1 , usw = vsw /cs1 , and µ = m1 /me , where λDe =
[ε0 Te /(ne0 e2 )]1/2 is the electron Debye length and cs1 =
p
Te /m1 is the first species ion sound speed. With these variables the model equations can be rewritten in the following
dimensionless form:
d2 ϕ
= Ne + Ns − N1 − Z2 N2 ,
dξ 2
Ne = exp(ϕ),
γ
N u + Z2 N20 u20
p 10 10
Ns (ϕ) =
,
1 − γ 2µ(ϕ − ϕw ) + u2sw
N10
N1 = q
,
1 − 2ϕ/u210
N2 = q

N20

.

(14)
(15)
(16)
(17)

(18)

1 − 2m1 Z2 ϕ/(m2 u220 )

In addition, by combining Eqs. (11) and (12), one can obtain
the following equation:

(5)
(6)

(12)

N10 + Z2 N20 = 1 + Ns0 ,

(19)

r
µ
exp(ϕw ),
N10 u10 + Z2 N20 u20 = (1 − γ)
2π

(20)

where

γ N10 u10 + Z2 N20 u20
p
1−γ
−2µϕw + u2sw
is the dimensionless density of secondary electrons at the
sheath edge.
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3. Numerical results and discussion
In this section, the sheath characteristics are investigated
numerically. For clarity, we assume that the first ion species,
Ar+ is the main component of positive ion in plasma. At the
sheath edge, ξ = 0, ϕ = 0 and the edge electric field E0 =
− dϕ/dξ |ξ =0 = 0.01 is set instead of zero due to the more numerical stable solutions since the sheath structure in the case
E0  1 is very similar to that in the case E0 = 0. [17,28,29] At
the wall, the normalized velocity of secondary electrons is assumed to be usw = 5. [21] The boundary velocity u10 can be
determined by the sheath criterion.

species of ion only slightly modifies the critical ion velocity
when N20 = 0.1. Figure 2(b) represents that the critical ion velocity at the sheath edge depends on the ion mass ratio when
the SEE coefficient equals γc . The critical value of ion velocity increases with the rising of the ion mass ratio. Comparing
Fig. 2(a) with Fig. 2(b), we can see that the SEE coefficient influences the Ar–He plasma sheath most significantly for each
of the Ar–He, Ar and Ar–Xe plasmas when γ < γc ; however,
the critical ion velocity in the Ar–Xe plasma is the greatest in
the three cases when γ = γc in Fig. 2(b). The reason for this is
that the critical SEE coefficient is related to the ion species.
1.06

3.1. Sheath criterion

Ar-He
Ar
Ar-Xe

The ion velocities at the sheath edge, containing two positive ion species, have been investigated by many authors. [4–12]
The Bohm criterion for the sheath, is still an open issue. Especially, the two-stream instability has been mentioned in recent
years. The two-stream instability is not observed in the parameter range explored and each ion species satisfies its individual
Bohm criterion for a collisionless plasma. [6–9,30] So in the absence of ion-ion streaming instability, we can assume
r
Z2 m1
cs2
u10 =
u10 .
(21)
u20 =
cs1
m2

1.04
u10
1.00
0

(b)

Xe
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(22)
1.071 He
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Fig. 2. (color online) Variations of critical ion velocity u10 at the sheath
edge with (a) SEE coefficient γ for different plasma (Ar–He, Ar, and
Ar–Xe) and (b) ion mass ratio for γ = γc while N20 = 0.1.

(23)

3.2. Wall potential

When SEE is neglected, equation (23) gives
N10 m1 Z22 N20
+
− 1 ≤ 0,
u210 m2 u220

0.5
γ

1.077

where V (ϕ) is called the Sagdeev potential. [31] At the sheath
edge, the Sagdeev potential satisfies the boundary conditions
V |ϕ=0 = 0 and ∂V /∂ ϕ|ϕ=0 = 0. Combining Eqs. (14)–(18)
with Eq. (22) and relation d 2V /dϕ 2 |ϕ=0 ≤ 0, we can obtain
N10 m1 Z22 N20
µγ N10 u10 + Z2 N20 u20
p
≤ 0,
+
−1+
1 − γ (−2µϕw + u2sw )3
u210 m2 u220

Z2=1

1.02

The ion velocity at the sheath edge will be affected in the
presence of SEE, from Eq. (14) we have
d2 ϕ
dV (ϕ)
= Ne + Ns − N1 − Z2 N2 = −
,
2
dξ
dϕ

(a)

(24)

which is consistent with that in Ref. [4]. Assuming N20 = 0
in inequality (24), the Bohm criterion is u10 ≥ 1, which is the
usual Bohm criterion for cold ions. [32]
When SEE is taken into consideration in two-ion-species
plasma, the critical value of ion velocity at the sheath edge u10
can be obtained from Eqs. (19)–(21), and (23) for the given
parameter N20 . Figure 2(a) shows that the critical value of
u10 increases monotonically with SEE coefficient γ for each of
Ar–He, Ar, and Ar–Xe plasmas while N20 = 0.1. Especially
no matter what kind of positive ion is contained in the plasma,
the effect of SEE on the boundary ion velocity is very obvious when the SEE coefficient approaches to 1. The different

The effects of ion mass ratio, SEE coefficient and the density and charge number of the second ion species on the wall
potential are shown in Fig. 3. It is seen that the wall potential decreases (the sheath potential drop increases) with the increase of ion mass ratio m2 /m1 and increases with the rising
of the charged number of another positive ion Z2 . In addition, figure 3(a) shows that the more the number density of
the heavier ion (m2 /m1 > 1) at the sheath edge, the lower the
wall potential is. For the lighter ion (m2 /m1 < 1), the opposite
is the case. The result is the same as that of Ref. [30]. Figure 3(b) represents that the wall potential rises with increasing the number density of the multi-charged ion. Meanwhile,
the SEE coefficient can cause the wall potential to increase
(the sheath potential drop to decrease) in plasma with multicharged ion species and the tendency is consistent with that in
the single-charged ion shown in Ref. [18].
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-3.6
(a)
-3.8
ϕw

nHe+ /ne0 . From Fig. 4(a), one can see that for N20 = 0.2 the
critical SEE coefficient reaches values of 0.973 in the Ar–Xe
plasma and 0.959 in the Ar–He plasma, respectively. However, the critical coefficient is 0.97 in the pure Ar plasma. It
indicates that the critical coefficient in the heavier plasma is
greater than that in the lighter plasma. Figure 4(b) represents
that the critical coefficient decreases when the charge number
and the density of multi-charged positive ions increase. At
N20 = 0.2, the critical SEE coefficient has values of 0.966 for
Z2 = 2 and 0.959 for Z2 = 3, respectively. The fact that the
lighter mass ion has a smaller critical SEE coefficient is because it has a smaller wall electric field without SEE. Hence
it needs a smaller SEE coefficient to satisfy the condition that
the wall electric field equals zero.
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0
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1
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Fig. 3. (color online) Variations of wall potential ϕw with (a) ion mass
ratio m2 /m1 for different values of N20 , and (b) with the relative concentration of two ion species N20 for different values of Z2 and γ.

0.966
Ar-Xe
Ar
Ar-He

0.960

3.3. Critical SEE coefficient

0

The critical SEE coefficient, γc can be found from
Eqs. (19)–(21), (23), and (25). Figure 4 shows the critical
value of SEE coefficient with the relative concentration between two ion species. In Fig. 4(a), it is shown that the critical coefficient γc increases when the relative ion concentration for nXe+ /ne0 increases in the argon plasma. The critical
coefficient decreases with the rising of ion concentration for

0.1
N20

0.970

γc

The sheath potential drop will be reduced in the presence
of SEE. The sheath potential drop is no longer monotonic and
the sheath structure becomes complex when SEE coefficient
γ is greater than γc . [19,22,23] In Ref. [18], the critical SEE cop
efficient is γc ≈ 1 − 8.3 1/µ when the velocity of ion at the
sheath edge is assumed to be the ion sound velocity. However,
in our model, by integrating Poisson’s equation (14) over the
potential using the zero electric field condition at the wall, the
following equation with multiple charged positive ions can be
obtained:
#
"s
2ϕw
m2
2
1 − 2 − 1 + N20 u220
N10 u10
m1
u10
"s
#
2Z2 ϕw m1
×
1− 2
− 1 + exp(ϕw ) − 1
u20 m2
√
2γc N10 u10 + Z2 N20 u20
+
√
1 − γc
µ


q
usw
2
× √ − −ϕw + usw /(2µ)
2µ

2
1 dϕ
+
= 0.
(25)
2 dξ ϕ=0

0.2

(b)

0.965

0.960

Z2=2
Z2=3

0

0.1
N20

0.2

Fig. 4. (color online) Variations of critical value of SEE coefficient
with relative concentration between two ion species for different (a) ion
species at Z2 = 1 and (b) charge number Z2 = 2 (Ar2+ ) and 3 (Ar3+ ).

3.4. Sheath width
By integrating Poisson’s equation (14) twice over the potential, the following equation can be obtained:
Z 0

ξw =
ϕw

dϕ
p
,
G(ϕ)

(26)

where G(ϕ), a function of the sheath potential, is expressed as
"s
#
2ϕ
m2
2
G(ϕ) = 2N10 u10
1 − 2 − 1 + 2N20 u220
m1
u10
"s
#
2Z2 ϕ m2
×
1− 2
− 1 + exp(ϕ) − 1
u20 m1
√
2 2γ N10 u10 + Z2 N20 u20
+
√
1−γ
µ
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×

"q


+

#
q
ϕ − ϕw + u2sw /(2µ) − −ϕw + u2sw /(2µ)

dϕ
dξ

2
.

(27)

ϕ=0

The wall potential, ϕw can be found from Eqs. (19)–(21) and
(23) for the given parameters γ and N20 . Then the sheath width
ξw can be obtained from Eq. (26).
Figure 5 shows the normalized sheath widths as a function
of the relative concentration between two ion species with different species and the charge number of positive ion for γ = 0,
γ = 0.5, and γ = 0.8. The sheath width increases with the rising of ion concentration for nXe+ /ne0 in the argon plasma and
decreases with the rising of ion concentration for nHe+ /ne0 .
It means that the presence of heavier ion increases the sheath
width in lighter ion plasma. The heavier ion can cause the wall
potential to decrease (see Fig. 3(a)). According to Eq. (26), the
increase of the sheath width is obtained. In Fig. 5(b), we can
see that the rising of charge number and the density of multicharged ions can also cause the sheath width to decrease. This
is because both the heavier ion and less charge number ions are
slower in velocity, the wall potential decreases and the sheath
width increases. In addition, it also shows that SEE reduces
the sheath width in plasmas containing multi-charge positive
ions in Fig. 5, and this result is consistent with that of singlecharged ion plasma in Ref. [14].
18.0

3.5. Density of secondary electrons at the sheath edge
Secondary electrons emitted from the wall will move to
the bulk plasma due to the action of the sheath electric field.
The effective electron temperature in the bulk plasma will reduce when the density of secondary electrons increases. From
Figs. 6(a) and 6(b) we can see that the density of secondary
electrons at the sheath edge varies with the addition of another
positive ion in the argon plasma. In Fig. 6(a), one can see
that secondary electron density at the sheath edge increases in
the presence of He+ and decreases in the presence of Xe+ as
compared with the scenario in the pure argon plasma. Also it
can be seen from Fig. 6(b), that the secondary electron density
increases with the rising of both the charge number and the
density of multi-charged ions. For example, compared with
a single-charge ion species (N20 = 0), the secondary electron
density has increased rates of 18% for Z2 = 2 and 50% for
Z2 = 3 respectively when the relative concentration of multiple charge ions is N20 = 0.2. The reason for this phenomenon
is as follows: the sheath potential increases in the presence of
lighter ions (see Fig. 3). Therefore, electrons arriving at the
wall are higher in energy and more secondary electrons can
be emitted from the wall. Also, the bigger the charge number of ions, the faster the movement toward the wall for ions
is. So the wall potential will increase, and the density of primary electrons hitting the wall and the density of secondary
electrons emitted from the wall both increase.
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0
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Fig. 6. (color online) Secondary electron densities at the sheath edge
varying with relative concentration between two ion species for different (a) ion species with Z2 = 1 (b) charge number Z2 = 2 (Ar2+ ) and
Z2 = 3 (Ar3+ ) for γ = 0.8.

Fig. 5. (color online) Variations of sheath width ξw with relative concentration between two ion species for different (a) ion species (b)
charge numbers with γ = 0, γ = 0.5, and γ = 0.8.
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3.6. Ion kinetic energy flux to the wall
The ion kinetic energy flux to the wall plays an important
role in plasma processing. [33,34] The ions are accelerated by
the electric field of the sheath. Thus the ions arriving at the
wall will have very large energy. The kinetic energy flux of
ions Q can be expressed as
Q = Q1 + Q2
1
1
= m1 v21w F1 + m2 v22w F2 ,
2
2

(28)

where F1 and F2 are the particle fluxes of two ion species, respectively. The normalized total ion kinetic energy flux to the
wall is given by ne0 cs1 Te , and we have




1 m2 2
1 2
u − ϕw N20 u20 . (29)
u − ϕw N10 u10 +
δ=
2 10
2 m1 20
7

6

Ar-He
Ar
Ar-Xe

(a)

δ

γ=0
5
γ=0.5
4

γ=0.8

0

5

0.1
N20
γ=0

0.2

(b)

γ=0.5
δ

4
γ=0.8
3
0

Z2=2
Z2=3
0.1
N20

0.2

Fig. 7. (color online) Normalized ion kinetic energy fluxes to the wall
as a function of relative concentration between two ion species with (a)
ion species for Z2 = 1 and (b) charge number Z2 = 2 (Ar2+ ) and Z2 = 3
(Ar3+ ) for γ = 0, γ = 0.5, and γ = 0.8.

formula (29), the result is obtained. Meanwhile, the ion kinetic
energy flux to the wall increases when there is a small amount
of He+ in the argon plasma as shown in Fig. 7(a). However,
the presence of Xe+ reduces the kinetic energy flux. As one
sees from Fig. 7(b), with the rising of charge number, the density of multi-charged positive ions reduces the ion kinetic energy flux to the wall. According to Eq. (19), the density of
singly charged positive ions will reduce when the density and
the charge number of multi-charge ions increases. Combining
formula (29), we can obtain the results of Fig. 7(b).

4. Summary and discussion
By using a simple sheath model, we study a collisionless sheath structure of plasma consisting of electrons, two
species of positive ions and secondary electrons. Based on
the ion wave approach, a Bohm criterion including the effect
of SEE is obtained theoretically by introducing the Sagdeev
potential. It is shown that the critical ion velocity at the sheath
edge increases with the SEE coefficient and the tendency is
independent of ion species. Since some sheath parameters can
be obtained from the plasma parameters at the sheath edge, we
investigate the effects of SEE coefficient, ion species concentration and charge number on the sheath parameters such as
sheath width and ion kinetic energy flux to the wall without
calculating plasma parameters profiles inside the sheath. Our
results show that SEE can reduce the sheath potential drop, the
sheath width and ion kinetic energy flux to the wall in plasmas
with multi-charged ions. Meanwhile, in the presence of lighter
ion species, secondary electron density at the sheath edge and
ion kinetic energy flux to the wall increase, while the critical
emission coefficient and the sheath width decrease. The more
the lighter positive ion concentration, the more obvious the
variation is. For the presence of the heavier ion species, their
variation is opposite. In addition, the increase in the charge
number of ions will reduce the critical SEE coefficient, the
ion kinetic energy flux to the wall and the sheath width and
increase the secondary electron density at the sheath edge.
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[21] Gyergyek T, Kovačič J and Čerček M 2010 Contrib. Plasma Phys. 50
121
[22] Sheehan J P, Hershkowitz N, Kaganovich I D, Wang H, Raitses Y, Barnat E V, Weatherford B R and Sydorenko D 2013 Phys. Rev. Lett. 111
075002
[23] Zhang F K, Ding Y J, Qing S W and Wu X D 2011 Chin. Phys. B 20
125201

[24] Yu D R, Qing S W, Yan G J and Duan P 2011 Chin. Phys. B 20 065204
[25] Duan P, Qin H J, Zhou X W, Cao A N, Chen L and Gao H 2014 Chin.
Phys. B 23 075203
[26] Raizer Y P 1991 Gas Discharge Physics (Berlin: Springer)
[27] Stangeby P C 2000 The Plasma Boundary of Magnetic Fusion Devices
(Bristol: IOP Publishing) p. 646
[28] Pandey B P, Samarian A and Vladimirov S V 2008 Plasma Phys. Control Fusion 50 055003
[29] Khoramabadi M and Masoudi S F 2013 Chin. Phys. Lett. 30 085202
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